PRE-CALCULUS 12

Seminar Notes
Learning Guides 1 & 2

TRANSLATIONS &
TRANSFORMATIONS

A transformation is an operation which moves (or maps) a figure from an
original position to a new position. Transformations we will consider are
translations, reflections, expansions and compressions, and reciprocal
transformations.

To get a full understanding of the transformations of various functions we
must be able to visualize the basic functions before any moving...
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The Original Position of Functions

The Linear Function:
Basic Equation: y=x

a) Slope-Intercept Form:

b) Slope:

c) Domain, Range:

d) Equation of a vertical line:
e) Equation of a horizontal line:

The Quadratic Function:
Basic Equation: y = x?

a) Standard Form:

b) Domain, Range:

c) Vertex:

d) Equation of Axis of Symmetry:



The Square Root Function:
Basic Equation: y = x

a) Standard Form:
b) Vertex:
¢) Domain, Range:

The Absolute Value Function:
Basic Equation: y = |x|

a) Standard Form:
b) Vertex:
¢) Domain, Range:



The Cubic Function:

Basic Equation: y = x?

a) Standard Form:
b) Centre:
c¢) Domain, Range:

The Reciprocal Function:

1
Q Basic Equation: y = -

Remember Brackets

Label Asympt.

a) Standard Form:
b) Domain, Range:
c) Asymptotes:




The Exponential Function:
Basic Equation: y = 2%

a) Standard Form:
b) Domain, Range:
c) Asymptotes:

The Logarithmic Function:

Basic Equation ¥ = log, x

a) Standard Form:
b) Domain, Range:
c) Asymptotes:




Topic 1 Horizontal & Vertical Translations

Example 1 - Comparing y=f(x) to y=f(x-h)

E Clear all functions. Enter y,=|x| y.=|x—- 2| y:=|x+1|

Sketch graphs.
What happens to the function?

TRY: Give the new equation for each translation on the square
root function y=+x

a. 4 units right

b. 3 units left

/C— | e se e \

If y = f(x + h) the graph shifts ...

If y = f(x - h) the graph shifts ..

S~—




Example 1b - Comparing y=f(x) to y=f(x)+k or y-k=f(x)

‘ Clear all functions. Enter vy, =x? y.=x2+4 y,=x>-2
Sketch graphs.

What happens to the function?

TRY: Give the new equation for each translation on
the quadratic function y = x?

a. 4 units up

b. 3 units down

B iun N

If y = f(x) + k the graph shifts ..

If y = f(x) - k the graph shifts ..




Example 2 - Horizontal & Vertical Translations

Sketch the function f{x)=(x—-3)> -1

What is the base equation?

What are the translations?

a) What is the domain and
range of this new function?

b) What are the x- and y-
intercepts?

Example 3 - Determine the Equation of a Translated Function

Determine the translation that has been applied to the graph f(x) to
obtain the graph of g(x). Determine the equation of the translated
function in the form y-k=f(x-h) or y=fix-h) +k

fx)
N \\/

4




TRY: If the point (2, —3) is a point on the graph of the function
= f(x), determine the new coordinates of the translated
|mage of this point on the functlon y f(x +5)+1

* Mapping -

—~ A_)_/

TRY: Determine the translation that has been applied to the graph
f(x) to obtain the graph of g(x). Determine the equation of the

translated function in the form y -k =f{x-h).

fix) N

/ 2(x)




TRY: Given the graph of the function y = f(x) below, sketch the

graph of y= f_(X -3)-2 [you may see it written like: y + 2 = f(x — 3)]

T\){ijgpi/r’\\gﬁ/ :/CJ Given fix) bl
|base points) New fix)
1‘\% x y
\%‘% -7 4
-5 2
-3 0
-2 -1
0 1
2 -3
5 0
7 2
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Complete Assignment Questions #1 - #9

Assignment

1. Describe how the graphs of the following functions relate to the graph of y = f{x).

2.

3.

4.

a) y=fix+9) b) y=£fix)+7 ¢) y=fix-4)+4

d) y-6=£x) e) y=3+fix-5) f) y+2=f(x+3)-10

Write the equation of the image of y = f{x) after each transformation.
a) A vertical translation of 10 units down.

b) A horizontal translation of 8 units right and a vertical translation of 9 units up.

¢) A translation of 7 units up and s units left.

The function y = f{x) is transformed to y = f{x — h) + k. Find the values of h and k for the
following translations.

a) 7 units right b) 4 units up and 2 units left ¢) a units right and b units down.

The point (-3, 5) lies on the graph of y = f{x). State the coordinates of the image of this
point under the following transformations.

a) y=f(x)+3 b) y+5=f(x+2) ¢) xy)>x-7,y-1)

11



5. Given the graph of the function y = f{x) sketch the graph of the indicated function.

a) y=fix-4) b) y-3=fx)
’A A
AN X
v ]
¢) y=fix+2)-3 d) y+2=fix-15)
\J \J
yal A
- [L —
] v

6. What happens to the graph of the function y = f{x) if you make these changes to its
equation?
a) replace x withx—8 b) replace y with y +2

¢) replace x withx+4 and y withy—7
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7.

9.

The function y = f{x) is transformed to y = fix + 2) + 4. If the point (3, 1) lies on the graph
of y = f{x), which of the following points must lie on the graph of y = f{x + 2) + 4?

A. (5,3)
B. (1,3)
C. (7,1
D. (7,-3)
The function y = f{x) is transformed to y — 3 = f{x — 1). If the point (-2, 4) lies on the graph
of y —3 =f{x— 1), which of the following points must liec on the graph of y = f(x)?
A' (_1 L) 7)
B. (-1,1)
C. (-3,7)
D. (-3.1)
The graph of y = g(x) was transformed to the graph of y = g(x —7) + 2. Which of the
following statements describes the transformation?
A. The graph of y = g(x) has been translated 2 units to the right and 7 units upward.
B. The graph of y = g(x) has been translated 7 units to the left and 2 units downward.
C. The point (x, y) on the graph y = g(x) has been translated to point (x + 7,y + 2).
D. The point (x, y) on the graph y = g(x) has been translated to point (x =7,y — 2).
Answer Key
1. a) horizontal translation 9 units left b) vertical translation 7 units up

¢) translation 4 units right and 4 unitsup ~ d) vertical translation 6 units up
e) translation 5 units right and 3 unitsup  f) translation 3 units left and 12 units down

2. a) y=fix)-10 b) y=fix-8)+9 ¢) y=fix+s)+t

3. a) h=7,k=0 b) h=-2,k=4 «¢) h=a,k=-b

4. a) (-3.8) b) (-5.0) c) (-10,4)

5. a) the graph is translated 4 units right b) the graph is translated 3 units up
¢) the graph is translated 2 units left and 3 units down

d) the graph is translated 5 units right and 2 units down

6. a) horizontal translation 8 units right b) vertical translation 2 units down
¢) translation 4 units left and 7 units up

7. B 8. D 9. C
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Complete Assignment Questions #1 - #8

Assignment

1. Describe how the graph of the second function compares to the graph of the first function.

a) y=x3 b) y=Tx-1 ¢) y=cosx°
y=x3—1 y=Tx-3)-1 y =cos (x + 45)°
1 x
d) y= x| ) y=— f) y=a
x“+1
1
y+3=|x+6| y-2=——- y=a"*t'+1
(x-3)7%+1

2. Write the equation of the image of:

a) y=x* after a horizontal translation of 2 units to the left.

b) y=2|x| after a translation of 3 units down and 1 unit left.

1
¢) y= —= after a horizontal translation of 3 units to the right
VX

and a vertical translation of 2 units up.
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3. The function represented by the thick line is a transformation of the function represented by
the thin line. Write an equation for each function represented by the thick line.
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4. a) What vertical translation would be applied to y = x? so that the translation image passes
through (3, 5)?

b) What horizontal translation would be applied to y =x> + 1 so that the translation image
passes through (5, 28)?

¢) What horizontal translation would be applied to y = so that the translation image

x-3

1
passes through (l 5 )?

5. On a certain route into town, shuttle buses depart every 15 minutes from 06:30 until 07:30.

The distance d, in kilometres, they travel can be described as a function of time, #, in hours,
and represented by the equation d = f{t) = 60z.

If =0 at 06:30, write an equation which represents the distance travelled by:

a) the second bus b) the third bus ¢) the last bus

6. The graph of the function y = f{x) passes through the point (4,7). Under a
transformation, the point (4, 7) is transformed to (6, 6). A possible equation for the
transformed function is

A. y-1=fix+2)
B. y-2=fix+1)
C. y+1=fix-2)
D. y+2=fix-1)
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7. The function fix) = +/x + 5 is transformed by a translation of 2 units down and 4 units to

the left. The transformed function passes through the point (20, y).
To the nearest tenth, the value of y is .

(Record your answer in the numerical response box from left to right)

8. The function r(x) = 53

right. The transformed function passes through the point (x, 7).
The value of x to the nearest hundredth is .

(Record your answer in the numerical response box from left to right)

Answer Key
1. a) vertical translation 1 unit down b) translation 3 units right
¢) horizontal translation 45° left d) translation 6 units left and 3 units down

e) translation 3 units right and 2 unitsup  f) translation 1 unit left and 1 unit up

1

2. a) y=(x+2)* b) y=2|x+1|-3 ¢ y=— +2
‘u_."X—3
3. a) y=|x-3|+1 b) y=(x-6)2-10 ) y=—
x—

d) y=fix)+4 e) y=filx+6)+4 f) y=flx-1-2
4. a) vertical translation 4 units down b) horizontal translation 2 units right

¢) horizontal translation 4 units left

1 1

5. a) d=60( _Z) b) d=60(1—5] ¢) d=60(t-1)
6. C 7. 7 9 8 2

is transformed by a translation of 3 units up and 5 units to the
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Topic 2 Reflections & Stretches
EXAMPLE 1 - Comparing y=1f(x) to y=-f(x)

g Clear all functions. Enter y, = \v.\‘ y, = —\‘.\'
Sketch graphs.
What happens to the function?

EXAMPLE 1b - Comparing y=1f(x) to y=f(-x)

! Clear all functions. Enter Yy, = \,-"r_\' y, = \.-'{__\‘
Sketch graphs.
What happens to the function?

18



TRY: Given the graph of y = f(x), graph the function y = -f(x)

and y = f(-x).

[ oy=fx) )

Nix)

=N

y = -f(x)

Reflection on ____ axis y = f(-x)

Reflection on axis

N

Jix)

TRY:

a) Graph the function y = x + 2
b) Using this function sketch the graphs
y = f(-x) and y = -f(x)

19



EXAMPLE 1c - Comparing y=f(x) to x=f(y)

Clear all functions.

l. Entery, =2x+1
x =2y +1 (Solve fory)

2. Entery, = ...

3. Entery, =x

What happens to y = f(x) when x and y are interchanged?

These functions are inverses of each other.

Note: y = f~/(x) is sometimes used to represent the equation of the inverse.

TRY: Lety = f(x), find the equation of the x = f(y) for:

a) f(x)=(x+5)Y°+1  b) f(x)=v/(x-3) +4

20



Complete the sentences

What happens to the function when you replace
y = f(x) with y = -f(x)?

What happens to the function when you replace
y = f(x) with y = f(-x)?

What happens to the function when you replace
Qf(x) with x = f(y)?

21



Complete Assignment Questions #1 - #7

Assignment
1. The graph of y = f(x) is shown. Sketch the graph of y = —f{x).
a) B SEm b) P
TN
< o - s
h S~
¥ EEREEC TREE

2. The graph of y = f(x) is shown. Sketch the graph of y = f{—x).

a) YJ b) ‘
- {/"‘\ N n N
IEs 3 - 5
Y % EARRE
3. The graph of y = f{x) is shown. Sketch the graph of x = f{(y).
a) A b) A
- (/ N X 5 X
s ol - 5
Y |  AREE
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4. The graph drawn in the thick line is a transformation of the graph drawn in the thin line.
Write an equation for each graph drawn in the thick line and state whether this graph

represents a function.

A | W |k

//’A'." . 3
ST >
1] yi=fx)
I~ [ ﬂx)
Y
) {A | d) ‘ N | |
y=fx)/ } A=)
8\ 2
\
X
- { X > £
\

5. The function y = f{x) is transformed to the function below. Given that there are invariant
points, describe the location of these points.

a) y=-f(x) b) y=fi-x) ¢) x=fy)

6. The point (x, y) lies of the graph of the function y = f{x). State the coordinates of the image
of (x, y) under the following transformations:

a) y=-f(x) b) y=f(-x) ¢) x=fy)



7. Consider the graph of the function f(x) = x%. Which of the following transformations
would result in an identical graph?

A. (%)

B. fi-x)

C. f{-x)

D. fix+1)

Answer Key

1. a) and b) graph is reflected in x-axis 2. a)and b) graph is reflected in y-axis
3. a) and b) graph is reflected in the line y=x
4. a) y=f(—x) is a function b) x=f(y) is a not a function

¢) y=-f(x) is a function d) y=-f(—x) is a function
5. a) onthe x-axis b) on the y-axis c¢) ontheline y=x
6. a) (x,-y) b) (=x,y) c) (y,x) 7. B
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Complete Assignment Questions #1 - #4

Assignment

1. Write the equation of the image of:

1
a) y= < after a reflection in the line y=x
b) y=x> + x after a reflection in the y-axis

¢) y= |x| after a reflection in the x-axis.
d) y=/x—2 after areflection in the line y=x

e) y= x2 + 1 after a reflection in the y-axis

f) y=cosx after a reflection in the x-axis

2. Describe how the graph of the second function compares to the graph of the first function.

a) y=3x+1 b) y=3x+1 ¢) y=3x+1
y=-3x-1 y=-3x+1 x=3y+1

d) y=10* e) y=10" f) y=4x>
y=107" =-10° y= *Tx

25



3. The graph drawn in the thick line is a transformation of the graph drawn in the thin line.

Write an equation for each graph drawn in the thick line.

a) ! Z‘ b) 1} y I !
REARAD k
== _*\4 T T / ‘
] WAy 3 [
. 3 I .>g
YEEHIGFT2)E+3)
¢) DA d | !
— X+ \\_:\
REE 3] TVE A
e - .
< | -* %*L
-+ + v F
4.a) Sketch the graph of fix) = (x— 1)%. }
b) Write the equation for: d
i) y=-fx) i) y=fl-x)
=~ at
iii) x = f(y) [
J' |

¢) Sketch each graph in b) and state whether the graph represents a function.

i) y=-x ii) y=f(—x) iii) x=fy)
vh ! YF ! )r‘ﬁ

-— A > - ¥
R} R} R}
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Answer Key

1.a)
d)

2.a)
d)
3.a)

c)

4.a)
b)
c)

1 1

X=—ory=-— b) y=—x3—x c) y=—|x|
X
x=1y-2 ory=x2+2,x20 e) y=x2+1 f) y=-cosx
reflection in the x-axis b) reflection in the y-axis  ¢) reflection in the line y =x
reflection in the y-axis e) reflection in the x-axis f) reflection in the line y=x
x=3-(y+ 2)2 or y=+43=x =2 b) y=(=x+3)(~x=2)(-x-4) or y=—(x = 3)(x + 2)(x + 4)
x+2 —
y=- d y=—/x
x+3
parabola opening up with vertex (1, 0)

i) y=—(x-1?% i) y=(=x-D%ory=(x+1)* iii) x=(y- 1)?
i) parabola opening down with vertex (1, 0). Is a function. ii) parabola opening up with

vertex (—1,0). Is a function. iii) parabola opening right with vertex (0, 1). Is not a function.
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LG 1 Worksheet A (Sketching Transformations)

1. Given the dotted y = f{x) below: 2 Given the dotted y = f{x) below:
a) Find y=f(x+3)+5 a) Find y+3=f(x —2)
A A
il
% O mm
S 1% NI
< i > < e >
¥ % 3 on
| 3
| 3
|
1
v v
b) Find Z=f(2%) b)_Find y = 2f(2x)
A
A
iI
\‘z‘-, :
S,
< e 2
3 P S
1
1
|
i A 4

¢) Find y = —f(-x)

A
A
i
l'
NES |
B PESEEHE? SEREEuTrS
< EEEaEmRS ST
| 3
|
i
* A 4
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Answer Key

O

.

5

5

N

S

et L

-

“

Answer Key

FriEEEEE
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EXAMPLE 2. Comparing y =f(x) toy = af(x)

B |
‘ Enter y, =|x| y:= ,IxI " [\Vertical compression)

W Vertical stretch by a factor of |
Sketch graphs ey 2
To sketch new graph take
base points from y=|x|

1
eX.y, = Now take  of they'

x|
0 0
2 2
2] 2

4|4
41 4

TRY: Given the graph of y = f(x), sketch g(x) = 2f(x).

¢ Describe the transformation: stretch by a factor of

® State the domain: CVe tical & - nj

® Range : To sketch new graph take
Sketch graphs base points from y = f(x)
ex. !, =

Now times the y's

.
-
-

<
wlolwlolwl=
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EXAMPLE 3. Comparing y = f(x) toy = f(bx)

@rlzontal compress@

‘ Enter y = x> v, = (2x)*
*Horizontal stretch by a factor of |

Sketch graphs
To sketch new graph take

base points from y= x2
1
ex.y ,= Now take _ of the x'

. y
0 0
1

-1 1
2 R
214

TRY: Given the graph of y =f(x), sketch g(x) = (. x).

e Describe the transformation: stretch by a factor of

¢ State the domain: [ Horizontal expansion }

® Range : To sketch new graph take

Sketch graphs base points from y = f(x)
€X- ¥+ = Now times the x's
x |y
41 3
\ /
210
0 2
0

4 3
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EXAMPLE 4. Writing the Equation of a
Transformed Function

The graph of the function f(x) has been transformed by
either a stretch or a reflection. Write the equation of the
transformed graph, g(x).

g(x)

fix)
w start with:
g(x)=ag(bx-h)+ k

TRY: The graph of the function f(x) has been transformed by
either a stretch or a reflection. Write the equation of
the transformed graph, g(x).

- start with:
g(x)=ag(bx-h) + k

fx)

2(x)

32



TRY: Sketch y =V x and the following functions on the same grid.
a) y=2\f; b) y=V%(x) c) y=2\/X

hint: base points

What occurred in each?

TRY: Describe what happens to the function y = x2 when you

make each change to equation and give the coordinates of
the image of the point (2, 4) under each change:

a) Replace y = x? with y = (2x)?

b) Replace y = x2 with y = 3x2

33



TRY: Let y = f(x), find the equation of the x = f(y) for:

a) f(x)=(x+5)°+1 b) f(x)=v/(x-3) +4

TRY: For y=x3 write an equation using the following
descriptions.

a) Expanded horizontally by a factor of 2

1
b) Compressed vertically by a factor of 3

34



TRY: Given the graph of the function y = f(x), sketch the

following functions:

v > .

_f(_;*rMapping‘) N0

2) Y= f(2x) hint: base points
by y=fx)
bp (a) (b)

X ¥y

-5 0

-3 3

-1 0

0 2

2 -5

3 0

4 5

35



ASS’gnment Complete Assignment Questions #1 - #7

1. Write the replacement for x or y and write the equation of the image of y = f{x)
after each transformation.

a) A horizontal stretch by a factor of 3 about the y-axis.

b) A vertical stretch by a factor of 6 about the x-axis.

5
¢) A horizontal stretch about the y-axis by a factor of 7

2
d) A vertical stretch about the x-axis by a factor of 3

e) A reflection in the y-axis and a horizontal stretch by a factor of 3 about the y-axis.

f) A reflection in the x-axis and a vertical stretch by a factor of % about the x-axis.

g) A reflection in the y-axis and a horizontal stretch about the y-axis by a factor of %

h) A horizontal stretch about the y-axis by a factor of 4 and a vertical stretch about
the x-axis by a factor of 4.

i) A horizontal stretch about the y-axis by a factor of 0.5, a vertical stretch by a factor
of 2 about the x-axis and a reflection in the x-axis.
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2. The function y = f{x) is transformed to y = af{bx). Determine the values of a and b for:

2
a) A horizontal stretch by a factor of 3 about the y-axis.

b) A vertical stretch about the x-axis by a factor of 5.

5
¢) A horizontal stretch about the y-axis by a factor of 3 and a reflection in the y-axis.

1
d) A vertical stretch about the x-axis by a factor of = , a horizontal stretch about the y-axis

1
by a factor ofﬁ and a reflection in the y-axis.

3. Consider the function f{x) = x*.

a) Determine the equation of the image of the function if it is stretched vertically
by a factor of 4 about the x-axis.

b) Determine the equation of the image of the function if it is stretched horizontally

1
by a factor of 3 about the y-axis.

¢) What do you notice?

d) Give an example of a function where the stretches in a) and b) would not result in the
same image.

4. a) What information about the graph of y = f{kx) does k provide?
b) What information about the graph of ky = f{x) does k provide?
¢) What information about the graph of y — k = f{x) does k provide?
d) What information about the graph of y = f{x — k) does k provide?

e) What information about the graph of y = kf(x) does k provide?
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5. The graph of y = f{x) is shown. In each case:
i)  sketch the graph of the transformed function
ii) state the domain and range of the transformed function
iii) state the coordinates of any invariant points.

1(1
a) y=fi2x) b) y=-2fx) ¢ y= 51(5 )
A vA 7
5 5 5
- A > - > -

A A\ A\
1

d) y=£f2x) e) y=-2f(x) f) y= 5]{

YA YA YA

/N N\ /\

[/ [\ [/
- - e -

\ \
= fix] = flx X]
Y Y Y




6. What happens to the graph of the function y = f{x) if the following replacements are made?

1
a) Replace x with 7 b) Replace y with 4y.

¢) Replace y with -2y and x with 4x. d) Replace y with y — 4 and x with —%x.

1
2

1
horizontally by a factor of 1 about the y-axis, and reflected in the y-axis. If the equation of

the image is written in the form y = af{bx), the value of a — b, to the nearest tenth, is .

7. The graph of y = f{x) is stretched vertically by a factor of - about the x-axis, stretched

(Record your answer in the numerical response box from left to right)

Answer Key
1 1 1 7 7
1. a) xo3x, y=/(§x) b) y—=¢y, y=6f(x) €) x-3x, y=/(gx]
3 2 1 1 4 3
d) y=3y. y= ;ﬂx) e) x> -3x, y= —;x f) yo—=3y, »y= —zﬂx)

4 1
g) x— —%x, y=/{—§x] h) x- %x and y— —‘iy, y=4j{2x]

i) x> 2candy— -3y, y=-2(2)

2
2. a) a=1 b= b) a=5 b=1 c) a=1 b=—g d a= b=-10

| w

1
3

3. a) y=4fix)= 4x? b) y= (Zx)2 =4x? ¢) both transformations result in the same image
d) many possible answers including f{x) = x, fix) = x3, fix) = xZ+ 1, etc.
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. a) horizontal stretch about the y-axis by a factor of %

b) vertical stretch about the x-axis by a factor of %

¢) vertical translation of k units: up if k> 0,down if k <0
d) horizontal translation of k units: right if k>0, leftif k <0
e) vertical stretch about the x-axis by a factor of k
a) b) c)

" PR T
5t - e T S T
K7 ke S
BTN l YRR IS¢ )
v , ¥ v
Domain: (xlogx<2,xe R} (xlosx<d,xe R} (x|locx<8,xe R}
Range: l2<y<2,ye R}y  {lda<y<da, ye R} l-1<y<t,ye R}
Invariant Points: (0, 0) (0,0), (2,0),(4,0) 0,0)
d) e) f)
A i 1 - | A
5 A1 L _A__,S__, .
- x= - A—Z \
W,-4s

A ! .
Domain: {x|——55xs%,xe SR} {x|—1$xs3,xe R} {x|—2$x$6,xe R}
Range: {y|-3<y<3,ye R} rl-6<y<6,ye R} {y|—%SyS%,ye 9‘}
Invariant Points: (0, 3) (-1,0), (1,0),(3,0) none

. a) horizontal stretch about the y-axis by a factor of 2

1
b) vertical stretch about the x-axis by a factor of z
1
¢) horizontal stretch about the y-axis by a factor of e vertical stretch about the x-axis

by a factor of % , and a reflection in the x-axis.

d) horizontal stretch about the y-axis by a factor of 4, a reflection in the y-axis,
followed by a vertical translation of 4 units up.
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LG 1 QUIZ (Transformations)

1. Describe in words how the graph of the following function can be found from the graph of y = f(x):

y=5=—f(x+4)

2. If (-2, 5) is a point on the graph of y = g(x), find a point on the graph of y = g(x +3) — 4.

3. The graph of y = x3 is translated 5 units to the left and 4 units down to form the
transformed function y = g(x). Determine the equation of the function y = g(x).
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The domain of the function y = h(x) is —2 < x < 6 and the range is 4 < y < 10. Find the
domain and range of the function y — 1 = —h(x + 6).

Given the graph of y = f(x) below, find the equation of the transformed function y = g(x) .

(3,4)
Y = g(x)
T

2,3) | 4.3)
% >

4,-1)
Al =f[xllA—
3.-2)| (5.-2)

\ 4

Given the graph of y = h(x), sketch the graph of.y = —h(x — 1) + 3.

A
2,8
(0,1 \
- ——X’
1.0 4.0
|
X2 Y= hl‘X: I
- 6 -.hi

\ 4

***SEE YOUR TEACHER FOR MARKING KEY***
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LEARNING GUIDE 2

Topic 3 Combining Transformations
EXAMPLE 1 - Sketch the function by taking the
coordinates of the given points which are on the graph of
y = | x | and applying the appropriate transformations.

y=2|(x-4)|+1

BlealblR]|leo]«
alealolo]|lo]l'-
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TRY: Sketch each function by taking the coordinates of
the given points which are on the graph of y=| x| and
applying the appropriate transformations.

y=|2(x+3)|+1

x |y
0 0
2 2
2|2
4 | 4
-4 4

TRY: Sketch: y=3 ;(x -2)

x |y
0 0
2 2

212
4 | 4

4| 4
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TRY: Describe the transformation of each
function below:

a) y=2(x+ 1y +3 c) y=(x-2)+3

by y==2(x=1)*+1 d) y=3[2x+3| -1

EXAMPLE 2 - Sketch the graph of the following function:

Y& Now, factoring is a key step in the translation of this function.

y = J2x - 4 Describe??

Nolll QRSN e =2 B
Wil —|< |-
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TRY: Sketch the graph of the following function:

y+2=2(2x +4)

EXAMPLE 2b - Describe what happens to the graph of the
function y = f(x) if f(x) = x2+ 1 when you make each change to its
equation. Then write the new equation:

a) Replace y = f(x) with y = 2f(4(x + 1)).

TRY:
b) Replace y = f(x) with y = f(2x + 2).
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EXAMPLE 3 - Write the Equation of a Transformed

Function Graph

The graph of the function y = g(x) represents a transformation of the

2 units
-

. y=gx)
8 units| 8 units

4V= f (x)

graph of y = fix). Determine the
equation of g(x) in the form
v=af(b(x-h))+k.

There is no reflection.

Solution: Locate the vertex of each function y=fix) 0,0 y=g(x) -7,2 This gives
you the translation 7 units to the left and 2 unitsup. h=-7 & k=2

Now compare distances between key points. In the vertical direction 4 units becomes
8 units therefore you have a vertical stretch by a factor of 2. In the horizontal
direction 8 units becomes 2 units, therefore there is a horizontal stretch by a factor
of 1/4. Thisgivesyouan a=2 & b =4 el go(x)=2f(4(x +7) +2
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WATCH OUT - WHEN THERE IS A REFLECTION INVOLVED!! I

£ usc invariant points to find / and .

Determine the equation of g(x) given f(x) in the form: y = af(b(x - h) + k

s} o
=3

6

y=gi 4

4

5 or

STEPS:

1. Look for reflections??

Both

2.Findh &k

Reflection on x-axis ... look
for x-int that's your

invariant point k=
(up or down)

Reflection on y-axis ... look
for y-int that's your

invariant point & =
(right or left)

3. Find stretches

48



TRY: The graph of the function y = g(x) represents a
transformation of the graph of y = f(x). Determine

the equation of g(x) in the form y = af(b(x - h)) + k.

EXAMPLE 3b - Use the descriptions below to write a new
equation for the basic function y = x2.

a) Compress horizontally by a factor of 1 and expand vertically
by a factor of 5.

TRY:

b) Expand horizontally by a factor of 3, then translate 3 unit up.
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Complete Assignment Questions #1 - #4

Assignment

1. Describe the series of transformations
required to transform:

a) graph A to graph B.

b) graph A to graph C.

¢) graph A to graph D.

2. Describe the series of transformations
required to transform:

a) graph A to graph B.

b) graph A to graph C.

N
&>

N, "

ok

4/./
Ch

g
e
o

-
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3. Describe which transformations are applied to a graph of a function when the following
changes are made to its equation. Does the order in which the transformations are
performed affect the final graph?

a) Replace x with x + 2 and y with —y.

b) Replace x with 4x and y with y — 7.

¢) Replace x with %x, y with -2y, and y with y + 2.

1
d) Replace x with 2x, y with 20X with —x, and y with y + 10.
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4. A graph of the parabola y = x> + 1 is
shown. The following transformations are

applied to y=x? + 1 in the order shown:
« a vertical translation down 3 units

» areflection in the x-axis
* a vertical stretch about the x-axis

1
by a factor of 1

* a horizontal translation to the left 2 units
a) For each transformation:
* graph the image on the grid

* write the replacement for x or y and
the current equation in the table.

wn
N~
S— +
\\"N

T

i

HO¥

Transformation Replacement for x or y

Current Equation

1 a vertical translation
down 3 units

2 a reflection in
the x-axis

3 avertical stretch
by a factor of %

4 ahorizontal translation
left 2 units

b) Write the equation which represents the final position of the graph.
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Answer Key

1. a) vertical stretch by a factor of —; about the x-axis, horizontal stretch by a factor of % about the y-axis,

then a translation of 1.5 units right, and 5 units up
b) vertical stretch by a factor of 2 about the x-axis, a reflection in the x-axis, then
a vertical translation 1 unit down

¢) vertical stretch by a factor of —; about the x-axis, horizontal stretch by a factor of % about the y-axis,
a reflection in the x-axis, then a translation 6 units right and 6 units down

2. a) reflection in the y-axis, and a translation 7 units down
b) reflection in the x-axis, and then a translation 5 units right and 7 units up

3. a) horizontal translation 2 units left and a reflection in the x-axis; no
b) horizontal stretch by a factor of % about the y-axis, and a vertical translation 7 units up; no
¢) horizontal stretch by a factor of 3 about the y-axis, vertical stretch by a factor of —;
about the x-axis, reflection in the x-axis and a vertical translation 2 units down;  yes
d) horizontal stretch by a factor of % about the y-axis, vertical stretch by a factor of 4
about the x-axis, a reflection in the y-axis and a vertical translation 10 units down; yes

4. a)
]
{
Transformation Replacement for x or y Current Equation
erts i b 3= xt ]
{ avertical translation - 3 y+
down 3 units replace y with y + 3 y=xt=2
b= xt -2
2 arcflection in replace y with -y yRx-
the x-axis y=—x+2
3 avertical stretch . ith 4 dy= P42
ofafactorofl— repaceywith &y y= —;i—x3+ 11-
i translati . - -
4 a homo',lm lation replace x with x + 2 y= —'—(.r +2)24 L PR | . - l_‘
left 2 units 4 2 ‘
=SENE N 2
+ St -+

b) y=-3(x+2)2+3



Complete Assignment Questions #1 - #6

Assignment

1. Describe how the graph of y = f(x) can be transformed to the graph of
a) y=f2(x-1)]+5

b) y=2f(x+4)-5

c) y=j(%x+6)+l

2. Consider the function y = f{x). In each case determine:

* the replacements for x and y which would result in the following combinations of
transformations
* the equation of the transformed function in the form y = af[b(x — h)] + k

a) ahorizontal stretch by a factor of 3 about the y-axis and a vertical translation
of 6 units up.

b) areflection in the y-axis, a horizontal translation of 3 units right, and vertical translation
of 5 units down.

. 2 . . 2
¢) ahorizontal stretch by a factor 3 about the y-axis, a vertical stretch by a factor of 5 about
the x-axis, a reflection in the x-axis, and a vertical translation of 1 unit up.
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3. Describe how the graph of the second function compares to the graph of the first function.
a) y=x',  Ay=(x-2°

1
b) y=Ix|, y= |§(x+2)|

¢) y=+/x, y-1=2/3x—8

4. In each case the combination of transformations are applied in the order given to transform
the graph of y = f(x) to the graph of y = af[b(x — h)] + k.
Determine the values of a, b, h, and k.

3
a) ahorizontal stretch by a factor of 3 about the y-axis and a reflection in the x-axis.

1
b) a vertical stretch by a factor of 3 about the x-axis and a reflection in the y-axis.

¢) a vertical stretch by a factor of 2 about the x-axis, then a translation 5 units to the left
and 2 units up.

d) ahorizontal stretch by a factor of 4 about the y-axis, a vertical stretch by a factor of 2
about the x-axis, a reflection in the y-axis and then a translation of 10 units down.

1
e) a translation of 6 units right, then a horizontal stretch by a factor of 3

about the y-axis and a reflection in the x-axis.



5. The function f{x) = +/x is transformed into the function g(x) by stretching horizontally by
a factor of 6 about the y-axis, stretching vertically by a factor of 3 about the x-axis, reflecting

in the x-axis, and translating 1 unit up and % unit to the right.
Write the equation for g(x).

6. The graph of y = f{(x) is shown. Sketch the graph of:

a) y+4=—%ﬂx+2) b) y=—4/(%x+l)
. A . A

5 5

N

/

’ A A
- A > - L
1T v 1T N

\j \{
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Answer Key

1.

a)
b)
c)

. a)

b)
¢)

. a)

b)
c)

. a)

c)
e)

horizontal stretch by a factor of % about the y-axis, then a translation 1 unit right and 5 units up
vertical stretch by a factor of 2 about the x-axis, then a translation 4 units left and 5 units down
horizontal stretch by a factor of 2 about the y-axis, then a translation 12 units left and 1 unit up
replace x with %x and y with y - 6 y =/(%x) +6

replace x with —x, x with x —= 3,and y with y + 5 y=f(-(x=3)=-Sory=f(—x+3)-5

replace x with —g-x,y with -g-y,y with —y,and y withy -1 y= —-g-j(%x) + 1

vertical stretch by a factor of % about the x-axis, reflection in the x-axis,

and a horizontal translation 2 units right
horizontal stretch by a factor of 3 about the y-axis, then a horizontal translation 2 units left

vertical stretch by a factor of 2 about the x-axis, horizontal stretch by a factor of %
about the y-axis, then a translation 2 units right and 1 unit up

a=-1 b=3  h=0 k=0 b) a= 3 b=-1 h=0 k=0
a=2 b=1 h=-5 k=2 d) a=2 =—3 h=0  k=-10
a=-1 b=2  h=3 k=0
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Topic 4

Inverse of a Relation

EXAMPLE 1 - Graph the Inverse

A/

—

a) Sketch the graph of the inverse.

b) State the Domain and Range.

¢) Determine whether the relation

Y

and its inverse are functions.

Solution: Take key points from the

relation and then interchange the x & y

coordinates. a)

&

g

Points of the Relation |Points of the Inverse Relation
(-7.-2) (-2,-7)
(-5.2) (2.-5)
(-3,-3) (-3,-3)
(1.5) (5.1)
(4.5) (5. 4)
. -
b) Relation J=x<4 lcy<s

Inverse Relation

-35xsS Tays4d

=
>

¢) Relation is a function and inverse is NOT
a function. Did not pass the Horizontal line
TEST of the original function, THEREFORE,
does not pass the Vertical line TEST of the

inverse function.

TRY': Sketch the inverse of the following function:

f(x) = x%+ 1

f(x)

X |y
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EXAMPLE 2 - How to put a restriction on the domain of
fix) so that it's inverse is a function.

f(x)=x +1 Restrict the Domain to { x>0} \
v~y 4+ Thereforeyou only see the right « fix)=xt+1

x=y 41 side of the parabola.
x=l=y’

va=1=4/y 1 \

fitx)=vVx-1

\':*\.l'—l / :(,\'):+\'\'_] , ¢ | \

With the restriction on the Domain the Inverse | iuisistue inverse crarn
function will only have the positive part drawn.
As you can now see it is a Function. [passed the vertical line test]
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EXAMPLE 3 - Determine the Equation of the Inverse

WMMM& the x and y interchange with each other.

Algebraically determine the inverse equation of /(x) = 3x + 2

Ist -replace flx) withay y=3x+2

2n - interchange x withy x = 3y +2

3w - solve for y x-2=3y subtract 2 from each side
x-2 3y . . .
= = divide by 3 each side
3 :
x-2 . x-2
y = rewrite as [ (x)=
' 3 3
inverse symbol
x+8

TRY: Algebraically determine the inverse equation of () - :




-2x

TRY': Algebraically determine the inverse equation of /() -
‘ x+3

TRY': Algebraically determine the inverse equation of
f(x)=2(x- 4)" +1

* Determine a restriction on the domain so that the inverse is a function.

61



Complete Assignment Questions #4 - #6

4. a) Graph the function f{x) = x> + 4. A
b) Graph the inverse of f{x).

¢) Find the equation of the inverse function in the formx=£fy)

and solve for y.

5. A function fis defined by y = 2x + 1. Which of the following is the equation of
the inverse of f?

=1
A. x=)2
B. x=2y+1

x+1
C. y= 5
D. y=2x-1
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6. The graph of the function y = f(x) is shown in the diagram below.
¥

Which of the following represents f ' (x)?
i. ii
X

X

_1L.,

X

o. ).‘
TR iv. 1

Z g \
-

STel-T=

Answer Key

4. ¢) x=y2+4, y=+/x-4 5. B 6. C
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LG 2 Worksheet B (Combining Transformations)

1. Given the dotted y = fi{x) below:
a) Fid y=2f(x+3)—4

A

A 4
b) Find y = —f(-x)
A
3
o, i
“ e
A 4

c) Find y=f(2x+6) -1

2. Given the dotted y = f{x) below:
a) Find y—3=2f(2(x-2))

A

&
-

v

b) Find —y = f(2x — 6)

¢) Find x=f(@) or y=[f"(x)

-l oy
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LG 2 Worksheet C (Describing Transformations)

[What is the effect on the graph of y = f(x) if it is

transformed to each of the following?

1. y=2f(3x-12)+6

2. y=-3f(2x-10)-8

3. y+6=5f(%x-4)

4.  y-5=-3f(8-4x)

5. 2y+6=f(4x-20)

6. 4y+12=—f(5—%x)

Given the following effects, create an equation
that is a transformation on y = f(x).

1.  Vertically expanded by a factor of 3
Vertically translated down 9
Horizontally compressed by a factor of %

Horizontally translated left 4

2. Vertically compressed by a factor of %

Vertically translated up 6
Horizontally expanded by a factor of 2
Horizontally translated right 2

3.  Vertically expanded by a factor of 2
Vertically translated down 4
Reflection in the x-axis
Horizontally expanded by a factor of 4
Horizontally translated right 8

4.  Vertically compressed by a factor of %
Vertically translated up 2
Horizontally compressed by a factor of 1

Horizontally translated right 3

5.  Vertically expanded by a factor of 2
Vertically translated up 2
Horizontally expanded by a factor of 6
Horizontally translated left 12
Reflection in the y-axis

6. Vertically expanded by a factor of 3
Vertically translated up 6
Reflection in the x-axis

Horizontally compressed by a factor of é

Horizontally translated right 2
Reflection in the y-axis
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1.

Vert. exp. by a factor of 2
Trans. up 6

Horiz. comp. by a factor of %

Trans. right 4

Vert. exp. by a factor of 3
Trans. down 8
Refl. in x-axis

Horiz. comp. by a factor of %
Trans. right 5
Vert. exp. by a factor of 5

Trans. down 6
Horiz. exp. by a factor of 2

Trans. right 8

Vert. exp. by a factor of 3
Trans.up 5
Refl. in x-axis

Horiz. comp. by a factor of i

Trans. right 2
Refl. in y-axis

Vert. comp. by a factor of %
Trans. down 3

Horiz. comp. by a factor of %

Trans. right 5

Vert. exp. by a factor of %

Trans. down 3
Refl. in x-axis
Horiz. exp. by a factor of 3
Trans. right 15
Refl. in y-axis

1.

y=3f(2x+8)-9
or

%y+3=f(2x+8)

1 1
r=—f(zx-1)+6
) 3f(2 )
or

3y—18=f(%x-1)

1

y==2f(—x-2)-4

) f(4x)
or

1 1
——y=2=f(—x=-2
57 f(4x )

y=%f(3x—9)+2

or
4y-8=f(3x-9)

y=2f(—éx—2)+2

or

1 1
—y=1= f(-—x=2
> S( PR )

y==3f(-6x+12)+6
or

—%y+2= f(-6x+12)
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PRE-CALCULUS 12

Seminar Notes
Learning Guides 3

POLYNOMIAL
FUNCTIONS

Many common functions are polynomial functions. In this unit we describe
polynomial functions and look at some of their properties.

In order to master the techniques explained here it is vital that you undertake
plenty of practice exercises so that they become second nature.

e recognise when a rule describes a polynomial function, and write down
the degree of the polynomial,
* recognize the typical shapes of the graphs of polynomials, of degree up to 5,
e understand what is meant by the multiplicity of a root of a polynomial,
e sketch the graph of a polynomial, given its expression as a product
of linear factors
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Characteristics of
Polynomial Functions

A polynomial function has one variable, x, and has an exponent n,
where n is a whole number. The coefficient of the greatest power
of x is the leading coefficient.

Examples: \
fix)=2x+3 | characteristics y=x3+2x2-5x-7
1 the degree 3
2 the leading coefficient 1
3 the constant term -7

Identify Polynomial Functions

EXAMPLE 1 - Which functions are polynomials? Justify your
answer. State the degree, the leading coefficient, and the constant
term of each polynomial function.

a) glx) =vVx+5
b) f(x) = 3x?
c) y = x|

y=-2x*+4+2x*-6x-1
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Let’s sketch the different order of polynomials

Types of
Polynomials

Positive
[00k

Domain

Range

Negative
[00k el

Domain

Range
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Degree 0: Constant Function

Even degree

Degree 1: Linear Function
0Odd degree

Number of x-intercepts: O (for f(x) # 0) Number of x-intercepts: 1

_f(?()ll
61

v

Example: f(x) = 3

€nd behaviour: extends horizontally
Domain: {x | x € R}

Range: {3}

Number of x-intercepts: O

Degree 3: Cubic Function

Odd degree
Number of x-intercepts: 1, 2, or 3

ﬂx)ll

xY

Las

44 !
X+ 22X — X—

~n

Example:
fx)=x*+2x -x-2

End behaviour: curve extends down into

quadrant lll and up into quadrant |
Domain: {x | x € R}

Range:{y| y € R}

Number of x-intercepts: 3

Degree 2: Quadratic Function

Even degree
Number of x-intercepts: 0, 1, or 2

TR T ok r
| 4] laf
Ll /AN =2x+1 2]
b 2 4 X S -4 =2\o0 2 4 X
TV =2x -3
—4]
1

Example: f(x) = 2x + 1

€nd behaviour: line extends down into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y| y € R}

Number of x-intercepts: 1

Degree 4: Quartic Function

Example: f(x) = 2x* — 3

€nd behaviour: curve extends up into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y|y= -2,y € R}

Number of x-intercepts: 2

Degree 5: Quintic Function

Even degree Odd degree
Number of x-intercepts: 0, 1, 2, 3, or 4 Number of x-intercepts: 1,2, 3,4, 0r 5
ﬂ?()A r ’ f(x)n t ‘
i 10 =" + 3} 5x° - 15X + 4x +12
{ { 16 !
| 44 !
1 12

A

—8 .
fiX)=x"+5x|+5x2—5x—6
4

C -4 —VO P 4 | 6 X
! ~4]
L8
l —12{ }
A4 ‘

Example:
f(x)=x"+5x*+5x - 5x—-6

End behaviour: curve extends up into
quadrant Il and up into quadrant |
Domain: {x | x € R}

Range:{y| y= —-6.91,y € R}
Number of x-intercepts: 4

Example:

f(X)=x +3x"—5x — 156 +4x+ 12
€nd behaviour: curve extends down into
quadrant lll and up into quadrant |
Domain: {x | x € R}

Range:{y| y € R}

Number of x-intercepts: 5
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EXAMPLE 2 - Match a Polynomial Function with its Graph

fix)=x3+x2-5x+3

gix)=x*+4x3-x2-16x-12

h(x)=-x*+10x2+ 5x -4

Al

Complete Assignment Questions #1 - #3

Assignment

1. Identify whether each of the following is a 2. What are the degree, type, leading

polynomial function. Justify your answers.
a) h(x) = 2 —vx

b) y=3x+1

0 flx) =3

coefficient, and constant term of each
polynomial function?

a) flx) = —x+3
b) v = 9x*
€ glx) =3x"+3x*—2x+ 1
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3. For each of the following:

¢ determine whether the graph represents

an odd-degree or an even-degree
polynomial function
¢ determine whether the leading

coefficient of the corresponding function

is positive or negative
e state the number of x-intercepts
e state the domain and range

a) 100 Ny
/\ ,,/ |

b) 50%y

-5 ¢ 5\/

» =50

hL ad

) s0%y

(3.22,16.9)

Z ~T7

by

i ] 5
» =50
» =100 d) 30Ty
( b e ) X
-10 4. 10
» =100
Answer Key

1. a) No, this is a square root function.

b) Yes, this is a polynomial function of degree 1.

¢) No, this is an exponential function.
3. a)

2. a) degree 1, linear, —1, 3
b) degree 2, quadratic, 9, 0

b)
¢) degree 4, quartic, 3, 1

<)

d)

odd degree, positive leading coefficient,
3 x-intercepts, domain {x | x € R} and
range {v | v € R}
odd degree, positive leading coefficient,
5 x-intercepts, domain {x | x € R} and
range {v| v € R}
even degree, negative leading coefficient,
3 x-intercepts, domain {x | x € R} and
range {v | v < 16.9, y € R}
even degree, negative leading coefficient,
0 x-intercepts, domain {x | x € R} and
range {y| v < -3,y € R}
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REVIEW

of

_Factoring_

'

Simple DilT. o . N
Trinomial Squares Triple Play Combination
Examples:
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Factor each completely.
1) b*+8b+7

3) m*>+m—-90

5) n2—10n+9

Factor each completely.

1) 3p*-2p-5

3) 3n’ - 8n+4

Factoring Practice

2) n*=11n+10

4) n’>+4n-12

6) b+ 16b + 64

2) 2n* +3n-9

4) 50 +19n+ 12
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Factor each completely.

1) 16n* -9

3) 16b* — 40b + 25

5) 9x2 -1

15) 2n* + 6n— 108

2) 4m* - 25

4) 4x* —4x+1

6) n>-25

16) 5n% +10n +20
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Divide a Polynomial by a Binomial of
the Form x-a

Example :

Long Division

2x 4+ X =5x+4 + x+2

Synthetic Division
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Topic 2 Remainder Theorem

EXAMPLE 1 - Divide a Polynomial by a Binomial

The result of the division of a polynomial in x, P(x), by a binomial

P( ) g = Q) + _a,where Q(x) is the

of the form x — a,a € 1, i —

quotient and R is the remamder.

a) Divide the polynomial P(x) = 5x* + 10x — 13x* — 9 by x — 2. Express
P(x]

the result in the form

b) Identify any restrlctlons on the vanable.

TRY Divide the polynomial P(x)= x'=2x'+x* =3x+4 by x—1. Express the result

in the form ED) ) =Q(x)+——. Identify any restrictions.
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EXAMPLE 2 - Divide a Polynomial Using Synthetic Division
(x° +4x-5)+(x-1)

* +
Polynomial Divisor

X +7x°-3x+4

TRY: Use synthetic division : 5
x_

Example of using Synthetic Division where a 0 must be inserted.

x*4+2x3—6x+1 +x—1

79



EXAMPLE 3 - Apply the Remainder Theorem

Use the remainder theorem to determine the remainder when
P(x)=x>-10x+6 is divided by x+4.

TRY: What is the remainder when 11x-4x* -7 is divided by x-3?

EXAMPLE 4b - Apply the Remainder Theorem to
find the Value of k

For each dividend, determine the value of k if the remainder is 5.

a) (x3+2x2-kx-1)+(x+1) b) (x*-kx2+7x+3)+(x-2)
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Complete Assignment Questions #4 - #9

Assignment

4. Use the degree and the sign of the leading
coefficient of each function to describe the
end behaviour of the corresponding graph.
State the possible number of x-intercepts
and the value of the y-intercept.

a) fix) =x*+3x—-1
b) glx) = —4x* + 2x* — x+ 5
) h(x) = -7x*+ 2x* — 3x* + 6x + 4

4. Determine each quotient, Q, using
synthetic division.
a) (xX*+x2+3)+(x+4)
m' —2m’ + m* + 12m — 6
b)
m— 2
) 2—-x+xX-x-x+(x+2)

5. Perform each division. Express the result

( )

any restrlctlons on the varlable

a) ¥+ 7x* —3x+4) + (x+ 2)
11t — 4t* - 7

b) t—3

) xX*+3x2—-2x+5)+(x+1)
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6. Use the remainder theorem to determine

the remainder when each polynomial is
divided by x + 2.

a) x* +3x* —5x+ 2

b) 2x* — 2x* + 5x

. Determine the remainder resulting from
each division.
a) (xX¥*+2x2—-3x+9) + (x+ 3)

2t — 4t° — 3¢t°
b) t—2

. For each dividend, determine the value of
k if the remainder is 3.

a) (X +4x* —x+k +(x-1)

b) (xX* + x* + kx—15) + (x — 2)

. For what value of ¢ will the polynomial
P(x) = —2x* + cx? — 5x + 2 have the same
remainder when it is divided by x — 2 and
by x + 17
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Answer Key

4.

a)
<)

. a)

b)

<)

a)

Qx) =x*—3x+12 b)) Qm)=m'+ m+ 14
QAx)= —x+x—x+1

XHTX—3x+4 _ o5y 934 30 Lo

X+ 2 x+ 2
11t — 4t* — 7

t—3
=—4t3—12¢2—36t—97—t2L83.t¢3
X+ 3x*—=-2x+5 . 9

<31 —x*+2x—4+x+l,x#:—l
16 b) 38 7.a) 9 b) —40
-1 b) 3 9. 11

The Factor Theorem

EXAMPLE 1 - Use the Factor Theorem to Test for Factors

of a Polynomial

Which binomials are factors of the polynomial P(x)=x"-3x" —x+3?

a) x-1 b) x+1 ¢) x+3 d) x-3
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EXAMPLE 2 - Factor Using the Integral Zero Theorem
Factor 2x* = 5x* —4x+3 fully.

TRY: Factor fully P(x)=x" -4x* -11x+30.

EXAMPLE 3 - Factor Higher-Degree Polynomials
Fully factor x* -5x" +2x* +20x -24 fully.
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Complete Assignment Questions #3 - #5

Assignment

3. State whether each polynomial has

X + 2 as a factor.
a) 5x*+2x+ 6
b) 2x° — x*—5x—8
) 2x°+2x*—x—6

. What are the possible integral zeros

of each polynomial?

a) Px) =x*+3x*—6x—8

b) P(s) = s’ + 45s* — 155 — 18
¢) P(n) =n®*— 3n*— 10n + 24

. Factor fully.

a) Px)=x*—-6x*+11x—6

b) Px) =x*+2x* —x— 2

¢) P(v) = v + v* — 16v — 16

d) Px) =x*+4x’ — 7x* — 34x — 24

a)

b)

c)

d)
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Answer Key

3. a) No b) No ¢) No

4. a) +1, +2, +4, +8 b) +1, +2, £3, +6, +9, +£18
) +1, +2, +£3, +4, £6, £8, +£12, +£24

5.a) (x—1)(x—-2)(x—3) b (x—1)x+ 1)x+ 2)
) (v—=4a)v+4)(v+1)
d (x+4)x+ 2)x—3)x+1)

Factor by Grouping

1) 12x3-8x2-3x+2 2) 8x3-4x2-2x+1

Rational Zero Theorem
p

q P
) 12x3-8x2-3x+2 — q

Find Factors of
p q

+] +]
+2 +2
+3
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Multiplicity ( of a zero)

m the number of times a zero of a polynomial functions occurs

1 multiplicity 2 multiplicity 3 multiplicity
\ I\ \ \ .

L
[V

Equations & Graphs of Polynomial Functions
EXAMPLE 1 - Analyse Graphs of Polynomial Functions

For each graph of a polynomial function, determine
a) the degree

b) the sign of the leading coefficient & what is the leading coef.?
c) x-intercepts and the factors

a) d) the intervals where the function is positive or negative
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EXAMPLE 1b - Analyse Graphs of Polynomial Functions

For each graph of a polynomial function, determine
a) the degree

b) the sign of the leading coefficient & what is the leading coef.?
c) x-intercepts and the factors

d) the intervals where the function is positive or negative

b)

2,0)

TRY:: For the graph of a polynomial function, determine
a) the degree

b) the sign of the leading coefficient & what is the leading coef.?
c) x-intercepts and the factors

d) the intervals where the function is positive or negative

(30)
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EXAMPLE 1c - Analyse Graphs of Polynomial Functions

For the graph of a polynomial function, determine the equation.

(-3,0) (2,0)

EXAMPLE 2 - Analyse Equations to Sketch Graphs

of Polynomial Functions
Sketch the graph of each polynomial function.

a) y=(x-Dx+2)(x+3)




EXAMPLE 2b - Analyse Equations to Sketch Graphs
of Polynomial Functions

Sketch the graph of each polynomial function.
b) f(x)=-2x"+6x-4

TRY': Sketch the graph of the polynomial g(x)=-x"+13x+12.
grap poly g
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Complete Assignment Questions #3, #4 - #7

Assignment

3. Use the graph of the given function to
write the corresponding polynomial
possible equation. State the roots of the
equation. The roots are all integral values.

a) VA r ) VA
2 20+ /
NS RN N FER N T/ Zzlo] ]2 |4 X
/ 12 —20-
4 —40
IV of
4 Y Y
4. For each graph,
i) state the x-intercepts
ii) state the intervals where the function
is positive and the intervals where it
is negative
ili) explain whether the graph might
represent a polynomial that has zero(s) €)
of multiplicity 1, 2, or 3
a) ya
S Jal =2 2 4 |X
7 ) 4
i)
ii) pos
neg
iii)
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7. For each function, determine

i) the x-intercepts of the graph

ii) the degree and end behaviour of
the graph

iii) the zeros and their multiplicity

iv) the y-intercept of the graph

v) the intervals where the function is
positive and the intervals where it
is negative

a) v=x"—4x* — 45x

b) f(x) = x* — 81x°

¢) hix) =x*+3x*—x—3

POS.

r\eg.
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Answer Key

3.a) (x+ 3)(x+ 2)(x—1) =0, roots are —3, —2 and 1
) -()_f + 4)2_(x — 1)(_x — 3) = 0, roots are —4, 1 and 3

4. a)

<)

7. a)

b)

<)

i) —4, —1, and 1
il) positive for —4 < x < —1 and x > 1, negative
forx < —4and -1<x<1
iii) all three zeros are of multiplicity 1, the sign
of the function changes

i) —3and 1
il) positive for x < —3 and x > 1, negative for
-3 <x<1

ili) —3 (multiplicity 1) and 1 (multiplicity 3), at
both the function changes sign but is flatter at
x=1

i) =5,0,and 9

il) degree 3 from quadrant Il to I

ili) —5, 0, and 9 each of multiplicity 1
iv) 0

v) positive for -5 < x < 0 and x > 9, negative

forx < —5and0<x<9

i) —9,0and 9

il) degree 4 opening upwards

iii) 0 (multiplicity 2), —9 and 9 each of
multiplicity 1

iv) 0

v) positive for x < —9 and x > 9,
negative for -9 < x <9, x # 0

i) =3, —1,and 1

il) degree 3 from quadrant III to I

iii) —3, —1, and 1 each of multiplicity 1

iv) -3

v) positive for —3 < x < —1 and x > 1, negative

forx<—-3and -1<x<1
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LG 3 Worksheet (Polynomial Functions)

1. For each graph:

i) describe the end behavior,
i) determine whether it represents an odd-degree

or even-degree polynomial function, and
ili) state the number of real zeros.

a. fix)

JAVZA

P

b.

a

g

-

2. State the degree, the leading coefficient
and the constant of each polynomial.

a) 7+ 3x%—5x%+6x%—2x

b) (a+1)(a*—4)

3. Use the Remainder Theorem, to find the

remainder for:

a) 4x? —3x% + 2x — 4 isdivided by x + 1

b) y*+y%—2y+1 isdivided by y—3

x

4. Given a polynomial and one of its factors, find
the remaining factors using synthetic division.

a) 2x3—-5x2—-28x+15; x—5

b) x*—3x2—-4; x+2

5. Find the value of k so that each remainder is 3.

a) (2 +kx—17) = (x-2)

b) (x2+5x+7) = (x—k)

6. Factor completely each.

a) x*+6x2—x-30

b) 4x3 +8x2—x—-2

0, 1)

Write an equation for graph below:

L
-

™
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Sketch the graph of each polynomial using the 4a)(x+3)2x-1) b (x—-2)x%*+1)
information provided.

5.9)k=8 b)k =—4,-1
10. A polynomial with a negative leading
coefficient and zeros of x = -2 (multiplicity 2)
and x = 1.

6.a) (x —2)(x +3)(x +5)
b (x+2)2x+1)(2x—-1)

Ty==-Dx+1Dx-)k+4)

8. y=(x+2)(x—1)?

a 3 2 a Jo 1 2 3 a 9.y=%(x—1)(x—3)2(x+5)3

10.
A

11. A polynomial with a positive leading
coeflicient and zeros of x = -2 (multiplicity 3),
x = 0, and x = 3 (multiplicity 2). 2

~

I11.

1.a) i)down Quad 3 4 b) 1) up QI,down Q3
il) even i) odd
i) 2 ii) 1

2. a) 3" degree b) a) 3" degree N
-5 1
7 -4

3. a) -13 b) 31
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LG 3 QUIZ (Polynomials)

1. Forthe function y = (x -1)(x + 4)(x - 3) determine the interval(s) where the function is
negative.

2.  Find the remainder when the polynomial x3 — 4x? — 2x — 1 is divided by x — 3.

3. The zeros of a cubic function are 1 and -3 (multiplicity 2). Determine the equation of the

function that has these zeros and passes through the point (-2, 9)
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4. Determine the value of k so that x — 2 is a factor of kx3 +x2-8x—4.

5. Use the graph of the given polynomial function to write its equation.

° 4

PR B S R

6. For what value of ¢ will the polynomial P(x) = 3x3 + cx? — 9x + 2 have the same
remainder when it is divided by (x +2) and (x+1)?

7. Factor 6x° + x2 -21x-10 fully. Use synthetic or long division.

***SEE YOUR TEACHER FOR MARKING KEY***
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PRE-CALCULUS 12

Seminar Notes
Learning Guides 4 & 5

EXPONENTIAL &
LOGARITHMIC
FUNCTIONS

Like many types of functions, the exponential function has an inverse. This inverse is called the
logarithmic function. Knowing about logarithmic functions is very useful for solving where x is in the
exponent.
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Characteristics of Exponential Functions
EXAMPLE 1 - Analyse the Graph of an Exponential Function

C omp-lclc the table and sketch the graph described by y = 2"

X |V : : . What is the x intercept?
! ! ! (let y =0)
-3 f f i
) ! ! ! What is the y-intercept?
1 [ | I (let x=10)
0 : i Domain: Range:
I | I ! Asymptote:
2 I I I
3

Applying Graphing Tools to the
Exponential Function (y =b")

1. Give a rough sketch of the following functions
( dotted function isy=2%):

a) y=-2" b) y=2~ c) y=4" dy=(3)

Y Y v [ - |

Ik . 11 H

! i (- (I 4

4 ] - - W + 4
. - -

14 {
4 4
+ 4
4 4
4 4

4

a) What happens to f(x) when it ¢) What happens to f(x) as b gets larger
becomes -f{(x)? than 1?

b) What happens to f{x) when it d) What happens to f{x) when 0 < b < [?
becomes f{-x)?
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TRY: Graph the following functions on the grid provided.
Determine the equations of the asymptotes, find the

values of the x- and y-intercepts and the domain and range.

y = 3% y=3¥1-2

Hint: Use your translation tools.

For y=3x"1-2 determine:

Asymptote:

y-intercept (let x = 0)

.........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........

..........
..........
..........
..........
..........
..........
..........
..........

..........

Domain and range

..........

..........

..........

..........

..........

..........

..........

..........

x-intercept (let y = 0)

Basic Properties of the Graph of the

Exponential Function (y =b")

If b > 1, the graph rises to the right (exp. growth

If 0 <b < 1, the graph falls to the right (exp. decay)

y-intercept: | x-intercept: none

Domain: all real numbers Range:y >0
Horizontal Asymptote: x axis ory =0

For the exponential function y = b*

Horizontal compression: x > |
Horizontal expansion: ) < x < |

| f00 = bx 1]
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EXAMPLE 2 - Writing Exponential Function
Given Its Graph

6
(-2, 4) 4
(-112) -2

Solution: First see if the graph goes through
(0,1), if so there is no translation happening. In
this graph it does go through (0.1).

Take your base formulay = b&*" + k ; no need
for the h and k because no translation

> substitute x and y values intoy = b* and
solve for b

-1

Try . Write an Exponential Function for the given Graph.

6
5
a (2, 4)
3
2
(-1, .5) 0,1)
) -1 1 2 3
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Transformations of Exponential Functions
f(x) = a(c)b(x-h) + k

Parameter | Transformation
a vertical stretch
b horizontal stretch
K vertical translation
up or down
h horizontal translation
right or left

TRY: Describe the roles of the parameters for the base

function f(x)=2". Then complete the table showing
the transformations.

Lo
ii. f(x)=—(2)""-2 X
J(x)=7 y
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Apply Transformations to Sketch a Graph
EXAMPLE 1 - a) Sketch the base function y=3* and then

1
y= —%(3)5" -5 the transformed function.

b) State the domain and range of both functions.

Solution: a) s First get base points from base function
e Second, add two columns M Now plot the points of
y=3" y=-—(3)s"-5 to represent the each function.
touch transformation of x and y

X y Sx -%y-s

-1 /3 | -5 | -31/6 |-5.17

0 1 0 -11/2 |55

2 9 10 -19/2
95

3 27 15 | -37/2 |-185

b) State the domain and range of bdth

functions.

TRY: a) Transform the graph of y = 4x to sketch the graph of
y = 426+5 - 3,

b) State the domain and range of both.
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Complete Assignment Questions #3 - #6

A.S.Slgnment 4. Write the function equation for each graph

of an exponential function.

3. Match each exponential function to its

corresponding graph. a) | | oA
a) y=5"*
1 X
by =(3)
9 v=(3)
A X vA [ ]
4 -2 X
- & | 1
Sl -4 =210 zm
A4
B VA
B
2/
_ A -
NEES 0 2 4 X
C W2 (=225} 5o,
Mo N
O ELENO)
'\\;; R a2 ? 4 %
TRl 2 3 & X
A4
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5. Without using technology, match each o [ AT
graph with the corresponding function. 111 lg
Justify your choice. ! "
P DN
L. ff4<107¥ 4 | X
NN NN EERG N
ol 2 4 |X 2
NN d [T
44 — ! I - /
\ AN oL L/
b) vA 4 ;- T N
‘4__/” Ja 270 T2 74X
! I (- -2
2
/
S _al 2lol /2 4 % \ 4
W‘/‘ ________ A y= 32(X-l] -2
EEEEMEEEEE B y=2"2+1
4 Cry= _(E) *
D y=—2(4)""" +2
6. For each function, a0 b))
i) state the parameters a, b, h, and k ii) ii)

ii) describe the transformation that
corresponds to each parameter

iii) sketch the graph of the function

A
v

«—

iv) identify the domain, range, equation | iv)
of the horizontal asymptote, and any
intercepts c) i) d) i)

a) y=2(3) +4 i) i)

b) m(r) = —(2)* + 2
0 y= @)+ +1

d) nls) = —%(%)4 -3 iv) )

A
4—
v
A
«—»
A\ 4
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Answer Key 5. a) C:reflection in the x-axis,a < 0and 0 < ¢ < 1,
and vertical translation of 2 units up, k = 2

3.a) B b) C ) A b) A: horizontal translation of 1 unit right, h = 1,
1\* and vertical translation of 2 units down, k = -2
4. = 3 b - (—) '
3 fix) ) [X) 5 ¢) D:reflection in the x-axis, a < 0 and ¢ > 1, and

vertical translation of 2 units up, k = 2
d) B: horizontal translation of 2 units right, h = 2,
and vertical translation of 1 unit up, k = 1

6. a) i), i) a = 2: vertical stretch by a factor of 2;

b = 1: no horizontal stretch; h = 0: no horizontal ~ ¢ 1) a = %: vertical stretch by a factor of %;

translation; k = 4: vertical translation of 4 units up b = 1: no horizontal stretch;
iii) V. iv) domain {x | x € R}, h = —1: horizontal translation of 1 unit left;
y‘= ‘2(3):: +4 range (v | v > 4, v € R}, k = 1: vertical translation of 1 unit up
T 111 horizontal asymptote i) vA

— 1 1 l. 78]
‘=ﬂ—-f:{4._ dod y= 4, v lntercept 6 v 3‘(4),‘ '

—— - —

2
| ! | ;
R - > —4 2
_4 _2 0 x 4 4 4 0"
Y -
o . iv) do R}, > 1, R},
b) i), 0i) a = —1: reflection in the x-axis; b = 1: ) h n-lam {‘: | x € R}, range ly l"f ye 7}
no horizontal stretch; h = 3: horizontal orizontal agymptote y = 1, y-Intercept
translation of 3 units right; k = 2: vertical 1 1
translation of 2 units up d) i), i) a = -5 vertical stretch by a factor of 3 and
iii) m iv) domain a reflection in the x-axis; b = %z horizontal
| ir| reRj, stretch by a factor of 4; h = 0: no horizontal
. range translation; k = —3: vertical translation of
N {m|m< 2, meR]} 3 units down
< > horizontal
0] 2 r iii) nA
asymptote m = 2, <« T T —»
2 . 15 -6 -4 -2|0 2 4|6 5
m-intercept 3 2
—44 - r-intercept 4 .
= —(2) %+ 2 T3]
U V=7 — 1,
AHT( Y i — ; 1)
/ & "(5)==—2(3) -3
‘/,
d 4
iv) domain (s | s € R}, range {n | n < —3, n € R},
horizontal asymptote n = —3, n-intercept -z

2
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First Formula:

P Light Intensi

F=S(G)", where

lation

 Fis the final amount * S is the starting amount,
* G is the growth rate, * nis depth, time, etc.

Example 1. The population, P in millions, of B.C. can be
modelled by the equation:

P=12.76(1.022)"

> where n is the number of years since 1981.

a) Use a graphing calculator to sketch the function.

b) Trace to determine the
population projected for 2021.

¢) Estimate when the population
might reach 5 million?

[0,50] [0, 10] d) How long until the population
Xmin Xmax  ymin ymax doubles?

TR .When you consume caffeine, the percent, P, left
“in your body can be modelled as a function of the
elapsed time, t hours, by the equation:

P =100(0.87)'

a) Use a graphing calculator to determine the percent of
caffeine in your body after 5 hours.

b) Estimate the number of hours
that it will take until only 30% of
the caffeine remains.

[0, 10] [ 0, 100]

Xmin  Xmax ymin ymax
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Example: For every meter, n, that you descend into water, 5%
of light is blocked. Use the formula to create an
exponential function that gives the percent, F of light
remaining for n meters.

Note: Starting value is 100% because none of the light at the top
has been blocked.

a) Write this equation and sketch the graph.

b) What percent of light remains at 6.5
meters?

¢) At what depth below the surface is 50%
of the light still remaining?

d) If 7% of the light were blocked for every
meter you descend, rewrite the equation
[0 ? 50 [0, !00] and determine how much light would

X Xmax - ymin-ymax remain at 5 meters below the surface.

TRY: Adiver descends down to the bottom of a lake losing 3% of light per
meter. Write an equation modelling a dive.

a) Find the percent of light at 20m. b) At what depth is there 40% of light?
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Second Formula:

F =S(G)”, where |
» Fis the final amount » S is the starting amount,

* G is the growth rate, * tis the elapsed time
* p is the period of growth

EXAMPLE 1 -

Radioactive phosphorus (P-32) is a common isotope used in
DNA studies. It has a half- life of 14.3 days.

a) Use the formula above to write the equation which shows the
percent P of this radioactive substance after t days.

b) How much time has elapsed if ; of he sample remains.

TRY: If there are 600 bacteria in a culture initially. After 20
min there are 9600 bacteria. What is the doubling
period of this bacterium?
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Complete Assignment Questions #1 - #12

Assignment

1. A swarm of killer bees triples in 30 days, the initial swarm had 1000 bees.
a) Determine the correct expression to calculate the number of bees after 7 days..

b) Find the number bees in a year?

c¢) Find the time in days if the population reached 27000?

2. A culture has 240 bacteria. The number of bacteria doubles every 6 hours.
How long would it take for the culture to reach 7680 bacteria?

3. The population of Victoria today is 86,000. If the population continues at the growth rate of
2.7% per annum, how long will it take to reach 100,000 people.

4. A 200 g sample of radioactive polonium-210 has a half-life of 138 days.
a) Determine an equation to model this situation of mass of polonium, in grams, that remains

after ¢ days.

b). Determine the mass that remains after 5 years?

c) How long does it take for this 200 g sample to decay to 25 g?
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10.

If a bacteria’s population doubles every 10 minutes, what does a population of 500 grow to in 40
minutes?

If a city’s population increases by 3% per year, find the population in 10 years if the current
population is 120,000 people.

If the half-life of [-44 is 8 minutes, how much of a 100 g sample is left after 40 minutes?

If a population of 100 bacteria grows to 3200 bacteria in 40 minutes, what is the doubling period
of this bacterium?

If the tripling period of an insect is 12 days, how long does it take a population of 300 insects to
grow to 81007

If a sample of U-275 decays from 320 mg to 20 mg in 5 hours, what is the half-life of U-275?
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11. If the half-life of B-127 is 18 seconds, how long does it take a sample of 400 g to decay to 25 g?

12. If a country’s current population of 3.5 million people is decreasing at a rate of 1.9% per year,
find its population in 20 years.

Answer Key

1. a) y = 1000(3)"/30
b) 63,822,7136 bees
¢) 90 days

3. 5.7 years
5. 8000
7. 3.125¢
9. 36 days
11. 72sec

2. 30 days

t/
4. a) y = 200 (%) 138
b) 0.02¢g

c) 414 days
6. 161270
8. 8 min
10. 1.25 hrs or 1 hr 15 min
12. 2.38 million
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Solving Exponential Equations

EXAMPLE 1 - Change the Base of Powers

4
a) 2x* =32 : b) 2x5 = 32
2x+1
x+1 2x—1 X — |
¢) 165+ = 32 . d) 9% = (27)
e) 3% 4 3(3%) — 4 = 0 £) 451 4% £ 12 = 0
TRY:
2x+1
4x-1 _ Qx S = x
a) 2951 =8 . b (125) 25
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Complete Assignment Questions #1 - #6

Assignment

Solve each of the following exponential equations algebraically.

1. 4x—3 — 82x+1

2. 163x—1 — 42x+5

3. 252x—1 _ (1)2x+5

Answer Key

1. =2 2.
4

SN

11
21

323x—1 _ (E)Zx—z

(1)2X+1 . (1)4X—2
27 o

(1)2)6—1 . (1)5X+2
16 s

(6, ]
NN
[+)}
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LG 4 Worksheet B (Exponential Equations)

Solving equations where x is in the exponent.

1. 4*-6(4)*+8=0 4, 2*t3 4 2xt4 =9g
2. 2(8)*-8*=6 5. 3*—3*1=162
Answer Key

1 x=11,x=%
2 x=3

3. x=1, x=-2
4, x=2

5

x=5
3. 2(2)‘2" -9(2)*+4=0
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LG 4 QUIZ (EXPONENTIAL FUNCTIONS)

Write the equation of the function that results from the following set of transformations: is f(x) =
4~ stretched (EXPANDED) vertically by a factor of 2, stretched (COMPRESSED) horizontally by a

1
factor of 3 reflected in the y-axis, and translated 7 units up and 6 units to the left.

1 X
Describe in words how the function y = (E) can be transformed into the function:

y— 1= —¢ (é)Zx—8.

3.  Given the function y = —4(2)3*=3 + 5 find each of the following:

a) equations of any asymptote(s)

b) domain and range

c¢) x-intercepts and y-intercepts if they exist

t
The function T = 160 G)“’ can be used to determine the length of time t, in hours, that milk

will remain fresh where T is the storage temperature in degrees Celsius. How long will milk
keep fresh at 20 degrees Celsius?
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Solve algebraically: 252**1 = 125473%

1 4x—1
Solve algebraically: (g) = 162¥*>

A certain bacteria grew from a population of 100 to a population of 3200 in 8 hours. Find
the doubling period of this bacterium.

If 12.5% of a sample of 1-235 remains after 6 minutes, what is the half-life of I-235?

***SEE YOUR TEACHER FOR MARKING KEY***
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LEARNING GUIDE 5

Logarithmic Functions

For the exponential functiony = b, the inverse is x = b.
The inverse is also a function and is called logarithmic

function. It is written as y = logsx.
Logarithmic Form Exponential Form

x>0

Remember i =
b>0;b?ljoologbx-y by = x

Since our number system is based on powers of 10, logs

with base 10 are widely used and are called common logs.

With common logs you do not need to write the base.
Example: log 3 means logio 3
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Understanding Logarithms

EXAMPLE 1 - Evaluating a Logarithm

Evaluate
a) logs25 b) logl0 c) loggl
d) log, V8 e) log, V81 f) logs V3

TRY: Evaluate:
a) log,64 b) log0.1 c) logs 125V5

@ays can you get an exact ansD

Use a calculator to determine each logarithm.

TRY: Then write each equation using an exponent with
base 10.
a) log 25 b) log 0.81 c) log (-2)
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Rewrite each logarithmic equation in exponential

EXAMPLE 1b - form using a base of 2.

a) log, 8=3 b) log, 32=5

Rewrite each logarithmic equation in exponential

TRY: form using a base of 2.
a) log, l =-2 b) log, 2=1

Definition of a Logarithm of base b where
x>0,b>0,b#1:

Logbx =Yy means

Note: two important observations:

log, a =

\\‘ vlo g“ ] —
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EXAMPLE 2 -
Determine an Unknown in an Expression in

Logarithmic Form

Determine the value of x.

a) logsx=-3 b) log,36=2 c) loges x = 2

TRY: Determine the value of x.

a) log, x=-2 b) 10g16x=—% c¢) log 9=

There are times when you can use your graphing calculator
to graph or evaluate a log.

log (x)
log (2)

For Example y=log, x = y =

TRY: Evaluate log, 243

logc a

ozt logc b

Note: usually we use ¢ = 10
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Complete Assignment Questions #3 - #9

Assignment
3. Express each of the following in logarithmic form.
a) 5%=25 b) 3°=1
4
1y _ 1 d_
d) (2) =16 e) b'=e

4. Express each of the following in exponential form.
a) log9=2 b) logs625=4

d) log,f=i e) log,(0.001 =-3

1
¢) log4z =-1
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5. Evaluate.

p—

a) log,64 b) logs/5
d) log,,0.001 e) log38‘4
g) log,l h) log.c
6. Complete the following table:
Logarithmic Form | Exponential Form | Value of x
logyx =2
7= 49"
1
log ‘( a) =-3
x+2=47
lo -1
g3pX = 5
1 X
3= 16

¢) log,49

1
f) logz‘l,\l.' 512

i) logx®

123



8. Solve for x.

a) log,125=3 b) log,;s5=x ¢) logyx=-8

9. Find the inverse of the following equations. Answer in the form y =

a) y=3" b) y=logx ¢) y=3x2+2
d) y=logyx e) y=20" f) x=20"
Answer Key
3. a)logs25=2 b)logzl=0 ¢ log{ﬁ):—‘l d)logl(%)=4 e) logye =d
4. a) 3?=9 b) 54=625 ¢ 4-‘=% d) a'=f e) 1073 =0.001
1 -9
5. a)3 b); c) 2 d) -3 e) -4 f)? g0 h) 1 i)z
6.
Logarithmic Form Exponential Form Value of x ) 1
8. a) 5 b) 3 ¢) 0.0000153
loggx =2 x=42 x=16 lx=2
9. a) y=logyx b) y=4* ¢) y==j 3
1 \
logg7 =x 7=49" =3 d) y=3" e) y=logyx f) y=20"
wlifo | e |
OEx 6a ) o4 =X x=
logs(x+2)=2 x+2=42 x=14
1
1 5
logsx = ; x=32 x=2
1 1 1
1051({5)=1 5 =16* x=—;
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EXAMPLE 3 -
Graph Exponential Function & Logarithmic Function

Comparing the Graphs of y =2" and y = log,x

a) Construct the graph of the exponential function y = 2*and its inverse
y=log,x, (or x =2%),x,y € R, using the grid and tables of values provided below.

Graph of y =2* EENEENAR NN REEEE
x|-3[-2[-1]0]1]2 4 | AR
y EEEEEEEEEEEEEEEEEE
Graph of y=log,x, (x=2") ENEEEEEEEEEEEEEEEE
< >
x| | 0 P [
yl-3l2l-tfoltl2|3]4] [
b) Complete the table below [+ | ANEEEE
Function Domain Range x-intercept | y-intercept | Asymptote
y=2
y =log,x
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Transformations of Log Functions

EXAMPLE 1 - Translations of Log Functions

Graph on the grid provided. Determine the equations of the
asymptotes and find the domain and range.

y=log, (x-3)+1

Hint: First find Asymptote, then Mapping

Domain:  Range:

Asymptote:

TRY: Graph on the grid provided. Determine the equations
of the asymptotes and find the domain and range.

y=log, (x+2)-4

Domain:  Range:

Asymptote:
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EXAMPLE 2 - Reflections, Stretches, and
Translations of a Log Function
Graph on the grid provided. Determine the equations
of the asymptotes, find the domain and range and
identify the y & x intercepts, if they exists.

y =-log, (2x +6)

Hint: First find Asymptote, then Mapping

Domain:  Range:

Asymptote:

x-int y-int

Graph on the grid provided. Determine the equations
TRY: ofthe asymptotes, find the domain and range and
identify the y & x intercepts, if they exists.

y= 2log3 (-x + 1)
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EXAMPLE 3 -
Determine the Equation of a Log Function Given Its Graph

a)

b)

=

The red graph is a stretch of the blue graph.
Write the equation of each red graph.
Solution:

a) | Use the standard form y = a log. bx |

Notice the red graph has been

horizontally stretched.
y=log,bx use pt (1,1)

I =log, b(l)

4'=b = answer y=log, 4x

b)| Notice the red graph has been vertically
stretched. Hint: x-intercept are the same.

y=alog,x wuse pt(3,2) g=I0g,3
a
2=alog,3 Q=%
2
2=yglog,3 —=1
a %’ & a

a=2 =>ans. y=2log,x
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Complete Assignment Questions #1 - #6

Assignment

1. Describe how the graph of each logarithmic
function can be obtained from the graph of
y = log, x.
a) y=log. (x—1) +6

b) y = —4 log, 3x
) v= % log, (—x) + 7

3. a) Sketch the graph of y = log, x, and then
apply, in order, each of the following
transformations.

e Reflect in the y-axis.
e Translate vertically 5 units up.

b) Write the equation of the final
transformed image.

y

2. a) Sketch the graph of y = log, x, and then

apply, in order, each of the following

transformations.

e Stretch vertically by a factor of 2
about the x-axis.

 Translate 3 units to the left.

b) Write the equation of the final
transformed image.

Y

-5
5

4. Sketch the graph of each function.
a) y=log, (x+4) -3
b) y = —log, (x + 1) + 2
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5. Identify the following characteristics of the
graph of each function.

i) the equation of the asymptote
ii) the domain and range

iii) the y-intercept, to one decimal place if
necessary

iv) the x-intercept, to one decimal place if
necessary

a) y= —5 log, (x + 3)
b) v = log, (4(x + 9))
) y=log (x+3)—2
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6. In each, the red graph is a stretch of the blue
graph. Write the equation of each red graph.

|-
2 //
- / y=logx | |

T .

b) VA

i

A
o
?\\
NA
<1
it
o ] ¢
(]
x —
=
xY

2
Y
Answer Key _ _
3. a) [ A
1. a) Translate 1 unit right and 6 units up. - L
b) Reflect in the x-axis, stretch vertically about the Lidg. -9 +} 6
x-axis by a factor of 4, and stretch horizontally Y 48 1—1 1
about the y-axis by a factor of % y+ldg, (%
¢) Reflect in the y-axis, stretch vertically about the \\
x-axis by a factor of %. and translate 7 units up. T
2.a) V4 NGB X
[T, vi=2log, (x+3)]
+ 4, 3 /;
> b) y=log, (—x)+5
P N 4. a) b)
< 2 y y‘\ { A
N @ Bk -
¥ yaAnn y=|-log,(x 1) 4 2
b) y=2log, (x + 3) VERENx+4) 13
i W o[ Ti s
5. a) i) vertical asymptote x = —3 ' | Y Y

i) domain {x | x > —3, x € R}, range {y | v € R}
iii) y-intercept —5 iv) x-intercept —2

b) i) vertical asymptote x = —9 6.a) yv=>5logx b) v =log, 2x
ii) domain {x | x > —9, x € R}, range {y | v € R} o
ili) y-intercept 2 iv) x-intercept —8.75

¢) i) vertical asymptote x = —3
i) domain {x | x > —3, x € R}, range {y | v € R}
ili) y-intercept —1.3  iv) x-intercept 22
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Laws of Logarithms

EXAMPLE 1 - Laws of Logarithms for Powers

Write an expressions that is equal to the following expressions.

log *
logvVx
TRY:
logm"
log, 8

TRY': Use this rule to simplify the following expressions:

lOg XS [ 2
- Remember :
log Y Roots are Powers
4
3 eX. Jp’ = b*
log2 X 4 iy 1
71 =7
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There are times the power law of logs are used in
a slightly different way to simplify a problem.
EXAMPLE 1b - Simplify logmm?*

= [Ogm m

= 4log.m . / log.m = 1
=4

TRY: Simplify the following.

~Hint: Think ™

(_Bases= __-a) log, 495

Do worksheet
b) log, 2«
"Conjugate Rule"

¢) log 16

EXAMPLE 1c - Product & Quotient Laws of Logarithms

Write an expressions that is equal to the following expressions.

log (2.7 x 5) =

JT
log s 2 [l 2

TRY: Write an expressions that is equal to the following
expressions.

log, (4x7) =

10g3 3 3
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log . xy =

X

log.™ =
y

wherea> 0,a# 1

T1RY:

a) Write log 6 as a sum of 2 logarithms.

b) Write log 6 as a difference of 2 logarithms.
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@ing yours Log Laws are important@

EXAMPLE 2 - Write as a Single Logarithm

log4+logS5 ' log (4x5) m» Jog 20
log32 -log8 ™ log (32+8) m log 4

TRY: Write as a Single Logarithm
10g a+ log b - log C i

Write in terms of log a, log b, log ¢
a

b \/Z Il 2

log

TRY: Use the Laws of Logarithm to simplify and then
evaluate each expression.

a) logs 8 +logs 9 - logs 2 b) log; N3
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EXAMPLE 3 - Use the Laws of Logarithm to Simplify
Expressions
Write each expression as a singles logarithm in
simplest form. State the restriction on the variable.

9 S5lo a X ~
a) log, x* +log, x— 208 b) log,(2x-2)-log, (x* +2x-3)
Solution: N Solution: ) T
= log, x” +log, x - élogq x = log; ,21 -2 & ractor
" 2 X" +2x-3 ‘
R > 2(3
= log, x” +log, x - log, x* =log; &
ﬁ | (x+3)(x-0)
e (X))
= log, S _lo 2 > 1
x? & x+3
2412
=log,x ? Restriction
N\ 2x-2>0 x'+2x-3>0
=log, x 2052 (x+3)(x=1)>0
=1]0g?x, x>0 x>1 x<=-3or x>1
2 Restriction Sox>l

TRY: Write each expression as a single logarithm in
simplest form. State the restrictions on the variable.

a) 410g3x—%(10g3x+510g3x) b) log, ()c2 —9)—10g2(x“’ —x—6)
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EXAMPLE 4 - Determine an Expression in Specific 1

@ng yours Log Laws are importanthe)

If logS5=x and logd4=y

a) log20 m log4 xlog5 m x+y
N
b) log 100 " log 25 x log 4 " log 5% x log 4
> 21ogS + log 4
Il 2 z_x -+ y
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Complete Assignment Questions #1 - #6

Assignment
1. Use the laws of logarithms to evaluate each of the following.
7
a) log,4 +log,8 b) log4(§ ) - log,56
1
¢) loge9 +loge8 —logg2 d) log2 +log 10 - log 5

2. Use the laws of logarithms to evaluate each of the following.

4 2
a) logz(g) + log,768 b) log8 +log 5 —log 5
1 1
¢) log3+log4+log 5t log I3 d) log;3 + log;2 — log;27 — log;6
1 1Y
e) log9 - 1og3(§) f) log,(2% + 1og2(§)
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3. Which of the following are true and which are false for logarithms to
every base?

a) log2+log3=log5s b) log3+logd4=logl2 «¢) log8=1log4+log2

d) log10+log 10=1log 100 e) log2xlog3=1log6 f) lﬂLg=log4

log 2
5 logs . 1
2 -2 _ ) _10g A
g) log3“+log3~=0 h) 10g3_log3 i) log8— log 8
4. Use the laws of logarithms to evaluate the following.
3— 1
a) log,"/ 16 b) log; 27°
5. Write each expression as a single logarithm:
a) logx—3logy—-2logz b) %logap+3logaq— 4log,p
6. Simplify the following:
a) log2+2log3—log 18 b) 2log,2 - 2log,4 — log471
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7. a) Show that log 81 =4 log 3.

(ii) log 81

b) Hence simplify: (i) log 81 —log 27 log 27

8. Which of the following are true and which are false for logarithms to
every base?

a) log52=-2log5 b) log4=§ log 8 ¢) log27= % log 81
1 11 1 log /2 1
d) 3 log 11 =log 3 e) log5= ) log 10 f) log /8 =3
1 e —
g) log 5~ log 5 =-log 25 h) log2-log/2 =log/2

2 3 4
9. Which is the greatest of 3 log 1, 1 log1, 5 log 1?

10. Simplify the following:

1 1 1
a) logx4—3logx+log; b) logx?* +logy

—Elogxy

SIS
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— 1 1 —
¢) log,/6 — 510g23 d) 51081010 + 3log,o/ 10

2 1
e) log,a+ log(a5 —-log.a f) glogza - Slog,b — glogzc3

3x+1

g) log,y™ ™ +log,y>* " *~log,y* > -2log,y
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11. Simplify.

a) logs5’ b) 10'0g6

f) (Slog52)(slog53)

12.log x + log(x + 4) is equal to
A. log(2x+4)

B. log(x? + 4x)

C. log(x® + 4)

D. log(x) log(x +4)

¢) Inet d) log.c'

(7 loge27 )(7 loge.l6)
g)

/7 logel2

13. log(x* — 4) — log(x — 2) is equal to
A. log(x+2)

B. log(x?—x-2)

C. log(x-2)

D log(x” - 4)
" log(x—2)

1
14. The expression 3log 4 + log,8 — —log, 16, where x> 0, is equal to

A. log 384

3
B. Zlog§12

C. log256

1 1
D. Zlog’(i)

4

In7
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Answer Key

1. a)5 b) -2 c) 2 d)2
2. a) 10 b) 2 ¢) O d) -3 e)3 f 2 g) O
3.a) F b) T ¢c) T d T e) F f) F g) T h) F i) T

4 3 x g’
4. a) — b) — 5. a) logl—— b) loga—— 6. a) 0 b) 0

3 2 y‘z" EY

P

7. b) (i) log3 (ii)% 8. a) T b)) T ¢) T d) F ¢ F T g)T h) T

9 . none because each of these equal zero.

b

bSC;
11. a) 7 b) 6 c) 4 d) ¢ e) 7 f) ,6 g) 2
12. B 13. A 14. C

1 1
10. 2) 0 B) 0 ¢ - & 2 © l+loga® D logg[ - _,) g) —2logayorlogaﬁ

EXAMPLE 5 - Determine an Expression in Specific Terms

If log,2 =k, write an algebraic expression in terms of &k for each of the following.

a) log.54 b) log,72 c) log, ;? d) log.N27
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EXAMPLE 5 - Determine an Expression in Specific Terms

a) If log,5=m, write an algebraic expression in terms m for log, 30
6

b) If log, x =6 ; evaluate log,32x’

TRY: If log2=m and log 3 = n, determine an expression in
terms of m and n for each of the following:

a) log60

4
b) log—
) g9
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LG 5 Worksheet B (Base Change & Log Laws)

Write an exact expression for each of the
following using base change then evaluate each to
4 decimal places.

1. logs(8)

2. logg (%)

3. logi(24)
2

Write each expression in terms of individual
logarithms of x, y, & z.

4. log,(x%y3z)

2
5. log, (ﬁ

6. log,(x%yz)?

Write each expression as a single logarithm in

reduced form and state any restrictions

7. log(4) + 2log(B) — ;log(C)

8. 3log(C)— 4log(D) — ilog(E)

9.  —log,(E)+log; (F) — 3log,(K)

10. logz(4) —2logz(B) + 3logs(C) — ;logs(D)

11. 2log(x) — 3log(y) — 4log(2)

Simplify

12. log,4*
13. 5lossy’
14. log, a®
15. blogn?
16. x3l08x2
17. yZlogy3
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Simplify.
18. log,a’

19. log,:a

20. log,sa®

1
21. log,z—

22. loggm a*

23. log.8

24. logq 27
25. logq8

Evaluate the following

26. If logs x = 25, evaluate loge %

27. Iflogc = 3, evaluate log c?

28. If log, x = a, evaluate log,¢ x

29. Iflog, a =5 and log, b = 3, evaluate log, ab?

10.

11.

12.

13.

14.

15.

% = 1.8928
% = -1.2920
log 5
log 214 = 4.5850
logi

2log; x4+ 3log,y +log; z
1

2logx — 3logy—§logz

3(2logx +logy +logz)

2

log— AB,C#0
83

CS
log—— C,D,E#0
EDVE

F
lngm E,F,K *0

A 3
logs ——
83 524D

x2
IOgy3_z“' xy,z*0

ABCD=0

16.

17.

18.

19.

20.

22.

23.

24.

25.

27.

28.

29.

O =

W -

Nlw Nlw 3|

3
~logs(2)

23

N R

11
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Logarithmic & Exponential Equations

There are three types of log equations you will run into.

1. log +log=log
example: log 2 +log (x-4) =log 4
2. log+log=#

example: log, (x +5) - log, 3=2

3. exponents that you cannot make the same base

example: 2 = 723 as we did in

LG #3
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EXAMPLE 1 - Solve Logarithmic Equations
Solve: log 2 + log (x - 4) =log 4

Ist w Single log L.S. log 2x -8 = log 4

2nd w Cancel out logs on both sides Tog.2x-8 = Tog 4

3rd w Solve for x 2x-8 = 4

2x = 12
x =6

TRY: Solve:

a) log (x-2)-log 3=log, 2

b) log(x—1)+logx=1log12
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EXAMPLE 1b - Solve Logarithmic Equations
Solve: log, (x+5) -log, 3=2

Ist w Single log L.S. log, %5 =2
2nd = Boot-up log base &3‘5 = 2
3rd w Solve for x . ; 3= 4
x+5 =12
x =7

TRY: Solve the following Logarithmic Equations.

a) log, (2x-5)+log, 4 = 2 b) log, (x+3)+log, (x—2)=1
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Watch out for
Log Equations
like this.

log, (2-x) + log,2 = 1

EXAMPLE 2 - Solve Exponential Equations Using Logarithms
Solve: 2xtl = J2x-3

Ist w Log both sides @, = lo/g?

(x+1)log2 = (2x-3) log 7

2nd w Distribute xlog 2 +log 2 = 2xlog 7 - 3log 7
3rd w Collect like terms xlog 2 - 2xlog 7 = -3log 7 - log 2
4th w Factor out x x(log2-2log7) = -3log 7 -log 2
5th w Divide out logs X - -3log 7 - log 2
(log 2 - 2l0g (Iog 2-2log 7)
= %27_'7:&3% = 2.04
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TRY:a) Solve exact. 2x=15

TRY: b) Solve to 2 decimal places. 532 = &3
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Complete Assignment Questions #1 - #4

Assignment
1. Find the value of x to the nearest hundredth.
a) 4=60 b) 7**%=41 c) 4°Fl=5v"2

3. Solve for the variable in each equation.

a) logyx —logs3 =1log;30 b) log;3y—log4=1log; 6 ¢) 2logy=log25
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4. Solve for the variable in each equation.

a) logsx —logs (x — 1) =logs3

¢) logg(—x) + logg(3 —x) =loggl0

Answer Key

1. a) 295 b) -0.09 c) 20.64

b) logy(x—5) + logy(x—2) =1

d) log;(3x—1)—logy(x—1)=4

3. a) 9 b) 8 c) 5

40
2 @ =
2 © ) 39
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LG 5 Worksheet C (Logarithmic Equations)

Solve for x exactly.

1.

log(x) =2

log(x +1) =~-1

log(logx) =1

log(1000) = x

2logs(x) =4

log(2x) = log(2) + log(4)

log(6) — log(5) = log(x)

log(x) — log(7) = log(3)

10.

11.

12.

13.

14.

15.

16.

log;(x) + log; (x) = log;(16)

log(4) = xlog(2)

logg(16) = 4logg(x)

log,(x) +log,(3) =4

logs(x) —logs(2) =2

log, (logs (x)) = 2

log, x +log,(x — 2) =log, 8

log,(x) +log,(x —2) =3
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17.

18.

19.

20.

21.

22.

log(x +2) +log(x—-1) =1

log(3x +2) +log(x —1) =2

log,(x) —log,(x —3) = 4

log;(x — 2) —logs;(x + 1) =logs 5

log(3x* +2x—4)=0

logs(x — 3) + logs (x + 4) — logs(x) = logs(5)

1.

10.

11.

12.

13.

14.

15.

100 16. 4, reject -2
-9 .
£T) 17. 3, reject -4
1010 18. 6, reject -5.667
16
19. —
i 5
No Solution,
? 20 Reject .
4
4 21. =2
3
6 .
g 22. 6, reject -2
21
4
2
2
16
3
18
81
4, reject -2
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Types of Sequences

Sequences
Arithmetic Sequences Geometric Sequences Other Sequences

Arithmetic Sequence - a sequence where each term is formed from the preceding term by

adding a constant (positive or negative) to it.,eg., 7,11, 15,19, ....

This constant is called the common difference.
The common difference in the example above is

Geometric Sequence - is a sequence where each term is obtained by multiplying the
preceding term by a constant, eg., 2,6, 18, 54, ....

This constant is called the common ratio.

The common ratio in the example above is

Other Sequences - sequences which are neither arithmetic nor geometric.

*USE FORMULA SHEET Geometric Sequences

The general term of a geometric

sequence 1s:
This is on

your Formula

~
]

~ 3N
ngh
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[ Topicl ] Example 1
Write a General Term

a) Write a general term t, for:
4, 20, 100, 500, .....

b) Write a general term t, for:
1,-3,9,-27, ...

Example 2

Find a Specific Term

a) Write a general term t, for
1,5, 25,125, ..,

b) Write a general term t,, for
2,4,8,16, ..
What is term t,,?

*WATCH OuT for to
c) Suppose the smallest reduction a
photo copier could make is 60% of the
original. What is the shortest
possible length after 8 reductions of
a photograph that is originally 42 cm
long?
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(Topic3 ] Example 3
Find the Term Number

a) For3,6,12,24, ...which term is
30727

b) For?2,8,32,128, ..., which
term 1s 327687

ERICECE Example 4
Finding Specific Term(s)

a) What are the 2 geometric
means between 2 and 2507

b) In a geometric sequence,
ty=-12 and ty=-384,
Find the first two terms.

C) Ina geometric sequence, the second

term is 28 and the fifth term is 1792.

Determine the value of 1, and r, and
list the first three terms of the
sequence.
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LG 6 Worksheet A (Geometric Sequences)

1. Determine if the sequence is geometric. 6. Given t-he following geometric sequences,
If it is, state the common ratio and the determine the number of terms, n.
general term in the form ¢ = tr"~". Table A
a) 1,2,4,8, ... First nth  Number

Term, Common Term, of

b) 2,4.8,8, ... t, Ratior t  Terms,n
) 3,-9,27,—81, ... a S 135
d) 1,1, 2,4,8, ... b) -2 _3 _1458
e) 10, 15, 22.5, 33.75, ... 1 1 1

9 3 2 28
f) -1, -5, —25, —125, ...

d 4 4 4096

2. Copy and complete the following table for o 1 , 128

the given geometric sequences. 6 3
i p P
Geometric  Common 6th  10th f) % > F3
Sequence ~ Ratio Term Term
a) 6,18, 54, ...
b) 128,064,032 .. 9. A ball is dropped from a height of 3.0 m.
0 % % % After each bounce it rises to 75% of its

previous height.
3. Determine the first four terms of each

geometric sequence.

a)t,=2,r=3 b) t,=-3,r=-4

)t =4r=-3 dt=2r=05

4. Determine the missing terms, ¢, t,,and
t,, in the geometric sequence in which
t =8.1and t = 240.1.

5. Determine a formula for the nth term of
each geometric sequence.

a) Write the first term and the common
ratio of the geometric sequence.

b) Write the general term for the sequence

in part a).
a)r=2,t=3 ¢) What height does the ball reach after
b) 192, —48, 12, -3, ... the 6th bounce?
¢) t,=5,1 =135 d) After how many bounces will the ball
d) t =4,t, =16 384 reach a height of approximately 40 cm?
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10. The colour of some clothing fades over

time when washed. Suppose a pair of jeans

fades by 5% with each washing. 1. a) geometric; r=2;¢ = 2~

a) What per(‘:ent of the colour remains after b) not geometric
one washing? €) geometric; r= —3;t = 3(—3)" "’
b) If t, = 100, what are the first four terms d) not geometric
of the sequence? e) geometric; r = 1.5; t, = 10(1.5)" '
¢) What is the value of r for your f) geometric; r=5;¢, = —1(5)" "’
geometric sequence? 2. Geometric Common | 6th 10th
d) What percent of the colour remains after Sl Ratio | Term | Term
10 washings? 3 | 6,18,54,.. 3 | 1458 | 118098
e) How many washings would it take so b) [1.28,064,032..| 05 0.04 | 0.0025
that only 25% of the original colour ) 138 B 243 | 19683
remains in the jeans? What assumptions 5'5'5 5 5
did you make? 3.a) 2,6,18,54 b) -3, 12, —48, 192
c) 4, -12, 36, —108 d 2,1, %. %

18. The Russian nesting doll or Matryoshka 4. 18.9, 44.1, 102.9 o
had its beginnings in 1890. The dolls are 5.a) t =3(2)"* b) t = 192(—%)
made so that the smallest doll fits inside 0 t =S d) t = a(2) -

a larger one, which fits inside a larger "9 -

one, and so on, until all the dolls are 6.a) 4 b) 7 9 5
hidden inside the largest doll. In a set of d) 6 e 9 ) s
50 dolls, the tallest doll is 60 cm and the 7. 37 gyn-1

smallest is 1 cm. If the decrease in doll 8. 16,12, 9t = 16(2)

size approximates a geometric sequence,
determine the common ratio. Express your
answer to three decimal places.

9.a) t,=3;r=0.75
b) t = 3(0.75)" '
¢) approximately 53.39 cm

d) 7
19. The primary function for our kidneys is to 10. a) 95%
filter our blood to remove any impurities. b) 100, 95, 90.25, 85.7375
Doctors take this into account when ¢ 0.95

d) about 59.87%

e) After 27 washings, 25% of the original
colour would remain in the jeans. Example:
The geometric sequence continues for
each washing.

prescribing the dosage and frequency
of medicine. A person’s kidneys filter
out 18% of a particular medicine every
two hours.

a) How much of the medicine remains
after 12 h if the initial dosage was 18. 0.920
250 mL? Express your answer to the 19. a) 76.0 mL b) 26h
nearest tenth of a millilitre.
b) When there is less than 20 mL left
in the body, the medicine becomes
ineffective and another dosage is
needed. After how many hours would
this happen?
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ﬁhe SUM of a Geometric series can be \

determined using the formulas:

Il —I
|:S'”=— , r=l o=l
l | r—1 \

“used ift, is known

where: t, is first term
n is the number of terms

r is the common ratio

\ S, is the sum of the first n termj

[ Topic5 ]
Finding the Sum of a Geometric Series
Example 1

Determine the sum of the first 12 terms of
each geometric series

a) S5+10+20+40+...(S,,)

Example 2

Given: t. =~ ,r=-3, n=8. Findthe S,

Express answer as exact values in fraction form.

Example 3

Find the number of terms in a geometric series when the sum is 2730 and the first two

terms are 2, 8.
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ﬁe SUM of an Infinite Geometric series
can be determined using the formula:

* Important to check to see *
; t 1 that the Ratio is between -1
S, =— and 1.

Since -1 < r < 1, the series is
convergent.

where: t, is first term
r is the common ratio

K S, is the sum of the first n Ter'ms/

Finding the Sum of an Infinite Series
Example 1

Determine the sum to infinity.

) 5+ é+ i+ . I
1 16 i) t=4, r=-

Example 2

1
Find the ratio of infinite series that has a sum of 10 and the first term is >
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LG 6 Worksheet B (Geometric Series)

1. Determine whether each series is

geometric. Justify your answer.
a) 4 + 24 + 144 + 864 + .-

b) —40 + 20 — 10 + 5 — -+

) 3+9+18+54+ -

d) 10 + 11 + 12.1 + 13.31 + ...

. For each geometric series, state the values
of t, and r. Then determine each indicated
sum. Express your answers as exact
values in fraction form and to the nearest
hundredth.

a) 6+9+ 135+ - (S))
b) 18 — 9+ 4.5 + - (S,)
€) 21+42+84+--(S)
d) 0.3 + 0.003 + 0.000 03 + -+ (S,)

12

. What is S, for each geometric series
described? Express your answers as exact
values in fraction form.

a)t, =12, r=2,n=10
1

b) t:=27,r=§,n=8
-—t P -

c) t._—256.r_ 4,n=10

d) t,=72,r=2,n=12

. Determine S_ for each geometric series.
Express your answers to the nearest
hundredth, if necessary.

1

a) 27+9+3+"'+w
1,2 4 128
b)§+§+ﬁ+“.+m

) t:=5,tn=81 920, r=4
d)t =3,t =46875,r= -5

7.

10.

What is the value of the first term for each
geometric series described? Express your
answers to the nearest tenth, if necessary.
a) Sn=33, t =48, r=-2

b) Sn=443,n=6,r=%
The sum of 4 + 12 + 36 + 108 + -+ + ¢ _is
4372. How many terms are in the series?
The common ratio of a geometric series

is % and the sum of the first 5 terms is 121.

a) What is the value of the first term?
b) Write the first 5 terms of the series.

. What is the second term of a geometric

series in which the third term is % and the

sixth term is —;—?? Determine the sum of

the first 6 terms. Express your answer to
the nearest tenth.

A tennis ball dropped from a height of

20 m bounces to 40% of its previous height
on each bounce. The total vertical distance
travelled is made up of upward bounces
and downward drops. Draw a diagram to
represent this situation. What is the total
vertical distance the ball has travelled
when it hits the floor for the sixth time?
Express your answer to the nearest tenth

of a metre.
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16.

17.

18.

19.

20.

Determine the number of terms, n,

if 3 + 3%+ 3% + ... + 3" = 9840.

The third term of a geometric series is 24
and the fourth term is 36. Determine the
sum of the first 10 terms. Express your
answer as an exact fraction.

Three numbers, a, b, and ¢, form a
geometric series so that a + b + ¢ = 35 and
abc = 1000. What are the values of g, b,
and ¢?

The sum of the first 7 terms of a geometric
series is 89, and the sum of the first

8 terms is 104. What is the value of the
eighth term?

A fractal is created as follows: A circle is
drawn with radius 8 cm. Another circle

is drawn with half the radius of the
previous circle. The new circle is tangent
to the previous circle at point T as shown.
Suppose this pattern continues through
five steps. What is the sum of the areas

of the circles? Express your answer as an
exact fraction.

1.

16.
17.

18.
19.

20.

a) geometric;r =6

€) not geometric

b) t, =18, r=—05,5,

0 t,=21r=2,8,=

d) t,=03,r=0.015,=

.a) 12276

209 715

2 256

. a) 40.50

¢) 109 225
a) 3

7

a) 81

_ .81 ¢ _
t,= =255, =7.8

2

. 46.4 m

20m

8
58 025
48

15
3411‘_
4

2

b)
d)

.a) t,=6,r=15,8 = 2075

10731

b)

d)

b)
d)
b)

b)

geometric; r = —%
geometric; r = 1.1
, S, =~ 679.98

256
12 285

= , S, ~ 12.00

1024

o S, =1073.10

10 o .
337 S, = 0.30

3280

81
36 855

256
0.96
39 063
295.7

81+4+27+9+3+1

a=5b=10,c=200ra=20,b=10,c=5
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LG 6 Worksheet C (Infinite Geometric Series)

2. Determine the sum of each infinite 6. The sum of an infinite geometric series is
geometric series, if it exists. 81, and its common ratio is % What is the
a)t =8,r= —% value of the first term? Write the first three

. A terms of the series.
b) t, =3, r=7 7. The first term of an infinite geometric
t=5r=1 series is —8, and its sum is —%. What
d) 1+05+0.25+ - is the common ratio? Write the first four
e) 4 — % + % _ 1(2)2 + e terms of the series.
8. In its first month, an oil well near Virden,

3. Express each of the following as an infinite Manitoba produced 24 000 barrels of
geometric series. Determine the sum of crude. Every month after that, it produced
the series. 94% of the previous month’s production.
a) 0.87 a) If this trend continued, what would be
b) 0.437 the lifetime production of this well?

b) What assumption are you making? Is
your assumption reasonable?

2. a) % b) no sum

¢) nosum d 2 6. t, = 27; 27 + 18 + 12 + -

€ 2.5 7.r=2, g 16 _32 64
3. a) 0.87 + 0.0087 + 0.000 087 + -++; 5’ 5 25 125

87 29 8. a) 400 000 barrels of oil
S, = 99 T 33 b) Determining the lifetime production
b) 0.437 + 0.000 437 4 «-; S_ = 437 assumes the oil well continues to produce
¥ 999 at the same rate for many months. This is an

unreasonable assumption because 94% is a
high rate to maintain.
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Sigma Notation Z
I R B s W

SUMMATION NOTATION

Upper limit of summation

(Ending point)

n
SIGMA Z dn+c equation

i=1

I

Lower limit of summation

(Starting point)
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([ Topic1 ] Example 1

Write out each of the following sums.

3
D (2n+1) =16
n=0

=[200) +1]+ [2(1) + 1]+ [2(2) + 1] + [2(3) + 1]

=1+3+5+7

=16
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[ Topic 2 ] Example 1

Write each series using sigma notation.

a)
3+5+4+749
b)
1 2 3 4 5 6 7 8
—t—F—F—F—F+—+—+—
2 3 4 5 6 7 8 9
c)
1,3,9, 27,81
d)
,111 1 1
’278’32’128 " 8192
You Try

a) 1,-,-,—,—=—,—

4’9’16’ 2536’ 49

b) -2, 6, -18, 54, -162...4374
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LG 6 Worksheet D (Sigma Notation)

Write each series using sigma notation.

1. 3454+7+9+11+13

1 1 1 1
2.E+E+E+§

3.1+4+9+16+25+36+49 + 64

4. 100 +50 +25 + ...

Write out each of the following sums.

5. ) 4

k=1

7. Za: 2(=2)n1? 8. i4(3)n~ 1

Write each series using sigma notation.

9. 2+1+4+...+13

10. 81+27+...+§

1. 2+ 14 .. +64
8 4

6. i(—s)ﬂ' :
n=2

12. 3+11+19+ ... +787

1

1 1 1 1
13. §+Z+ g+ g+"'+ 100

99

1 2 3
14—+ 5+ L4 ot oo

n=1 n=1

8 e n-1
3 an 4, 2100 (1)

n=1 n=1
5. 1+4+ 16+ 64 + 256 + 1024 + 4096
6. -6 +36-216+ 1296 — 7776 + 46656 — 279936
7.2-4+8-16+32-64+ 128 -256
8. 972 + 2916 + 8748 + 26244

6
9. Z3n—5
n=1

10
1
11 25(2)"-1 12. ZBn—S
n=1

99 1
13. Z n+1
n=2
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LG6 Quiz (Geometric Sequence & Series)

Determine if the sequence is geometric. If it is, find the common ratio, the 8" term, and the
explicit formula.

a) —1,-3,-9,-27, .. b) 2, 3,

Find the missing term or terms in each geometric sequence.

a ...,4, , 108, ... b ...,-25, , , y —

250

Find the first term of the geometric sequence that has a fourth term of 40 and
a common ratio of 2.
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4.

Find the sum of each geometric series.

a) find s, for 2,—6, 18, ... b) 30 +20 +?+ ot %

Suppose that five people are ill during the first week of an epidemic and each sick person
spreads the contagious disease to four other people by the end of the second week and so on.
By the end of the 15" week, how many people will be affected by the epidemic.

A gardener wanted to reward a worker for their good deeds by giving them some apples.
The gardener gave the worker two choices. You can either have 1000 apples at once or you
could get 1 apple on the first day, 2 apples on the second day, 4 on the third day, 8 on the
fourth day and so on for the next ten days. Which option gets the maximum apples?

***SEE YOUR TEACHER FOR MARKING KEY***
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Notation for Function Operations
Operation Notation
Addition (f+ g)(x) = f(x) + g(x)
Subtraction (f—g)x) = f(x) — g(x)
Multiplication (fg)(x) = f(x) + g(x)
Division (é)(x) = % where g(x) # 0

SUM AND DIFFERENCES OF FUNCTIONS
EXAMPLE 1: Determine the Sum of Two
Functions (f +g)(x) where: f(x)=2x-1
g(x)=3-x

a) Determine the equation of the function.

h(x) = (f + g)(x) el f(x) + g(x)

{Eﬁl\e/cr\) 2x-1) + 3-x)
HkeTems) > 2x - x—143

hx) = x+2

b) State the domain and range of A(x).
Since the domain and range for both f(x) and g(x)

are all real numbers, the domain and range
for h(x) is the same. {.r xE R} {_\- yE R}
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EXAMPLE 2: Determine the Difference of Two Functions
Consider the functions f(x)=+vx-1 and g(x)=x-2

a) Determine the equation of the function.

h(x)=(f-g(x)
h(x) = f(x)-g(x)
= \ﬁ - (x—2)

=Vx-1-2x+2

b) State the domain and the range of A(x). -

Graph each function to determine domain and range of h(x).

f(x)=vx-1

h(x) = Vx-1-x+2

1

Domain of 1 L 4
f(x)=vVx-1 X= 0 |
Domain of all R I I il l
=Y - ’ H FROM THE POINT THE /
g(x) x-2 (U — ORIGINAL 2 OVERLAP ™ _~
PR

Domain of . e
h(x) = Vx-1-x+2 s @ = ——b
1

The range from looking at the graph is approximately
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TRY: Consider the functions f(x) = -4x + 3 and g(x) = 2x°.

a) Determine the equation of the function

h(x) =(f+g&) and mx) =(g-)Hx).

b) State the domain and range for each.
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EXAMPLE 3: Determine a Combined Function
From Graphs.
Determine and sketch the graph of A(x) = (f +g)(x) given the

graphs of f(x) and g(x).

Jx)

~_ A

k

1: - find the equation for each function.
y=mx-+b
fx) 2(x)

2« - add the two functions together as
you did earlier.

EXAMPLE 3b: Use the graphs of f{x) and g(x) to evaluate the
following: a) (f+2)(2) b) (f-g)(-1)

f(x)

g(x)

1:+ - draw a line where x =2
Why? Because you probably
noticed that x was replaced
with 2. (f+g)x) =»(f+g)(2)
- you see /

2-« - find the points where this

line intersects the two given
function f(x) and g(x).

3« - apply the operation

Repeat steps for b)
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Try: 1. Determine and sketch the graph of
h(x) = (f - g)(x) given the graphs of f(x) and g(x).

N

g(x)

Try 2. Use the graphs of f(x) and g(x) to evaluate the
following ( f+ g)(8).

|

7

[
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EXAMPLE 4: Determine a Combined Function From Graphs.

Suppose the cost of T-shirts for a Math Conference includes $125
fixed cost and $7.50 per T-shirt. The T-shirts are sold for $12.00

each.

a) Write an equation to represent
e the total cost C, as a function of the number, n, of T-shirts produced
e the revenue, R, as a function of the number, n, of T-shirts sold

b) Graph the total cost and revenue functions on the same set of
axes. What does the point of intersection represent?

c¢) Profit, P, is the difference between revenue and cost. Write a
function representing P in terms of n.

SOLUTION:

a) Write an equation to represent
e the total cost C, as a function of the number, », of T-shirts produced

e the revenue, R, as a function of the number, n, of T-shirts sold
Suppose the cost of T-shirts for a Math

Solution
=T75n+ 12 Conference includes $125 fixed cost and
ggg _ ‘1725’1" : h $7.50 per T-shirt. The T-shirts are sold for
$12.00 each.
b) This point represents
300N T T T 11 _ break even point
300" 111
2900 1T/ 1T T 11 P — R _ C
s X2 ¢) P(n) =R(n) - C(n)

2000 /1 | P(n) = 12n - (7.5n + 125)
150 /T 1 P(n) =4.5n-125
100 |
] VANEEEEENR

10 20 30 40
Number of T-Shirts
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Try: Suppose the cost for preparing booklets for a Math
Conference includes $675 in fixed cost and $3.50 per
booklet. The booklets are sold for $30 each.

a) Write an equation to represent

e the total cost C, as a function of the number, n, of Booklets produced
e the revenue, R, as a function of the number, n, of Booklets sold

b) Graph the total cost and revenue functions on the same set of
axes. What does the point of intersection represent?

c¢) Profit, P, is the difference between revenue and cost. Write a
function representing P in terms of n.

Try solution:
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Complete Assignment Questions #1 - #13

Assignment

1. For each pair of functions, determine
h(x) = f(x) + g(x).
a) f(x) =|x— 3| and g(x) = 4

€) f(x) =x*+ 2xand g(x) = x* + x + 2

2. For each pair of functions, determine
h(x) = f(x) — g(x).
a) f(x) =6xand g(x) =x — 2

) flx) =6 —xand g(x) =(x+1)*—7
3. Consider f(x) = —6x + 1 and g(x) = x*

a) Determine h(x) = f(x) + g(x) and
find h(2).

¢) Determine p(x) = g(x) — f(x) and
find p(1).
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6. Use the graphs of f(x) and g(x) to evaluate

the following.
a) (f+9) b) (f+ g)(—4)
yA
8+
f(x}\ 4 /
/_2_/—‘“' —-g‘(dk)
6 T4 No| /2 4 & X A s
|/ 61/
/ SR
\ 4 \

7. Use the graphs of f(x) and g(x) to

A
xY

O[T TRl b

determine which graph matches each -4 | -2 4
combined function. \
* yA f Y Y
f B _\:\ I
/ <\ R
-0 \ 2 4 e:/ 8 X
\ | -2\
< ot
-4 /-2 |0\ 2 X )
N A,
aiX) / \ Y N
/ T4 3 “‘ v
Y ~ C Yz l
a) y=(f+ 2 , ¢ /
b) y=(f—- gx) NEYE ) ,14 %
9 y=(g- N SR /‘
61\
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8. Copy each graph. Add the sketch of the Dy=(+9Kx
graph of each combined function to the iy =(f - g
same set of axes.

a)

13.

i)y =(g- N
Iz /f(x)
-4./ 1 |
N
Tz o] 24X
EEEEARENE
The daily costs for a hamburger

vendor are $135 per day plus $1.25 per
hamburger sold. He sells each burger

for $3.50, and the maximum number of
hamburgers he can sell in a day is 300.

a) Write equations to represent the
total cost, C, and the total revenue,
R, as functions of the number, n, of
hamburgers sold.

b) Graph C(n) and R(n) on the same set
of axes.

¢) The break-even point is where
C(n) = R(n). Identify this point.

d) Develop an algebraic and a graphical
model for the profit function.

e) What is the maximum daily profit the
vendor can earn?
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Answer Key

1.a) hix)=|x—3|+4
) hix)=2x+3x+2
2.a) h(ix)=5x+2
¢) hix)=-—-x*—3x+12
3.a) hix)=x*—6x+1; h(2) = —

o plx)=x+6x—1;p(1) =6

6.a) 8 b) 6
7.a) B b) C g A
8. 3) LM A
YT‘%’";Z/’M .
[ / V=(f+ g
PIEEN \‘\/ ZEREEEN
-8 —6 -4 0 2 4 X
et .
9(X)
Hy=t-o0 },

13. a) C(n) = 1.25n + 135 R(n) = 3.5n

b) c) (60, 210)
d) P(n) = 2.25n — 135
"'P’* F1=2.2E%-135 /
rd
V=eid
A=200 V=E4i
e) S540
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PRODUCTS AND QUOTIENTS
OF FUNCTIONS

EXAMPLE 1: Determine the Product of Functions

Given flx)=(x+2)2-5 and g(x) =3x-4
a) Determine the equation of the function.

multiplicailofls’inzﬂ’ g) (X)

Solution: h(x) = (f(x))(g(x))
((x +2)*-5)(3x - 4) {mﬁf\
(x2+4x+4-5)(3x-4) pemeTterms |, D
33 -4x2+ 12x2 - 16x-3x + 4 o

h(x) =3x3+8x2-19x + 4

b) State domain and range of /(x).

Solution: h(x) formed a cubic functions thus, the

omain and range are al Real Numbers.
{,\‘ .\‘CR} y’yER}
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EXAMPLE 2: Determine the Quotient of Functions

(f)(x) where : j'(x)=x3—4
8

gx)=2x-4
f(x)

a) Determine the equation of the function A(x)= (
g(x)

When you have a denominator with a variable remember

non-permissibles! [ restrictions |
2x - 4 is the denominator
To find non-permissibles make it =0 and solve.

2x -4 =()
2x =4

X =2 therefore restriction is x =2
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EXAMPLE 2b: Determine the Quotient of Functions

Given f(x)= % and g(x)=—

X - X - X

find the equation of (f )(x)

and state its domain and range.

Try: Consider the functions f{x) = x + 3 and g(x) = 2x2 + 5x - 3

a) Determine the equation of the function

h(x) = (g +)(x) and m(x) =(f )m-

b) State the domain and range for each.
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EXAMPLE 3: Determine a Combined Function From Graphs.
Determine and sketch the graph of h(x) = f(x)g(x) given the

graphs of f(x) and g(x).

Jx)

g(x)

1:« - find the equation for each function.
y=mx-+b
Jx) g(x)

2« - multiply the two functions together
as you did earlier.
fx) g(x)

EXAMPLE 3b: Use the graphs of f(x) and g(x) to evaluate the

following:

a) 3’(-"’(2) b) f(x)g(x)(-1)
f(x)

f(x)

g(x)

1-« - draw a line where x =2

2-« - find the points where this
line intersects the two given

function f(x) and g(x).

3« - apply the operation

Repeat steps for b)
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Complete Assignment Questions #1 - #5

Assignment
f)

1. Determine h(x) = f(x)g(x) and k(x) = —
g(x)

for each pair of functions.
a) fix) =x+7and glx) =x—7

€) f(lx) =vx+5and glx) =x + 2

2. Use the graphs of f(x) and g(x) to evaluate
the following.

fix

T %
a) (f-g)-2) b) (f-g)1)
) (é)(o) d) (é)(l)

3. Copy the graph. Add the sketch of the
graph of each combined function to the
same set of axes.

VA

"
4]

:QM
‘,f-fz.o 2 4
Y
f

(x)
3) h() =flx)glx)  b) hix) ="y

xY
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4. For each pair of functions, f(x) and g(x),
e determine h(x) = (f - g)(x)
e sketch the graphs of f(x), g(x), and h(x)
or the same set of coordinate axes
e state the domain and range of the
combined function h(x)

a) f(x) =x*+5x+6andglx) =x+ 2
b) f(x)—x—3andg(x)—x2—9

5. Repeat #4 using h(x) = (é)(x}.

0 flx) = and glx) =
Answer Key
1.3) h(x)=x —49,k(x) =237 y47 2.3 -3 b) 0 9 -1 4 0
h _ VX ¥5. k B VX +5 3.3 | | Iz |
9 x‘:’ S AV M = S xS hix) = g0 || ] |99
4. 3a) h(x) = x4+ 7x* + 16x + 12 i) ! 4_/ i
domain {x | x € R}, range {y | v € R} [
b) h(x) = x* — 3x* — 9x + 27 b <
domain {x | x € R}, range {y | v € R} < | | N
9 hig = —L -6 —#] 20 2 X
TX+ X | L2
domain {x | x # 0, —1, x € R}, / |
range {y|yv<—4ory>0,y€R]} \ 4
5.a) hx)=x+3,x+# -2 b) :[ | Z ¥ N
domain {x | x # —2, x € R}, X) | a
rangelylly?él,yeR} i \(h(xl 1%
b) hix) = ——, x # +3 i L | 9%
3 >l | »
domam{xlx:ﬁji:},xeR}, ; 5 7 20 X
range{ylyaEO—,yeR} ™S P
]
¢ hix)= x+ X+ - _ : I
domain {x | x # —1, 0, x € R}, gix) |
range {y | y # 0,1, ¥ € R} ' Y
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COMPOSITE FUNCTIONS

EXAMPLE 1: Evaluate a Composite Function

If f(x) = 2x + 1 and g(x) = 4 - x, determine the value for f{g(6)).

EXAMPLE 2: Compose Functions With Restrictions

Consider f{x) = Vx - 1 and g(x)=x.
: as f(g(x))
a) Determine (fo 2)(x) == ~

b) State the domain of f(x), g(x), and (fo 2)(x).
Solution:

st substitute g(x) into bracket  f(g(x)) = f(x?)

2:¢ now that you have taken fe)=Vx-
care of the g(x) write in the f(x) ,w |
7’
/7
3¢ now substitute (x*) into the x =\ x-

and solve.

(fo))=Vx2-1
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Solution: To find the domain graph each function.

Jx) g(x) (fo8)(x)

D: x>1 D: x&eR D:x<-lor x>1

EXAMPLE 3:Determine the Composition of Two Functions
If f(x) = x*+ 3 and g(x) = x - 1, determine the value of f(g(x)).
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EXAMPLE 3b: Determine the Composition of Two Functions

If f(x) =x?+ 3 and g(x) = x - 1, determine the value of f{g(-2)).

Try: 1. If ix)=|x| and g(x) =x+ 1, determine fg(-11)).

2. Consider fix)=Vx-1 and g(x)=-x2.

a) Determine (g o f)(x)
b) State the domain of f(x), g(x), and (g o f)(x).
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3. Given f{x)= x>+ 3x-4 and g(x)=x+1,
determine f{g(x)), and state domain and range.

EXAMPLE 4: Determine the Original Functions From a
Composition

If h(x) = f(g(x)), determine f{x) and g(x) where
h(x)=(x-22+(x-2)+1

TRY: If h(x) = f(g(x)), determine f{x) and g(x)
a) h(x)=\x2+1
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Complete Assignment Questions #1 - #7

Assignment
1. Given f(2) = 3, f(3) = 4, f(5) = 0, g(2) = 5,

g(3) = 2, and g(4) = —1, evaluate the

following.
a) f(g(3)
o) g(f(2)

b) f(g(2))
d) g(f(3))

2. Use the graphs of f(x) and g(x) to evaluate

the following.

VA

NN A

‘/

A

8 -6 —-&! -2 0

xY

N

A

a) f(g(—4))
o) g(f(-2))

b) f(g(0))
d) g(f(-3))

3. If f(x) = 2x + 8 and g(x) = 3x — 2,
determine each of the following.

a) f(g(1))
o) gl(f(—4))

Answer Key

1.2 3 b) 0
2.2) 2 b) 2
3.a) 10 b) -8

b) f(g(—2))
d) g(f(1)
¢ 2 d -1
¢ -4 d -5
¢ -2 d) 28

7.3 glx)=2x-5

b) glx)=5x+1

5. For each pair of functions, f(x) and g(x),

determine f(g(x)) and g(f(x)).

a) f(x) =x*+ xand g(x) = x* + x
b) f(x) =Vx% + 2 and g(x) = x*

¢) f(x) = |x| and g(x) = x*

7. If h(x) = (f o g)(x), determine g(x).
a) h(x) = (2x — 5)* and f(x) = x*

b) h(x) = (5x + 1)* — (5x + 1) and
fx) =x*—x

5.a) f(glx)) =x'+ 2x* + 2x* + x,

glf(x)) = x' + 2x* + 2x* + x

b) f(g(x)) = Vx' + 2, g(f(x)) = x* + 2
0 flglx) = x, glf(x)) = x*
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LG 7 Worksheet (Function Operation)

Perform the indicated operation.
9. For each graph of f{x) and g(x), determine the

b 2. equation and state the domain & range for:
g(t)=2t+5 h(n)=4n+5 _ i
F) =t +5 o) = 3n+ 4 Dy=F+9x  vy=()w
Find (g + £)(z) Find (h - g)(n) : A
‘ 8
f(¥)
4
3. 4. b -
flx)=3x-1 NEYZ 0 B 5 X
glx)=x*—x Fx)=2x° - 52 -2
g Find (f - g)(x)
5. 6.
h(x)=3x+3 f((x))=43x—3
glx)=—4x+1 glx)=x" +2x
Find (1 + g)(10) Find (f - g)(4) Answer Key
1. —t?2+42t+10 2. n+1
3, 32-1 4. 4x* —12x3 + 5x?
X=X
5. —6 6. —59
7. 16x% +8x —1 8. 41
7. 8.
h(x)=x* -2 gln)=3n+2 9.a) y=—x2+3x+10; D:x€R, Ry <1225
glx)=4x+1 fn)=2n*+5
Find (A Find 2
fad (1 g)(x s ) b) y=-x+4; D:x€R, R:y€R;y+ -2
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LG 7 Quiz (Function Operations)

1. Given f(x) = 4x* + 3x — 1 and g(x) = 6x + 2, perform the indicated operation.

a) (f+9)x) b) (f —9)(0)

2. Given f(x) = 5x — 6 and g(x) = x* — 5x + 6, perform the indicated operation.

a) (g+1)(2) b) (f -9)(-1)

3. Given f(x) = 6x*> —x — 12 and g(x) = 2x — 3, perform the indicated operation.

@) (fg)(0) b (L)@
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4. Given f(x)=9—x,g(x) =x*+x+1, and h(x) = x — 2, perform the indicated
operation.

a) (f > g)(x) b) g(f(x)) ¢) h(f(-6))

5. For each given graph of f(x) and g(x), perform the indicated operation.

a) (f+9)1) b) (g -1 (4)

6. For each graph of f(x) and g(x), determine the equation and state the domain & range for:
f
a) (fg)x) b (5
VA

) E|

a(x)

***SEE YOUR TEACHER FOR MARKING KEY***
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Analyse the function y = lf using a table of values and a graph.
Identify characteristics of the graph, including the behaviour for the

LEARNING GUIDE 8

function for its non-permissible.

Solution:

)'
-0.1

1
B

-10

Exploring Rational Functions Using
Transformations

EXAMPLE 1 - Graph a Rational Function Using a Table of Values

-100 ¢

undefined

100

10 o

5

-

100

0.1 °

Characteristic

Non-permissible value

x=0

Behaviour near non-permissible value

As x approaches 0, y values become
really large or really small.

End behaviour

As y approaches 0, x values become
really large or really small.

Domain & Range

D:x#0,xe R} &{R:y#0,y € R}

Equation of vertical asymptote

x=0

Equation of horizontal asymptote

y=0
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EXAMPLE 2 - Graph Rational Function Using
Transformations

6
Sketch the graph of each function y= — 3 using transformations,
and 1dentify any important characteristics of the graph.

4
TRY: Sketch the graph of the function y= 1 +5 by using

transformations. Identify the important characteristics of the graph.
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EXAMPLE 3 - Graph a Rational Function With Linear
Expressions in Numerator and the Denominator

Graph the function y= 4x=3 . Identify any asymptotes and intercepts.
x -
TRY: . 2x+2 . .
Graph the function y= T Identify any asymptotes and intercepts.
x_
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Complete Assignment Questions #1 - #4

Assignment

1. The equations and graphs of four rational
functions are shown. Which graph
matches which function? Give reason(s) for
each choice.

A =%-1  Bx=2;
CH=—25s  DW=%+1

3. Sketch the graph of each function using
transformations. Identify the domain and
range, intercepts, and asymptotes.

6
x+1

a) yv=

2
x—4

0 y= -5

. Graph each function
identify any asymptotes and intercepts.

2x + 1
x—4

a) yv=

—4x + 3
0 y= X+ 2

b)

)

d)
VA
2
Lo =4lzelol | 2 TAmx

VA
44
. ?.--.ﬁ-r
=== N
-4 -0 2 4 |Xx
2
1'Z N
1)
41—
+ L 4 +
'
214+
N
“‘-’4\{0 2 4 X
e
L
--¢\1
|
A AN
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Answer Key

1. a) Since the graph has a vertical asymptote at

x = —1, it has been translated 1 unit left;
_ 2
Bx) = x+1°

b) Since the graph has a horizontal asymptote at
y = —1, it has been translated 1 unit down;
AW =2-1.
¢) Since the graph has a horizontal asymptote at
y = 1, it has been translated 1 unit up;
Dx) =2 +1.
d) Since the graph has a vertical asymptote at x = 1,
it has been translated 1 unit right;

2
C(x) = -1
3.a) b)
vA \
Jﬂ domain G >
R {x|x+# -1,x€R] -8/-4.0 4
Ta range S A . g .~
1N | vly#oyer S I P~
| - L} ' ! = et — § |
P ! ™ no x-intercept, y: x—a =81 1
~—8 -4 .0 4 | X| y-intercept 6, domain REREE 2R
P horizontal x| x+#4 xR}
I\ VA: x = -1 range {y | v # —5, v € R}, x-intercept 4.4,
Y= b 3 4 H A: v=0 y-intercept —5.5, horizontal asymptote y = —5,
X+ 1 YT
IN
4. a) (MR- ) horizontal asymptote ¢ (IR R T3] horizontal asymptote
. \\‘_ y= 29 II‘E y= —4,

vertical asymptote

: < vertical asymptote
ﬁh?\ X = 4’ E\-‘———. X= —2,

x-intercept —0.5, : x-intercept 0.75,
=0 V= -l!'z; y-intercept —0.25 ;.:\ =1 y-intercept 1.5
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Analysing Rational Functions

EXAMPLE 1 - Graph a Rational Function With a Point of Discontinuity

xt=5x+6

Sketch the graph of the function y= 3

TRY: Sketch the graph of the function y=****~>

x-1
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EXAMPLE 2 - Rational Function Point of Discontinuity

versus Asymptotes 2 g
Compare the behaviour of the function f(x)= £ 7<% and
x2 +2x 4-2x
8= o

Solution: w Use your graphing calculator to graph the functions.

X -2x x'42x

flx)= '4_2; glx)= 3—2x
Fo)= _"2(;2) 2(x) = _"2((’; +_22)) x=2
f(x)=- i X, x%2 You can see g(x) has
You can see f{x) has a a vertical asymptote x =2

point of discontinuity ( 2,-1)

EXAMPLE 3 - Match Graphs and Equations for

Rational Functions
Match the equation of each rational function with the most

appropriate graph. Give reasons for choice.

AGry= 222X Bxy= 224 Cxy= 2
x =4 x +1 x -4
Graph 1 Graph 2 ‘ Graph 3
T T T TITT ')—E A s s a2 g |ttt o n{""\}‘-"'—

|
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EXAMPLE 4 - Write an equation of a rational function

having the following characteristics:
w vertical asymptote x=3
m X-intercept of -4

= horizontal asymptote aty = 2
w point of discontinuity at (1, 5)

EXAMPLE 4b - Write an equation of a rational function
having the following characteristics:
w vertical asymptote x =2
w X-intercept of 3

m point of discontinuity at (-1, 8 )
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4. For each function, predict the locations
of any vertical asymptotes, points of
discontinuity, and intercepts. Then, graph
the function to verify your predictions.

Complete Assignment Questions #1 - #8

Assignment

1. The graph of the rational function

. x—4 . - X +ax
y_x3—6x+8188h0wn' 3 y X2 + 9x + 20
| 'yA\ | o=t x-+4
e P e —Bx+8 _
! 0 =x¢+2x—8
= y x*—2x—8
- -1 - |
| \0\
- — a) c)
20~ 2 | 4 6 X
N R R
]
e Oy e e
v 'S I N (S A A T N A A A A A S i

a) Copy and complete the table to summarize

the characteristics of the function.

x-4 1 ey ry et b i
Characteristic J B e s Zenne
Non-permissible value(s)
Feature exhibited at each 5. Wth.h graph mfltches each .ratlonal
non-permissible value function? Explain your choices.
Behaviour near each a) Alx) = x* + 2x b) B(x) = X—2
non-permissible value xt+ 4 Xt — 2x
. + 2 2x
Domain Clx) ==X d) D(x) =
R 9 Cx) xt—4 ) D) x* + 2x
ange
g A VA
2- !
. —
—T=al0| ¢ 4%
C VA
2 ! B HSEZ
e > '
.~— - : 4
S 4 210 2 3 N\,
Y i \ ’
]
~~—
D 7 < ! —
~<4 2|0 4
2] 1 -2
! '
L}
"_ — | —TTT 4 -? E ™
42 [ 4
4
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7. Write the equation for each rational 8. Write the equation of a possible rational

function graphed below. function with each set of characteristics.
a) A a) vertical asymptotes at x = +5 and
x-intercepts of —10 and 4
) N —
 ~ T ——
‘- .;\“\ T ! . . ;
8 —6~4 20| 2 4 %
2 1
\ 5 ¢) a point of discontinuity at (—2, E)’
b) 7T a vertical asymptote at x = 3, and an
111 ?‘ ! x-intercept of —1
!
]
—1 /4 '
|- ! |
f/ 2 :
__________ N0 N I O O
< ! P
-4/ -20| 2|46 8 %
INEENZ
L
A\ /
4. a) [M=(HzeqRI CHZ+ER+20) Vertical asymptote
Answer Key X = —5;
. a) o=y point of discontinuity
Characteristic Y= _6x+8 l/_ (—4, —4);
Non-permissible value(s) | x =2, x = 4 x-Intarcept g;
Feature exhibited at each | vertical asymptote, point of = L y-intercept
non-permissible value discontinuity v .
¢) [Fi=tRzezn-Rrinz-2a-8) ertical asymptotes
Behaviour near each As x approaches 2, |y] becomes : X = —2, 4; no points
non-permissible value very large. As x approaches 4, : s = p
P y approaches 0.5. 3 ~———] of discontinuity;
Domain (x| x#2,4,xeR) I x-intercepts —4, 2;
Range Iy 4005yel | \ : \ y-intercept 1
= =1
5.a)C b)A ¢)D d)B ,
X* + 6x x* —4x — 21
7. = b == _ == _<_
a vy X+ 2x )y X+ 2x—3
8.a) y— (x + 10)(x — 4) b) v = (2x + 11)(x — 8)
: T (x+5)x—5) T (x + 4)(2x + 11)
X+ 2)x+1 x(4x + 1
g yo GEAEED o xax+n)
(x —3)x+2) (x — 3)(7x — 6)
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Connecting Graphs and Rational Equations
EXAMPLE 1 - Relate Roots and x-intercepts

a) Determine the root(s) of x+ % - 5=0 algebraically.
X+

6
b) Using a graph, determine the x-intercept(s) of the graph of y=x+ 5~ 5
X+

¢) Describe the connection between the root(s) of the equation and the
x-intercepts of the graph of the function.

. a) Determine the root(s) of . x+5=0 algebraically.
TRY: x 14
b) Using a graph, determine the x-intercept(s) of the graph of y=-— - x+5 .
X
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EXAMPLE 2 - Solve a Rational Equation With an

Extraneous Root

2= 8x+15

2x+5 T dx+1

Solve the equation

TRY - Solve a Rational Equation

x2—=3x+2

=2+ algebraically and graphically.
x B

Solve the equation

algebraically and graphically.
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Complete Assignment Questions #3 - #9

Assignment

3. Solve each equation algebraically.
5x

6. Solve each equation algebraically and
graphically. Compare the solutions
found using each method.

3x _x+4
a) x—2 -%-5)(_—){_2
6x 2x*

) X_3+3x=x

8. Determine the solution to the
2x + 1 2 3

9. Solve the equation 2 —

equation ~—1 " %312 "2 algebraically .
Answer Key _
3. a) x=—%-b) x=4 ¢ x=% 6.2) x=-% 8. x=-1x=-2%

) x=-5

9. No solutions

1 X

x+2 x+2

+1
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LG 8 Worksheet (Rational Functions)

Graph the function and label the following information. Write a rational function with the given graphs.

{ L 4 Note: points shown on graphs indicate holes.
l. y=——o
o x+2 3.
A .V
NEEEE
« + \
Nl
s —
4.'.*&‘\ ‘‘‘‘‘ | ‘;
REEEAEE IEREREREE
l-————1+—
v FEEEEN
X-intercepts: NN AR
Vertical Asymptotes: S 'Li"”
Horizontal 4
Asymptotes: . )
Holes: POD EEEEEEL SNE NN
y-Intercept(s):
Range 1 T T 'ZU !
e N I /fr‘sx
'y ' j1
9 _ X +5x+6 _
T x -9 ¥
5. Solve each equation algebraically.
+ > a) b)
1 - 7 1= 2l +x—l
n—28 n—8 x“+2x X
v
x-intercepts:
Vertical Asymptotes:
Horizontal
Asymptotes:
Holes: POD
y-Intercept(s):
Domain:
Range
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N AnswerKey
swer Key

2 2
x“4x-2 x“=5x+4 1
A fxX)=5— B gix)=>2° .
f( ) x24x-20 g( ) x2—x-2 |
5 [ x-intercepts: | oone
" [ Vertical Asymptotes: |  x--2
C g=522% Djwm=3=2 | ool ]
= = \ y=10
9 x2-5x+4 J x2-3x-10 S - | Asymptotes: | °
B 0 s | Holes: POD | none
\ | y-Intercept(s) | 05
\ Domain: XER x #-2
a) VA | [ Doms EETTER
l ) | [
44 ¢ s
[ [
i i
> ANEN
' '
< - - 2.
S 6| -4 20| }
2{ 1 : s [ x-intercepts: 2
\ tVtﬂjcal Asymptotes: I x=3
Y ! Horizontal |
| Asymptotes: |
——r L | | Holes: PoD | 3.6
y-Intercept(s) 208
? i ? | Domain: | xERx#3.3
[ Range [ myA L
-5
2(x+3)(x+2) —4(x-1)

4.

3. y= (x+1)(x+2) y=x(x_3)(x_1)

Sa) 2

b) -1

6. A->d)

B->b)

d) ) 2 i C->a)

E : E D->c¢)
gagsEEas

NEFE @0 WL

: -2 :
[
} A4 1
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PRE-CALCULUS 12

Seminar Notes
Learning Guides 10 & 11

TRIGONOMETRIC
RATIOS



Trigonometric Functions in Degrees

— O

~NC D

¢ set Mode to
C Degrees

\»» (‘-/» . _)‘ —

Identify Coterminal Angles

EXAMPLE 1 - Draw 30°in standard position.

Terminology:

o Initial arm

AR
AN

* Quadrant

Angles that have the same initial and same
terminal arm are called coterminal angles.

Give a general way of stating all the angles which
are coterminal to 30°.

general solution -

Positive Coterminal

Negative Coterminal
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EXAMPLE 1b -
Draw a Negative Angle in Standard Position

Sketch the angle -120° in
standard position. Draw and
give the measure of two
coterminal angles. Give a
general solution for all
coterminal angles to -120°.

general solution -

If 6 <0, the rotatior

This motion is repeated ‘
is called periodic.

N

Coterminal Angles

When a position P is described in more than one angle of
standard position the angles are said to be coterminal
angles.

Coterminal angles can be represented by
+ 360°n, in degrees, where n is any integer
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EXAMPLE 2 - Finding Coterminal Angles with unusual Domains

For the angle given, determine all angles that are coterminal in
the given domain. —-70°, -720° < ) <360°

Topic 2 The Unit Circle
EXAMPLE 1 - The point (m,n) is the point of intersection on
the unit circle. Find the value of Sin ©, Cos ©, Tan 87

lr—. ' /‘ ‘\ .
o~
( ) \

/ Notice the radius I
:~.,_ of a Unit Circleis1 /
/

N
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EXAMPLE 2 - Determine Coordinates for Points of the Unit Circle

[s each point on the unit circle? How do you know?

4 -3 J5 7
A b) | =, °
@) (5 5) )(8 8)

EXAMPLE 3 - Determine the Missing Coordinate(s) for all
points on the Unit Circle

Find the missing coordinate. Draw a digram to support your answer.

(x,%) in quadrant 11

TRY: Find the missing coordinate. Draw a digram to support your

5 .
answer. (__y) in quadrant 111
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Complete Assignment Questions #2 - #13

Assignment

2. Is each point on the unit circle? How do
you know?

( )
~17 13)
2y

3. Determine the missing coordinate(s) for
all points on the unit circle satisfying
the given conditions. Draw a diagram to
support your answer.

a) (% y) in quadrant I

€) (—%, y) in quadrant III

e) (x, %), where x < 0

6. Sketch each angle in standard position. In
which quadrant does each angle terminate?

T =
- C

dh
N

N
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7. Determine one positive and one negative
angle coterminal with each angle.

a) 72¢
¢) —120°
e) —205°

8. Determine whether the angles in each pair
are coterminal. For one pair of angles,
explain how you know.

) 410°, —410° d) 227°, —493°

9. Write an expression for all of the angles
coterminal with each angle. Indicate what
your variable represents.

a) 135°
¢) —200°

11. For each angle, determine all angles that
are coterminal in the given domain.

a) 65°,0° <06 < 720°

€) —40°, —720° < 0 < 720°

220



b) No; (
¢) Yes; (—
d) Yes; (% '

e) Yes;

b) quadrant II

d) quadrant IV

f) quadrant IV
1
OR %

A

3. a) y—%
A (1 E)
4 4

r°/

\'15)

A\

7. Examples:
a) 432°, -288°

€) 240°, -480°
e) 155° —565°

8. a) not coterminal

c) coterminal, -493°=227°-

9. a) 135° + (360°)n, n € N

2(360°)

€) —200° + (360°)n, n € N

11. a) 425°
¢) —400°, 320°, 680°
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Right Triangle
Trigonometry
REMEMBER back to Gr. 9
SOH CAH TOA

SOH CAH TOA
w

_— ~ N
( ad 2
~ sin= PP cos= P4 (ana%PP [
hyp hyp )
Q
—<

— s S

—

Sin 6 = Cos 0 = Tan O =

A useful diagram for remembering the sign
of the sine, cosine and tangent function of

an angle:
A
Si Sin 8=+
C - C +
S
CoslB= 0=+
TanB=+ -
\J
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Another useful diagram
for remembering the

010
sign of the sine, cosine cs T
and tangent function of
0°,90°, 180°,
2700,3600 anglcs: 100 1 100
CST CST
0 1 ©
CST

21 Reciprocal Functions

A. Defining the Reciprocal Functions

Use SOH CAH TOA to fill in the following:

Sin (} =
Cos O =
Tan 0 =
/o Csc 0=
Reciprocal Identities:
* Sec 0= Sec = Cot =
Cos6 Tan6
*Cot 0=
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Trigonometric Ratios

EXAMPLE 1 - Given the diagram of a unit circle below
find sin 6, cosO, tanf, cscH, secH, cotl.

Hint: Remember to use the CAST rule.

P(a,b
)
sinf = csch =
cosf = secl =
tanf = cotf =

EXAMPLE 2 - Given the diagram below :

find sin@, cosO, tan@, cscl, secH, cotO.

P(ig) sinf = cscl =
55

cosf = secH =

tanf = cotf =
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EXAMPLE 1 -

Reference Angles & Exact Values
Give the Reference Angle for each the

Standard Angles below:

\ If 6 =300°% R.A.=

N 1IN

If 6 =135°% R.A.=

S
/

If 6 =210°% R.A.=

If 8 =390°% R.A.=

N 1N
A\

Reference Angle

Standard Angle = @

Reference Angle = @'

DK

Quadrant Il Quadrant |

1
8
K:‘]‘
-1

Quadrant Il Quadrant IV
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Exact Values

Angles 30° & 60° and their

multiples o . .
p Angles 45" and its multiples
Cos 30° = Cos 60° =
45° ° =
Sin 30° = Sin 60° = V2, | Cos 45" =
Sin 45° =
Tan 30° = Tan 60° = 45° |
1 Tan 45° =

EXAMPLE 2 - Determine the exact value for:
Cos 135°and Tan 225°

EXAMPLE 2b - Determine exact value for:
a) Cos 120° b) Sin 330°

EXAMPLE 2c - Simplify
Cos*(225°) and Sin*(225°)
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1 Special Angles and
Reciprocals

Given 6 = 60°, find the six trigonometric functions.

Hint: draw your special angle diagram.

Sin = Cscp =
Cos 0= Sec =
Tan O= Cot 0=

Given 8 = 30°, find the six trigonometric functions.

Hint: draw your special angle diagram.

Sin = Cscp =
Cos 0= Sec =
Tan 0= Cot 0=

Given 8 =457, find the six trigonometric functions.

Hint: draw your special angle diagram.

Sin g= Cscf = J_
Cos 6: Sec 6 =
Tan 0= Cot 0= 45°
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EXAMPLE 3 - Determine exact value for:
a) Csc2(120°) b) Cot2(240 )

Try: - Determine: a) Sin¥ 2250) b) Sec?(300°)
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EXAMPLE 3a -

Given 0 =270°, find the six trigonometric functions.

Hint: remember “Unit Circle .

Sin 0 = Csc 0=
Cos O= Sec O=

Tan 9= Cotg =
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LG 10 Worksheet A (Ratios and Degrees)

1. Find the exact value of each of the following:

a) sin 30° b) cos 30° c) sec45°
e) sin0° f) tan0° g) sec180°
2. Find the exact value of each of the following:
a) sin150° b) cos 225° c) tan330°
e) sin—150° f) csc750° g) sec—300°

d) cot30°

h) csc—270°

d) cot135°

h) cot225°
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3. Find the exact value of each of the following:

a) sin?(60°) b) (sin (60°))?2 ) sec?(225°) d) tan3(—30°)
e) sin?(90°) f) (sin (—180°))2 g) sec?(270°) h) cos3(540°)
Answer Key
1 V3
La) - b. — c.—/3 d.—1 e. 0 f. 0 g—-1 h1
2.a) - b L V2 d. 3 ! 2 2 h1
.a) > 7z c . e > f g
3.0) > b > 2 ! 1 £.0 0 h-1
.a) — .= . -— e : —
4 4 3V3 g
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Example 4 - Approximate Values for
Trigonometric Ratios

Determine the approximate value for each trig. ratio. Give

answers to four decimal places.

a) cos 260° b) csc (-70°)

TRY: Find each of the following to 3 dec. places:
a) sin160° b) csc—60° c) sec200°

Example 4a - Find Angles Given Their
Trigonometric Ratios

d) cot 305°

Determine the measures of all angles that satisfy the
following. Use a diagram in your explanation.
a) sinf =0.879 in the domain 0° <6 <360°.

Give answers to nearest tenth of a degree.

b) secH =1.245 in the domain -180° <6 <180°.

Give answers to nearest tenth of a degree.

232



Example 5 - Find Ratios Given a Point

a) Find the six trigonometric functions, given that
P(3,5) is a point on the terminal of an angle in
standard position.

Hint: use Pythagoras to find the hypotenuse.

Sin 6= CSCB —]
Cos 0= Sec 0=
Tan@) = Cotf) =

Try:
Find the six trigonometric functions, given that

P(12, -5)is a point on the terminal of an angle in
standard position.

Hint: wuse Pythagoras to find the hypotenuse.

Sin 0= Csc O=
Cos 0= Sec O=
Tanf = Cot 0=
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Example 5b - ﬁinding Ratios given a Ratio
Given Sin0=§ , find CosO and Tan0.

EXAMPLE 5c a) Find the other five trigonometric functions, given

Cos 0 = 153 and 0 is an angle in Quadrant IV.

Hint: wuse Pythagoras to find the third side.

Sin 0= Csc 0=
Cos 0= Sec 0=
Tanf = Cot =
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Double Checklist to Locate Quadrant

A
Examples b s
I. Sin<0 and Tan>0 :S Cob 8% +
<t
Cosll=- Ei»
T =+ .
\j

2. Cos<0 and Cot<0

3. Sin>0 and —-90° < A <90°

EXAMPLE 5d Find the other five trigonometric functions, given

Cos 0 = 1_2 and Sin 0> 0.

Hint: wuse Pythagoras to find the third side.

Sin 0= Csc 0:
Cos 0= Sec O=
Tan® = Cot 0=
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TRY: If SinA = \/12 , find all possible values of SecA.

TRY: If SecA=-2 and 0< A < 3600, find all
" possible values of CotA exactly.

-1
If CosA=-— and SinA<0 |,
TRY: 5

find all possible values of CscA.

236



LG 10 Worksheet B (Ratios from Ratios)

If B is an angle in standard position, in which
quadrants may £B terminate if:

1. c¢cscB<0 6. sinB>0andtanB <0

+

2. cotB>0 7. cscB<0OandcotB<0

s
+

3. sinB<0and180°<B <360° 8. secB<OandtanB>0

+
jL

4. tanB>0and 90" <B <270 9. sinB<0and-90"<B <90

+
+

5. secB<0and180°<B <360° 10. cscB>0and-180"<B < 180°

+
jL
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If cosA = ;—3, find all of the values of cotA when:

11.

12.

13.

14.

15.

16.

0" <A <360

-180" <A <90°

cscA>0

£A terminates in quadrant III

90" < A <90°

The point (p, q) is a point of intersection of the
terminal arm of £@ in standard position and
the unit circle centered at (0, 0). What is the
value of csc@?

10.
11.
12.
13.
14.
15.

16.

I, IV

I, III

I, IV

III

111

II

IV

III

IV

No soln.

q
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LEARNING GUIDE 11
Trigonometric Functions in Radians

(_set Mode to LJ))"_ -l
Radians

Radian

m one radian is the measure of the central angle
that where the arc length is equal to the radius
of that circle.

(
Y

t=180° = half rotation
2w =360° = 1 full rotation

173
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Important Angles :

Degree Radian Degree Radian
180° 120°
360° 150°
90° 210°
270° . 300°
60° 135°
30° 225°
45° 315°
Topic 1 Conversion Factors

EXAMPLE 1 - Convert each degree measure to radians and
each radian measure to degree. Give answers in exact and
approximate to the nearest hundredth

a) 40° b) -120° c) ZTJZ d) -2.5
° ‘
O Radians to degrees  Degrees to radians
"‘I:o d% 5

TRY: cConvert each degree measure to radians and
each radian measure to degree. Give answers in exact and
approximate to the nearest hundredth.

4

a) 230° by —
) )5
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EXAMPLE 2 - Coterminal Angles

Determine one positive coterminal and one negative

coterminal angle for 7

6

TRY: Determine one positive coterminal and one negative

coterminal angle: 4Tfr b) _%-r

Example 3 - Express Coterminal Angles in General Form

. . 27T =
a) Express the angles coterminal with “;’ in general form.

b) Identify angles in the domain —27 <6 <4ux.

241



Arc Length

As a result of the definition of a radian, a
relationship between the arc length of a circle
and the angle subtended by the radii can be
determined: angle at center _arc length

2 circumference
0 a
2r 2mr

Arc Length

Example 4 - Determine the Arc Length in a Circle

Use the information in each diagram to determine
the value of the variable.

.a .12 |
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Complete Assignment Questions #6 - #13

Assignment

6. Sketch each angle in standard position. In
which quadrant does each angle terminate?

a) 1
X ”T“ /\
-5 |/

7. Determine one positive and one negative
angle coterminal with each angle.
3T
b)
117
d) 5
f) 7.8

-
N

N
dh
N

8. Determine whether the angles in each pair
are coterminal. For one pair of angles,
explain how you know.

a) 51 177 b) ST‘N 9

6’ 6 2

9. Write an expression for all of the angles
coterminal with each angle. Indicate what

your variable represents.

b) — %

2
d) 10
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11. For each angle, determine all angles that
are coterminal in the given domain.

d) %",—21(59<21t

f) %",—21r59<41r

12. Determine the arc length subtended by
each central angle. Give answers to the
nearest hundredth of a unit.

a) radius 9.5 cm, central angle 1.4

¢) radius 7 cm, central angle 130°

13. Use the information in each diagram to

determine the value of the variable. Give
your answers to the nearest hundredth of
a unit.

a) 9cm

b)

Answer Key 7.
1 11T 57 : 177 _ 5% , 12® _ 5%
6. a) quadrantl b) 5 —2¢ 8. a) coterminal, —g = JE + 258 = S + 2w
Y. kS b) not coterminal '
9 23
\1 f) 1.5,-4.8
< Ol &
9. 11.
¢) quadrant II b) _% +2xnneN d) _%K
d) 10+27n,neN f) _ST"‘,%
12. a) 13.30 cm
¢) 15.88 cm
e) quadrant III
13. a) 2.25 radians b) 10.98 ft

]

xY

_em
3
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Example 1 Determine the exact coordinate of each.

The Unit Circle

a) 3w

EXAMPLE 1b -

(O.Ii

(0,-1)

Draw the unit circle and evaluate the following:

-
\

~
%

Cos 0=

Cos 2=

Sin0 =

Sin . =
ln2—

Sint=

~o

Sin 2t =

Note: as P rotates around the unit circle the values of
sine and cosine are always between —1I and 1.
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The Unit Circle
EXAMPLE 1 - The point (m,n) is the point of intersection
on the unit circle. Find the value of Sin@, Cos@, Tan §?

T

Angles & %and their multiples

b1
Find the exacts of following : , 6
V3
4 T b4
Cos6= Sin 6= Tan ¢ = g
1
coBe s e ©
08 3= in 3= an =
]r . o
Angle 2 and its multiples
a
Fora , -, triangle the following angles have
exact values 1
[
1
rr b4 :r
Cos , = Sin 4= Ian ,=
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Special Angles

EXAMPLE 1 - Given the angle in radians, find its reference angle

27

= Find the Reference Angle for 3

Draw at right 3 \J

® Find the Reference Angle for

S

T
6

. Sn
Draw at right 6 /

N
%
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EXAMPLE 1b -

Find the exact value for Cos 2; and Sin 76Jt

Hint: find the reference angle by drawing the angle in standard
position first.

TRY:

S

S
Find the exact Cos 3 and Sin 6

Find the exact Cos _;r and Sin —6”
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EXAMPLE 1c - Given the angle in radians, find its reference angle

3
Find the Reference Angle for f

Draw at right ik

EXAMPLE 1d -

Find the exact value for Cos 5; and Sin o7

249



TRY: Determine the exact value for each. Draw diagrams

to illustrate your answers.

Sx
a) tan--—
3

b) cos

117

6

N

-

=
N

%

N

=
/
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Radians & Reciprocal
Functions

Defining the Reciprocal Functions

Use SOH CAH TOA to
Sin 0 = fill in the following:
Reciprocal Identities:
Cos O = SecO = c;so CscO= ﬁ Cotf) = nln—o
Tan 0 = ' Seco- Csc = Cot =

EXAMPLE 2 - Special Angles & Reciprocals
T
Given 0 = ; , find the six trigonometric functions.

Hint: draw your special angle diagram.

Sinf = CscO =
Cosf = SecO =
Tanf = Cotf =
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EXAMPLE 2b - More Special Angles & their Reciprocals

3
Given 0 = 4" find the six trigonometric functions.

Hint: draw your special angle diagram.

Sinf = Csct = y
CosO = SecH = 1
Tan = CotO = - =

EXAMPLE 3 - More Special Angles & their Reciprocals

Determine the exact value for: 50

.. T
a) Csc*
4

b) Sec' L
6

Hint: find the reference angle by drawing the angle in standard
position first, then use the CAST rule to determine the sign of
the function.
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LG 11 Worksheet A (Ratios and Radians)

1. Find the exact value of each of the following:
s
a) sin(0) b) cos(m) c) tan (E)
—-3r O
e) csc (T) f) cot(m) g) sin (7)

2. Find the exact value of each of the following:

a) sin (5%)

e) sec (T

b) cos (%)

c) tan (5?”)

Q
—/
wn
(¢}
(@]
[
N‘w
)
N————

h) cos(11m)

d) csc (4?”)
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3. Find the exact value of each of the following:

o (o )

a) sin? (

e) csc? (%T)

3

3

) cot4<

77'[)
4

1. a) 0

b) -1

NIl

¢) undefined

c) —V3

d)

d) -

d)3

undef

=2
V3

1

e) 1

e)

Gl

e) —8

f) undef.

-1

N1

d) tan? (?n)

h) sec?(3m)

g) 1 h) -1

95 h2
-1

955 M1

254



Approximate Values for Trig. Ratios
EXAMPLE 1 - Find the value to 3 decimal places

3; 57
a) Sin- & b) Cos &
5 7
— o
¢) Tan T d) Cse "
8 5
11
e) Sec s

TRY: Find each of the following to 3 dec. places:

a) sin (5;) b) cot (%) c) tan2.5 d) csc (%)

255



Example 2

a) Find the other five trigonometric functions, given

Cos 0 = 153 and 0 is an angle in Quadrant IV.

Hint: wuse Pythagoras to find the third side.

Sin 0= Csc 0=
Cos 0= Sec O=
Tanf = Cot =

Double Checklist to Locate Quadrant

A
Examples hes
1. Sin<0 and Tan>0 :S Coh % +
D St
Cosll=- E“
T =+ -
\J

2. Cos<0 and Cot<0

3.Sin>0 and T<a<Z
2 2
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Example 2

b) Find the other five trigonometric functions, given
Cos 0 = ;2 and Sin 0> 0.

Hint: wuse Pythagoras to find the third side.

/-\ Sin 0= Csc 0=
\J Cos 0= Sec O=

Tant = Cot 0=

Example 3

If SinA = L find all possible values of SecA.

\2

TRY: If SecA=-2 and 0 <A <27 |, find all
possible values of CotA exactly.
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3T

TRY: |If SecA=-2 and 3 <A< > findall
possible values of CotA exactly.

TRY: If SecA =-2 and-%< A<m find all
possible values of CotA exactly.
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If «D is an angle in standard position, in which
quadrants may 2D terminate if:

1.

LG 11 Worksheet B (Ratios from Ratios)

secD<0

+

sinD>0,0=D<2n

+

tanD<0andn<D<2n

+

secD>0and_7"SD<n

+

cscD<0and-n§D<§

+

10.

SecD>0and CotD <0

cscD>0andcos D <0

+

cscD>0and§SD<377r
simD<0and-tn<D<n

+

cscD>0and —-m<D<0

+
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If sind = _?l, find all the values of sec A when:
11.

12.

13.

14.

15.

16.

0<A<2n

cotA>0

£A terminates in quadrant IV

——RSA<n
2

cosA<QOandtan A>0

10.

11.

12.

13.

14.

15.

16.

IT, III

LI

v

LIV

1L, IV

v

I

II

L IV
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3.

LG 11 Worksheet C (Trig. Review)

Find all the angles, A, that are co-terminal with

2
?n and in the domain: -4t < A <4x

Determine all the angles, A, that are co-

. ., 2T
terminal w1th?.

mn 431 .
Are the angles PPy and PrY co-terminal?

Convert the following to degrees exactly.

4.

—41 11
- 5. —

3 4

Convert the following to degrees exactly.

6.

150° 7. 200°

Convert to degrees to nearest tenth.

-5

Find the value for each trigonometric ratio to 3
decimal places.

18.

22.

23.

S

cos | —
7

12
csc\—
7

19. cot (3?")

21. sec (_175")

If the terminal arm of Z# passes through the
point (-2, -6). Find the exact values of the 6
trigonometric ratios of £ 8.

Find, to 2 decimal places, the length of the arc
subtended by a central angle of 7?7! in a circle
with a radius of 10 cm.

8. 4 9. —

6

Convert to radians to nearest hundredth.
10. 45° 11. -340°

Find the exact value for each trigonometric ratio.

12. csc (%") 13. cot (_Ts")

14. sec? (%") 15. tan3(m)

16. (cos (_161"))2 17. sin? (%r)

24. If an arc whose length is 20 m subtends a

central angle of 130°, find the exact radius of

the circle.
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™ ibanded by a ekl gl of 257 i ______AnswerKey
subtended by a central angle of 2.57 in a circle Answer Key

with a radius of 15 cm.

-182 -8x 12«
1. i et 18. -0.623
Given cosA = g, find all values of csc A if: "
2. ": +2n.ne 19, 0414
26. 0<A<2mn J
3 No 20 1.927
4 -240° 21. 1.110
-7 5. 495°
27. P A<0
6 Sn
6
7 107
9
° -3 =] T ol
28. Cot A>0 8. 22902 22. mm‘ - ~x 3
9 -150° 23. 4398 cm
360
10. 0.79 24, —— m
13x
29. A terminates in quadrant IV 11. -5.93 25. 38.6 cm
. 3 -3
12. -2 26. e
V3 45
p -3
13. V3 27. 7
30. 2n<A<m 14. 2 28. 1
V5
-3
15. 0 29. -
V5
3 3 -3
16. - 30. o e
4 V5 45
17. 1
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PRE-CALCULUS 12

Seminar Notes
Learning Guides 12 & 13

TRIGONOMETRIC
FUNCTIONS &
GRAPHS
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The Sine & Cosine Graph
y“
1

> ANTIR
. N RN

2n-3n/2 - -n/2 0 wn/2 w 3n/2 2nm

-360° -270° -180° -90° 90° 180° 270° 360°
" The Sine Graph
Period
amplitude ] )
Vertical Displacement
L RLL" \: o f o sennn

Peri t or Midline
v amplitude
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Sinusoidal Graphs and their characteristics

A
y

e

Ll L5 wy BN Ao
] l L ]
T T T T

L

\ | | i ‘
'Y
-33\.240 -180 120 -60 60 1o 130 240 30/

A MAN A 4
AR AV RRVARVA
ki_a

amplitude period

maximum value midline
minimum value

Write the following characteristics
you see on the left in the correct
boxes shown on the graph above.
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Graphing Sine & Cosine Functions
EXAMPLE 1 - Sketch the graph of y =Sin 6 for 0<6s<2x

6=0 0="2’ =1 ()=3; 0=2r

01O
CS T

bt K\
CST\-/CST
{2

EXAMPLE 1b - Sketch the graph of Cos @ 0<O=<2m

6=0 |0= 0= ()=37[ 0=2n

o
bt
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EXAMPLE 2 - Amplitude of Sine and Cosine Functions

To understand amplitude you
of a Sine or Cosine Graph.

need to know the A.B.C.D's

amplitude

y =@"'I(B(x - C)) + D,—'—’ mid-line
phase shift

period is determined by

Determine the amplitude of each function and then use the
language of transformations to describe how each graph is
related to y =sinx or y = cos x.

1
a) y = 4Cosx b) y=zSinx

3

TRy Determine the amplitude of each function and then use the
language of transformations to describe how each graph is
related to y =sin x or y = cos x.

a)y=4sinx

Summary : 6Graphing Sin & Cos Functions

* Positive Sin ---> starts middle goes up

* Negative Sin ---> starts middle goes down

 Positive Cos ---> starts at the top goes down

+ Negative Cos ---> starts at the botfom goes up

b) y=-0.5cosx

Place the correct letter in the
appropriate column.

8 * F
A c |E G
¢ - ¢ T
IR ARRRRAN
5-1;1 +" "-S.in— Cos + Cos -

267



Summary:

« Vertical Displacementd ---> this is where you draw your "Mid-line".

ex. Y=Sinx+1

« Amplitude a ---> this is the number you count up from the
mid-line and then down from the mid-line.

ex. Y=2Sinx +1

EXAMPLE 4 - Domain & Range of Sine and Cosine Functions

y = 3Sinx —7

Domain:

___Range:

— YT

<
C(:/ ~a)sys=(d+a)

(_—

TRY: - Determine the domain & range of:

y = —4Cosx + 2
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EXAMPLE 5 -

Phase Shift

Comparing y=Sin(x-c¢)toy=Sinx &

y=Cos (x-c)toy=Cos x

amplitude

phase shift
period is determined by

Graph the 3 functions below on same grid.

y1 = Sin x
V2 =Sin(x—]2t)

y; = Sin (x + ';)

What do you notice?

The phase shift formula is used to find the phase shift of a function. This
determines where the sine/cosine wave starts. Phase Shift is a shift when the
graph of the sine function and cosine function is shifted left or right from their
usual position (x = 0), or we can say that in phase shift the function is

shifted horizontally how far from the usual position

If you had the equationy = 2sin(x@+ 1

+3

1

N

EH

™\

This is your Phase Shift
you go to the right
fromOtonm
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EXAMPLE 6 - Period Change

Comparing y = Sin (bx)toy=Sinx and
y = Cos (bx) to y = Cos x

y = ASin(B{x = C)) + D— mid-line

amplitude phase shift

period is determined by

Graph the 3 functions on same grid below.

1
yi =Cosx  y: =Cos 4x y: = Cos 5 X

What do you notice?
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Period Formula
The periods of y = Sin bx and y= Cos bx
is determined by the formula:

*You need to find the P (period) when graphing
and the b when writing an equation.

Calculate the period for the following functions:
in Radians in Degrees

a) y = Cos 4x

1
b) y =Cos 7x

TRY: Determine the period of each function and then use the
language of transformations to describe how each graph is
related to y = sin x or y = cos x.

a) y = sin 5x b) y=cos-—§x
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Transformations of Sinusodial Functions

EXAMPLE 1 - Determine the amplitude, period, phase shift
and vertical displacement of each function:

a) y=4sin2(x- %) +5 O~

//

b) y=-6cos3(x—-45°)-2

Complete Assignment Questions #2 - #10

Assignment

2. Determine the phase shift and the vertical
displacement with respect to y = cos x
for each function. Sketch a graph of
each function.

a) vy = cos (x — 30°) + 12

b) v = cos (x—%)

€) v=cos (x+%’r)+16

d) y =4 cos (x + 15°) + 3
e) y=4cos(x— 7+ 4

f) y=3cos(2x—%)+7

// B \~—-
/ i
_/y=aSinb(x-c)+d
a=
b=
C=
d=

N
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4. State the amplitude of each periodic
function. Sketch the graph of each function.

a) y=2sinb b)y:%cosﬁ

E

v
Yy

5. State the period for each periodic
function, in degrees and in radians.
Sketch the graph of each function.

a) v = sin 40 b) v = cos %9
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6. Match each function with its graph.
a) y=3cosx

b) v = cos 3x
€) y=—sinx
d) v= —cos x
AL A c [ AT
{0 N 2m | X NE NE RV REF:
-2 2\ 2 414 e | 2 AN
v EANEE
B A D 7
¥ . |
NERVaN PN NN
| 5 SO N
of /= | ® 3K 2w o] N\x/ 2n \ n/ 4n \x
K_,. re 2 i B2 B\VAE ]
Y Y

7. Determine the amplitude of each function.
Then, use the language of transformations
to describe how each graph is related to
the graph of y = sin x.

a) y=3sinx b) v=—-5sinx

8. Determine the period (in degrees) of
each function. Then, use the language
of transformations to describe how
each graph is related to the graph of
y = COS X.

a) y = cos 2x b) v = cos (—3x)
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9. Without graphing, determine the amplitude
and period of each function. State the
period in degrees and in radians.

a) y=2sinx b) v = —4 cos 2x

c) y=%sin(—%) d)y=3003%x

10. a) Determine the period and the amplitude
of each function in the graph.

{7
A
: N #
AN BNE L LIA
VI RY 7%
/-1.. | \ ¢
12 N
L A

b) Write an equation in the form

y = a sin bx or y = a cos bx for
each function.
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Answer Key

2. Phaseshift: a) R30°  b) RE o) LT d) L15°

4.23) 2 b) %
/T, . \Y’:§C°$9/’
V(MR NESYIND N X
21 ¢ NeA | gsf | & N8

5.2a) = or90°

2
= $in 40 [ yA [ [ ] [ ]
AA VI AV AV A A AN
ANANANANANAWAWAW
] 'q,\)% B\
b) 67 or 1080°
A
yoasle | AT
NE AN BRI
~_ | 4]
Y
6.a) A b) D ¢ C d) B

7. a) Amplitude is 3; stretched vertically by a factor of
3 about the x-axis.
b) Amplitude is 5; stretched vertically by a factor of
5 about the x-axis and reflected in the x-axis.

8. a) Period is 180°; stretched horizontally by a factor
of % about the y-axis.

b) Period is 120°; stretched horizontally by a factor

of % about the y-axis and reflected in the y-axis.

9. a) An;plitude is 2; period is 360° or 2.
b) Amplitude is 4; period is 180° or .
¢) Amplitude is %; period is 540° or 3.
d) Amplitude is 3; period is 720° or 4.

10. a) Graph A: Amplitude is 2 and period is 4w. Graph
B: Amplitude is 0.5 and period is .

b) Graph A: y = 2 sin %x; Graph B: y = 0.5 cos 2x

e)Rm

RS
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\_

1. Vertical displacement (d)
2. Amplitude (a) 4. Period (b)

fQLdﬂLfnr_Gmphing

y=aSinb(x-c)+d

~

3. Phase shift (c)

J

EXAMPLE 2 - Graph the functiony = 3Sin6 + 1 for two
cycles. State the amplitude, the vertical displacement

and the phase shift for the function.
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EXAMPLE 3 - Graph the function f(x) = 2Cos (x — % )—1
over two cycles. State the amplitude, the vertical
displacement and the phase shift for the function.

Vert. Displ. = a=
b=
Amplitude =
cC=
Phase Shift = d=

TRY:: Graph the following functions, then check your answer.

1)y = 2sin(2x) - 1 2) y = -sin(.5x) + 2

¥ .
s b
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TRY: a) Graph y =3Cos2(x —g ) over two cycles

A
¢
TRY: a) Graph y=3Sin(2x - % ) over two cycles

factor
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EXAMPLE 4 - For the sinusodial curve shown below, write:

a) a possible cosine equation

TRY:

a) a possible cosine equation

b) a possible sine equation

Sinusoidal
means, you pick
either Sine or
Cosine

For the sinusodial curve shown below, write:

b) a possible sine equation

3

.

"

X

.

B

:

1/

\

1
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Complete Assignment Questions #15 - #17

Assignment

15. Determine an equation in the form
y = a sin b(x — ¢) + d for each graph.

a) VA
24
N GRNP:
‘\7{ \./f
b) | T [

o>
| >

B
S

o
GEE
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16. For each graph, write an equation in
the form y = a cos b(x — ¢) + d.

a) VA
NigEii R NaE e
Y
b) VA
N A
T T 3
Z__Z z 2
Y
o[ A T[]
~° /N
“To| % |2 3 4n stw.\k
Y

17., The piston engine is the most commonly
used engine in the world. The height of
the piston over time can be modelled by
a sine curve. Given the equation for a
sine curve, y = a sin b(x — ¢) + d, which
parameter(s) would be affected as the
piston moves faster?

Vi
gt A
% . —
ol  x  w 3w 11% 3nx
Time (s)
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EXAMPLE 4b - The graph of y = cos x is transformed as
described. Determine the value of the parameters a, b, c,
and d for the transformed function. Write the equation for the
transformed function in the form y = acos b(x - ¢) + d.

a) vertical stretch by a factor of 4, horizontal stretch by a
factor of 2, translated 5 units to the left and 7 units down.

TRY: Write an equation for a cosine function with
the following properties:

Amplitude: 4

period: 10

phase shift: -2

vertical displacement: 1

TRY: Write an equation for a sine function
with the following properties: —

4 A M-m
maximum: 16 Hint: use the formula: 2
.« & . where M is the maximum value
minmuim: 6 _ and m is the minimum value

period: 7
phase shift: 3
vertical displacement: -5
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EXAMPLE 5 - Graphing when b is in terms of 1T.

Graph the 3 functions on same grid below.
2m

y, = Cos2nx y2=Cos?x
a= a =
b= p= b= p=
c= c =
d= d =

What do you notice
: . re e ; that is different from
') TN N N this example to the
: P P P ; previous examples?

Hint: x-axis
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EXAMPLE 5b -Graphing when b is in terms of 1T.

s
y= 4Sini(x+1)+2

Draw a sketch of this function on the axes below:

TRY -

27
Graph the function: 'y = 3Cos S5 (x-1)+4

Draw a sketch of this function on the axes below:

Graphing when b is in terms of T1T.
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LG 12 Worksheet A (Trig Graphs)

—
.

If y = -5Sin (2x + g» —7, find the:
a) amplitude d. phase shift

b) wvertical displacement  ¢. max value of y

¢) period f) min valuc of y

If y = 3Cos (6x — 121r) +14, find the:

a) amplitude d. phase shift

b) wvertical displacement  ¢. max valuc of y
¢) period f) min valuc of y
3. Ify=-4Cos (2x — 8) -10, find the:

a) domain of the function.

b) range of the function.

»

Given the sinusoidal graph below, write the equation
of the function as a:

4

L -~

i >

¥

a) Sine function
b) Cosine function

5. Given the sinusoidal graph below, write the equation
of the function as a:

r
N AN A
A A TN E
4

a) Sine function

b) Cosine function

6. a) Find the maximum value of f(x) = aSinx + d
where a>0,d> 0.

b) Determine the period of y = 8Cosf—35t x+8.
¢) Determine the range of y = 4Cosx — 2.
d) Determine the range of y = -28in3x + 4.

X

¢) Determine the period of f(x) = .2—18'1113

f) Find the range of f(x) = bCosax - 2b
wherea>0,b>0.

7. Given the graphs below, determine an equation of
the function. ’

a)

/N

>g(/

s
P

NOTE: one more question d) next page

286



d)

VAAAAAL]

TR

JRIATARY

The graph below is a function that can be written in

the form: y = aSin b(x — ¢) + d. Determinc the

values of a, b, ¢, d.

-5

AVASARER
ARV ARV

Answer Key

1. a.

Ll

note:

5 d. Zleft

-7 c. -2

b f. -12
.3 d. 2mnight

14 c. 17

= £ 11

3

All real #'s

-ld=sy=-6

a. )'=3Sin;(x+0)+4

)-=3Cos§(x—n)+4

. )'=3Sin2(x—§)-l

)'=3C052(x+4£)—1

a+d d. 2=y=<6
15 c. 6n
6=sy=2 f -3b=sy=-b

there are many different possibilities
for the answers to questions 7 and 8.

y=5Sinx-2
y=-4Cos x + 1
y=-3Sinx +2
y = 3Cos 4x

287



LG 12 Worksheet B (Review Trigonometric Graphing)

1. Determine the amplitude and the period, in
both degrees and radians, for y = -5 cm‘ _l' X )

2.  Determine the amplitude and the period for the

function graphed below:
\ 3m 4n \/
-4

3. Given the sinusoidal curve graphed below,
write  its equation in the form
ywasinb(x-c)+d & ywacosh(x-c)+d.

N 7

21: 4T

4. Given the sinusoidal curve graphed below,
write  its equation in the form
ywasinb(x-c)+d & y=acoshb(x-c)+d.

| NVANWA)
\ \/

3w 4n

5.  Given the function y = -5cn>{ 2x 4 i‘ ] -7 find:
\ D )

a. amplitude

b. period

c. vertical displacement
d. phase shift

e. domain

f. range

g. minimum value of y

h. maximum value of y

6. Find the amplitude, period, and vertical
displacement of the sinusoidal curve graphed
below.

a. amplitude
b. period

c. vertical displacement

7. Write an equation of the cosine function with
amplitude 0.5, period 10z, phase shift ; to the right,

and vertical displacement -9.
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b rolll  AnswerKey |
function with a minimum at (-8, 3) and the Answer Key
nearest maximum to the right at (0, 9). Write

the equations in the form y = asinb(x -c¢)+d
or y=acosh(x-c)+d. 2. amp.=4, period = 4x

1. amp.=5, period = 4mwor 720°

; wovipoodosssipsedoonsioootyossipootyorsipoet period =7t
: : it vert. displ. = -7

. . s . 5 M ’ M .
veslpessiesalyosiioaatysesioselyesiaeityerss

[OTENN

N,{,u/,,n:,u/,u, L

C T 30 y=-38ing(x-3m) 46 & y=-3Cos; (x—4m) +6
A0 SO0 0 VOO T O 0 O 0 WO 0 WO OO O O 00 i 4 y=4Sin;(x-2m)+0 &y=4Cos; (x—4m) +0
e lporibanponiiasipeisionslpessiven s sy asilyavniiyuninislyeniions i 5. amplitude =5

%

vesirnilprasiocidpese

R

vosdposseSersdysnsboss

Tarasaa s

H H : e : 4 H

vosdposssese

. x
ph. shift = 1 left

domain: all real #'s
: R range: -12<y=<-2
.......... Grosdperet Goosgeerdpesss max y: 2
$0008000000003000 000003000 0 000300000000020 0000080000000 85000 00 Bossdosssbossdssssbone’s min. y: -12

N . S

Sl

seadasisaadas
welhssdes e

AvERETARAPA AR AR

R T

9. Sketch the graph of the following function. 6.  amplitude=5

y = =3c0s(2x -90°) +5,0° < x < 360° 5::‘03;})}2_ .

AR ’ [ AR A AR A A AN S A A A FARAE AR
: i : : : : .
& olposst i poesioreiys £ 1 x
Pl [T A S S S T T S S A S : 7. vu03cos=|x=—=|=9
Gevaiars Gpessiesidyonsivsadpsesireslprsiiosidyerssveadyessivsebysesioved : 5 6
o Cvslprosisndperiiveripersiorsiyssionsipserinasipnssinesyarss
: AT TSN TSN TS TS U TV TOUS- U FOVE- S T
: PN A R S A S A S R A A A M A I 8. y-.‘mn;(.x+4]¢b& ,\'-.‘uh;(.(-()%b
:

4 4 . | 4 - M 4 - . ° M e - 4 -
vesdposelesedyorsiosedyscsiovsdpsossoesdyesisvondyosssosabysnssonebpsesvocelperssnesdyercs
’ AR AR : PR AR A SR A S 3

FATARAL AR AR AR AR A AR

s P 4 o1 1
- . 4 . - . 4 . 4 v 4 v - . e . 4 - e
105000 R0 000000 0000500000 000500 0050000000000 0000000000000 0000 etetslyssssessdpsrsieeety
v A A A A A - S A A A AR M- A T 9
vosdpssilesedyoriiositysvsionadprosivesdpesiivindyosiisebysniioseipsosivesdpresiaerdyeres
Govovovodbsssoseslprovorsalposvsvoslyosnssosebysvocovelproncovsbprsvevenlyorvsvoobpsveenell
7o H : : S S S A M SR M S
. s ’ : ;o 2 :
[ 2 coilisidyesitosidyeciions 2
s : P :
. s . N S .
- - H : - 2 :
Soeedy odyo vosbsssdpossioss Gposssose Z o
P dad 4 v : PR A a4 v H
’ ¢ . : : : H H e 2 : :
R L T O N Ty Ny RNy P Py P vrrs

10. Sketch the graph of the following function.
Y- 4sin(3x - ’:] + | for 2 cycles.

T L L L
FA A A A A A A A A A
1 - ? . 4 ‘ ? M H 4 H * H ’ M ¢ : H
Sovedpe Govebove Geoebese Hoosbosedpsessone Goestece Govebons 4

P 4 : AR A - A A A A S A A A
- - L T T S T S S S A T S T S T A
Govsiovodbrssivislpeaiivesdposiicsedyoniivaclpresioeslpuoiaeadypescsecdyessseselyrecioned
ooy srdponssoredprescovedpronsocsbpervovendyporcsvocdyrveroredprorsovodpneronerdyrres
¢ A A A A A A e A

SeveosodposebesodpesebecsdyoosbesedyseesosedpossessdpeeabocedyeosSosesdpesetosedposetosed
t 2 [ A A S T S AR S A T S A
brsndposilesidyorisosidpresiovadprosisesdperirvordyossresabyrvrrovefpsosvovelprorvnerdyeres
: : Po: i i P ;i oz i3 o3
: ” " P ——— — U ———
s . > : : 4 . H - 4 : : 4 N 4 . °
Srssdporileridyrriivsidyresioiidyroiioiidyperiiviidyrriivsedyrviiositysesioeripiriioeidyeres
¢ o AR A S S
Govocovodbroserssdproverssbyosesvoclyovosvosdpsoscovslproncsoobpooeseonbyosvovsobypsoossnel
L4t AR [ A PR [ .
Secedpor S oestooodposslosodpecelocepoosioos Sesodposodose SoveSocs@possSosedpeeds
Govorovolerssiveslprovivesbposvrvoelysvoiorebpservovelprosvrerbpesvrvecbyesvrvrebpsvevoved
¢ - A H - i H :
fesadpe Losstese Grosiasadpesitisidposiioasdyossions Gussiasadpesstosidyenss
il R NS TS T TV S TS S TS I T
“rbsissBes 000000 l0000s000lresiiesilisisiviitesesioiileititssiteiiiiviitiosdivieleiioned
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LEARNING GUIDE 13

Tangent Functions

Note: y = tanx
= there is no amplitude (a) or vertical displacement (d)

= there is only period which is referred as k, and ¢

_.
phase shift (c) 15 Period
- - — JT 2” - - !
= the periodis P = P NOT b as in Sin/Cos os
ﬁ . 0 etm——— . 4
=> asymptotes are important Period

2n In/2 " n/2 0 n/2 " n/2 2n

Asymptote

CHARACTERISTICS OF THE TANGENT FUNCTION & IT'S CONNECTION
TO SINE and COSINE

w

0 0 n n n n 2 | 3w | 5w | f | 7m | 5w | 4w | 3w | 7w | 5w | 11w | 24
6 4 3 2 3 4 6 6 4 3 2 4 3 6

sin@

cosO

tan@

Use the above information to graph y = tanf. (Note 0 and x are interchangeable)

Y

4

r
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The Tangent Function

EXAMPLE 1 - Graph y =tan 2x

a) state the domain and range b) find the value of:
i == iy -Z =
8 4

EXAMPLE 2 - Model a Problem Using the Tangent Function

A security camera scans a long a
fence. The camera is 9 m from the

fence and makes one complete F iy 1 1=
rotation every 40 s.

]
]
a) Determine the tangent function 9 "‘E
that represents distance, d and '
time, t. E .
b) What is the distance at t =6 s. é" Security Camera
uri

c) what happens whent =10 s.
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Equations & Graphs of Trig. Functions
EXAMPLE 1 - Modelling Real Situations

Tides are the periodic rise and fall of the water in

the oceans. We can use a sinusoidal curve as a
model for this periodic motion. The following
equation models the height, £, in metres, of the
water at time 7 , (after midnight):

Draw a sketch of this function on the axes below:

i
h= 3(,(»'2.4(( -45) +5

a) Estimate, to the nearest tenth of a metre, the depth
of the water at 2:45 pm

Hint: Change the minutes to decimals by
dividing the minutes by 60

b) Estimate, to the nearest minute, one of the times
when the water is 2.5 m deep on the day
represented by the equation.

Hint: Change the decimal to minutes by
multiplying the decimal part by 60
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TRY: - Model a Problem Using a Sinusoidal Function

The high and low tides for a small
fishing dock are as listed: low 10 at
3am, high 18 at 12:30pm, and low 10 at
10pm. A ship making a delivery needs a
water depth of 15 feet to get his boat
i to the dock.When is the earliest he
S will be able to deliver his goods?

Draw a sketch of this function on the axes below:
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EXAMPLE 2 - Model a Problem Using a Sinusoidal Function

A Ferris wheel has a radius of 20 m. It rotates once
every 40 seconds. Passengers get on at its lowest
point, which is 2 m above ground level. Suppose you
get on at its lowest point and the wheel starts to rotate.

a) Graph how your height above the ground varies
during the first cycle.

b) Write the equation that expresses your height as a
function of the elapsed time.

c) Estimate your height above the ground after 45 s.

d) Estimate the first time when your height is 35 m
above the ground.
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TRY: - Model a Problem Using a Sinusoidal Function

A Ferris Wheel that is 60 feet in diameter makes a revolution every
80 seconds. If the center of the wheel is 35 feet above the ground,
how long does it take for a rider (who starts his journey at the
bottom of the wheel) to reach a height of 50 feet?

Draw a sketch of this function on the axes below:

LG 13 Worksheet A (Applied Trig. Graphs)
1. Ata seaport, the depth of the water / in metres at time # = 1 hour during a certain day is given by this
formula:

2n
h=2.4Cos 12_4(t -5) +4.2

Assume that when ¢ = 0, it is midnight. Use DESMOS to determine how long after midnight (the first two
times) that the water is 5 m deep.
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2. Graph the following tangent functions.

t ! b) t 3
a) anzx ) an4x

3. A Ferris wheel with a radius of 10 m
rotates once every 60 s. Passengers get on
board at a point 2 m above the ground at
the bottom of the Ferris wheel. A sketch
for the first 150 s is shown.

Time

a) Write an equation to model the path of
a passenger on the Ferris wheel, where
the height is a function of time.

b) If Emily is at the bottom of the Ferris
wheel when it begins to move,
determine her height above the ground,
to the nearest tenth of a metre, when the
wheel has been in motion for 2.3 min.
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The height, h, in metres, above the ground
of a rider on a Ferris wheel after t seconds
can be modelled by the sine function

— in X (t —
h(t) = 12 sin 45(t 30) + 15.

a) Graph the function using graphing
technology.

b) Determine the maximum and minimum
heights of the rider above the ground.

¢) Determine the time required for
the Ferris wheel to complete one
revolution.

d) Determine the height of the rider above
the ground after 45 s.

The number of hours of daylight, L, in
Lethbridge, Alberta, may be modelled

by a sinusoidal function of time, t. The
longest day of the year is June 21, with
15.7 h of daylight, and the shortest day
is December 21, with 8.3 h of daylight.

a) Determine a sinusoidal function to
model this situation.

b) How many hours of daylight are there
on April 3?7

1. 2.57 hrs, 7.43 hrs
2.

N

3

a) h=—10cos

—t ey e ==

o g e ey g g gy g7~ | ¢ g s g g g g pny s iy
N

-4

™

30
time, in seconds, and h represents the height of a
passenger, in metres, above the ground

b) 15.1m

t + 12, where f represents the

30

v

4. a) '|'1=712Sih(11’.-“|5(K-?O)JOIS

P

L N

b) maximum height:
27 m, minimum
height: 3 m

=30 V=it

¢) 90s

365

d) approximately 25.4 m

5.2a) L=—3.7cos25(f+ 10) + 12

b) approximately 12.8 h of daylight
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PRE-CALCULUS 12

Seminar Notes
Learning Guides 14 - 15

TRIGONOMETRIC
IDENTITIES
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Re\'.\e‘NS' . .
implify the following:

2
l. aégl 2. ab—2l
cab a
a a
| a+
3.+ 4.% 5 2
b+
a d b
6. 44+¢ 7.g+é
b b b ¢
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3 Rules for S ith Tria. Identiti

a) .. . 1
I. Change Sin 10 s Csc to
S Example:
. : | 1
Cos to ¢ Sec to Secx + SinxCosx = — + sc
¢ c
- s . :
Tan to Cot to*
c s
2. Tidy-up - watch for cancelling Example: c
S -
S
3. Clear complex fractions Example:
Sinx - S
Tanx S/e
. . [ Example 1: ( Example 2:
4. Fraction Operation 1 1 ¢
+ -8
l+s 1-s K
. Example 1: Example 2:
5. Factoring A +2c+1 -1

6. Foil Example:
(l + s)(l - s)
Example:
7. Pythagorean Rules 24ct=1
8. OMG "I'm Stuck" Example:
Conjugate
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Proving Trigonometric Identities
EXAMPLE 1 - Using Algebra

3 Cot 0 ] Cos 0
1. Sin 0 Sec OCot 0 | = 1 Csc 0
2. Sec 6 = Tanf Csc 6
4. Sec 0 (1+Cos 0 = 1+ Sec 6 i Y
ec ( 0s ) ec 5 Sin (1+ ;‘05 0 L 14 Cot o
in

1+ Tan 0 1 = Tan 6
1+ Cot 0 Cot 6 - 1
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There are three more important basic
identities that are based on the Pythagorean

formula.
Pythagorean Identities:

Sin2 @+ Cos2 @ =
Sin2 @ =

Cos2@ =

7. 1 - Cos* 0 Cos* 6 Tan® 0

8. (Sec 0-1)(Sec 0+1)

1

Cot* 0
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EXAMPLE 4 - NON-PERMISSIBLE VALUES:
Determine the non-permissilbe values of x, in radians.

Sec x
Csc x S ——
Sinx+1
Solution:
) CSCX = 1 Sosinx =0
sin x ¢ UnitCirde %
/sinx=0isat 0 &
w non — permissible are: x=an,n < [

TRY : Determine the non-permissilbe values of x, in radians.

tan x

| -sinx
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EXAMPLE 5 - Proving Trig Identities using the

m
— e

Sin 0 T 1- Cos 6
1. 1+ Cos 6 Sin 6

TRY: Prove the following Trig, Identities

. SIN X
1. cosx(cscx +tanx) = cotx + sinx 2. cscx+cotx =
| -cosx
, . 5 . cse’ x—1 .
3. COS  x—=sin"x=1-2sIn" x 4. =COS X
CSC™ x
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TRY': Prove the following Trig, Identities

5. secx—tanxsinx = cotxsinx

6 cos® x —sin* x

e 2
Sin- X

=cotx -1
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a.

L

Q|-

D |-
o
O || @ |- € |

le_Iw | -

G || O | °|'—|‘?q|_

m|-—|0|0—

(]
w

%l
w
(=3
w |6

2c2s2

(c+s)?

(c+s)(c—s)

LG 14 Worksheet A (Trig Proofs)
1. Show that the LHS is equal to the RHS

C+s
Cs

im
cs

e

w6

w |6

O | —

O |»w

o\»

CS

c2 452 +2sc

2. Show the LHS = RHS (Hint: factor!)

c2-1

P c+l

242+l _ c+l

c2- el
cs+c? c
s+c

cs+s2 _ s
c4sc €
c+s 1
c2-s2 S
2_g2

c2-—s

—— =4
[

1 1

stc o

[ 1~ cs

s ¢

1

§+1 _l4s

[ B

s

st s

I 71
1

e el

141 c+l

s_l—

¢ _scl

s_"_l sc+1
c
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4. Show the LHS = RHS (Hint: add fractions!) 6. Write each fraction with a common denominator.

1 1 2c+1 (Scott O'Neill Rule)
a. —4— =
c  c+l c(c+1) . c s
: s "¢
b 11 __s
c c+s  clc+s) 1 1
b. TSR |
o L1 2
c+l o1 T (c+D)(c-1) 1 |
¢ c+s ' c-s
5. Show the LHS = RHS (Hint: complex & factor!) 1
d S I#c
S ’ < ' s
1+=
a _c_s
1+ € e £ s
S c+s T ¢
b c _ <
I, = Answer Key
c
1 ’ sc ' sc
c s 1—s2
c. —_——— = —
8§ € ca b c—1 c+l
’ (c+1(c=1) ' (c+D(c-1)
s
d C _S_ c c—Ss c+S
l_._S_ T ocHs ’ (c+s)c=s) = (c+s)(c—s)
c
d s2 12
11 ’ s(1) " s(l-c)
s C _ CS
- < T2
¢ c- . c2 c2-52
s ’ c(c+s) ' clc+s)
b £ =
C
S—
s
S
S+—
e ¢ _s
c+l c
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LG 14 Worksheet B (Trig Proofs)

For each of the following, write an algebraic proof.

1) Prove: cotxtanx =1

2) Prove: cscxcosx =cotx

3) Prove: = = cosx
tan x

1
4) Prove: =secx
cotxcosxtanx

ﬁdentmes will always

have the following two
properties:

1) If you graph the left
and right sides, you
will obtain exactly the
same graph.

2) If you plug in the
same angle for x on
both sides, you will
obtain exactly the
same number.

N T AR G
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5) Prove: tux sin x 6) Prove: b

= =sinx
cscx  COSX sec x
2
cos’x _ . SeC X CSC X
7) Prove: =sinxcosx 8) Prove: —————~=sec’x
cot x cot x
2
SeC X CSC X tan® xcosx 1 .
9) Prove: ———— =tanx 10) Prove: ————— =—sin’ x
csc’ x 2secx 2
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Questions: For each of the following, write an algebraic proof.

) 1-sinxcosx ) ) sin x cos x +sin® x
1) secx—sinx=—"-"""= 2) sinx+tanxsinx =

cosx cos X
. 3 =3
sin x +CoS™ X cosx—sin” x
3) sec’x+cotx=? 4) csc’x—tanx=—7———
cos” xsinx sin® xcosx
cosx —sinx l-sinx
8) cscx-secx =——- 6) secx—tanx=
sin x cos x cos x
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cos’ x +sin x cosx+sin’ x

7) cosx+tanx = 8) cotx+sinx=

cOSX sin x
cosx +sinx 1+sinx
9) 1+tanx = ———— 10) cscx+1=-———
cOSX sin x

311



Ques tions: Use the special identities fo do each of the following proofs.

1) secx—tanxsinx =cosx 2) cosx+tanxsinx = secx
3) tanx+cotx=secxcscx 4) 1+tan’ x=sec’ x
5) secx—cosx = tan xsin x 6) sin x+cotxcosx = cscx
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7) sec’ x—1=sin’ xsec’ x 8) 1-csc’ x=~cot’ x

9) cscx—sinx =cosxcotx 10) 1-sec’ x=~tan’ x

313



Questions: Prove each of the following:

secx .
l) —eee =z 81N X
cotx+tan x
COSX—CSCXx
3) 22X cotx

sin x —sec x

5) tan x —sin x _1-cosx
tan xsin x sin x

2) sinx+tanx .

tan x
cosx+1
4 sinx+cosx .
) ——————==sinxcosx
secx+Ccscx
1+cosx
6) —————=cotx
tan x +sin x
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7) 1+tan’x_m, 8) S S

B x
1+cot? x sec’x ocsc’x
1 +tan cosXx cosX
) X —tanx 10) + =2cot’x
l1+cotx secx—1 secx+1
tan x sinx sinx sin’x
11) - 12) + =2tan’ x

l+tanx sSinx+cosx l-sinx l4sinx
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1) X . 3sin xcoSx

1+tan® x

1
2 - =sin’x
) 1+cot? x

3) sec? x—cos” x—sin’ x =tan’ x

‘4) (sinx+cosx)” +(sin x—cosx)’ =2

5) (1+sinx)’ +cos’ x = 2(1+sinx)

6) sin® x—cos* x = 2sin” x~1
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Prove each of the following idenfities:

cosx l+sinx 1 l+sinx l-cosx sin x l-sinx cosx
1) ——= 2) ——=—F—- 3)—= 4) =—
l-sinx cosx l-sinx cos'x sinx l1+cosx cosx l+sinx
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Double-Angle Identities

sin 2A = cos 2A =

tan 2A =

Double-Angle sin2A=2sinAcosA

Identities
EXAMPLE 1 - Simplify expressions

cos2A = cos’ A-sin’ A

' B =2cos’A-1
using Identities —1-2sin’ A
2tanA
. . l-cos2x tan2A4 = ———
Consider the expression R 1-tan® A
SIn 2x

a) What are the permissible values for the expression?

b) Simplify the expression to one of the three primary trigonometric
functions.

sin2x

. Consider the expression ———
TRY P cos2x+1

a) What are the permissible values for the expression?

b) Simplify the expression to one of the three primary trigonometric
functions.
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EXAMPLE 2 - Prove an Identity Using Double-Angle Identities

1. l—.cos2x 1 tan x
sin2x

COS2Xx —COSX
—_— = cotx—cscx

g

sin2x +sinx
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TRY: Prove the following identity

sin2x
cos2x+1

. sin’xcosx+cos’ x

2sinx+1

Sin2x —Ccosx

4sin’ x -1
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LEARNING GUIDE 15

Part 2

Sum and Difference Identities
sin(A+ B)=sin Acos B + cosAsin B

sin(A - B) =sin Acos B - cosAsin B
N— _

cos(A+ B)=cosAcos B-sinAsin B

cos(A-B)=cosAcosB+sinAsinB
N— __—

tan(A + B) = tan A +tan B
l-tanAtan B
tan(A - B) = tan A —-tan B
l+tanAtan B
TOpiC 2 Sum & Difference sin(A + B) = sin Acos B + cosAsin B
Identities sin(A - B) =sin Acos B - cosAsin B
EXAMPLE 1 - Simplify and determine | cos(+B)=cosAcosB-sin AsinB
the exact value fOl': cos(A - B)=cos Acos B +sin Asin B
tan(A + B) = tanA+tan B [
a) cos 50° cos 10° - sin 50° sin10 1-tan AtanB
tan(A - B) = tanA-tan B
l+tan Atan B
. Sm 7 St . ow
b) SiIn—— COS— + COS—— SIn—
12 12 12 12
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EXAMPLE 1b - Simplify and determine the exact value for:

tan 70° + tan 80°
1 —tan70°tan80°

C

d) cos80°cos40° -sin80°sin40°

TRY:

sin(A + B) = sin Acos B + cosAsin B
sin(A - B) =sin Acos B - cosAsin B

cos(A+B)=cosAcosB -sin Asin B
cos(A - B)=cos Acos B +sin Asin B

tanA+tanB
l-tanAtanB
tan(A—B)-M
l+tan Atan B

tan(A+B)=

E

1. Simplify and then give an exact value for the expression.

JT JT .. T
C()S;C()S—-i—h‘ln—h‘ln—

12

2. Simplify the expression to a single primary trigonometric function.

SIN2XCOSX —COS2xSInx
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. oy sin(A + B) =sin Acos B + cosAsin B
Sum & Difference Identities sia(A~3)=sin AcceB—coatsinB
EXAMPLE 2 - Determine Exact -
COS(A + B)=cos Acos B -sin Asin B
Trigonometric Values for angles cOS(A - B) = cos Acos B +sin Asin B
tan(A + B) = tanA+tan B L
|-tanAtanB
tan(A - B) = tanA-tanB
l+tanAtan B
a) sin 15° b) cos 105° c)tan 195°

EXAMPLE 2b - Determine Exact Trigonometric
Values for angles

d) sin 7~ e
) % e) cos p

TRY: Find the Exact value using Sum/Difference
Identities.

; | 1
1. Sin75° 2. Cos ™" 3. tan ——

12 12
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EXAMPLE 3 - Use the appropriate formula to simplify the
following:

a) Cos 309 Cos O+ Sin 30Sin 6=

b) Cos 7x Cos 2x — Sin 7x Sin 2x =

EXAMPLE 4 - You can also use the Sum & Difference
Identities to expand and simplify:

Sin (E - 6) =
2

EXAMPLE 4b - You can also use these identities in proofs.
Prove the following:

Sin 6

1L

1. Cos (E - 9)
2
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TRY: Prove the following identity:

Sin6

U

12.  Sin (7 - 6)

EXAMPLE 5 - Sometimes you can combine the techniques
you learned in the last section to simplify an expression:

4
Given Sin 0 = 5 » Where 6 is in Quadrant II,
evaluate the expression

Sin (9 + ”) -
6
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-5
. Given CosO = —, where 0 is in Quadrant 111,
TRY: 3 Q

. T
evaluate the expression C()S(E - 9) =
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LG 14 Worksheet C (Trig Proofs)

Find the exact value by expanding each of the following:

1) sin(45° + 60°) 5) S"‘(%"%)

2) cos‘(4f'->° - 30° 6) sin(%-;—%)

8) cos(£+£J
\ 2 3
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For each of the following, express as a single trigonometric expression and solve using the
unit circle.

1) cos60° cos1§" +sin 60 sin15° 2) cos %—sin r

R O O I C MO MG

328



Find the exact value of each of the following:
Note that there are multiple ways of getting to the correct answer.

1) cos(-15°) 2) gin(105°) 4) sin(->2)
Prove each of the following:
1) 005(37”— x) =—sinx. 5) sin(g——x) -

3) cos(§+x) = —sinx

4)cos(z—-x)=
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sinx = —% (Quadrant III)

»

tany=> (Quadrant )

Secx =;;- (Quadrant I)

»

coty=—% (Quadrant IT)
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In the following examples, the double-angle idenfities will be used in complefing proofs.

1) cos2x+cosx =(2cosx—1)(cosx+1) 2) 2cos2x—sinx+1=—(4sinx—3)(sinx+1)

3) cos2x=2cos® x~-1 4) cos2x=1-2sin’ x
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5) M=cbtx 6) 2 ec’x
sin2x 1+cos2x
7) sin2x =2sinxcosx 8) 008 2x —1+ 2sin x = 2sin x(1—sin x)
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EXAMPLE 3 - Express as a Single Trigonometric function.

a) 45in60°Cos60° b) 4 - 8sin” 4x

TRY: - Express as a Single Trigonometric function.

a) 8cos’2x -4 b) sin3xcos3x
TRY:
1. sin®x + cos?x 2. cos?x — sin®x
3. 10sinxcosx 4. 8sinxcosx
5. 2sin3xcos3x 6. 10sin5xcos5x
7. 2 — 4sin?5x 8. 6cos%4x — 3

1.1 2.cos2x 3. 5sin2x 4. 4sin2x 5. sinbx 6. 5sin10x 7. 2cos10x 8. 3cos8x
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Seminar Notes
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TRIGONOMETRIC
EQUATIONS



LEARNING GUIDE 16

Solving by Graphing Calculator

EXAMPLE 1 - Using your graphing calculator solve the
Sin x = 045

* Write an expression that represents all the roots of the
equation Sin x = 0.45

v,

Finding Exact Value Solutions

EXAMPLE 1 - Find the Exact and General Solutions

Remember
CAST Rule

: -1
e Solve the equation: Cos x= £y forO<x <2m
(Give exact solutions)

1. Looking at the sign of the original

equation and then draw the reference m
angle in the appropriate quadrants. To determine 9

2. Ignore the negative sign if O=x-RA| 9 =RA
present.

3. Find the reference angle (RA) by
using your a) calculator b) unit
circle or, in this case, ¢) special

triangles.
riangles What are the general

4. Determine the angles in standard solutions for this equation?
position ( 13 ) These are your solutions
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EXAMPLE 2 - Find the exact value solution for the following
equation over the domain 0° <6 <360°

TRY:

: -1
* Solve the equation: Tan x=— forO<x <2m
(Give exact solutions) A

TRY: Solve: Secx = \/2 forO0<x <2m
" (Give exact solutions)

Hint: rewrite the equation in terms of Cos x first
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Let’s Practice Isolating sinx =, cosx =, tanx =

Find the exact value of Aif 0 <A< 2m

a. 2SinA+1=0 b. /3 +2SinA=0

c. 2TanA=2 d. 4SinA+2=2SinA+1

3. Solve to 2 decimal places, if 0 £ x < 2n

a. 3Sinx+2=0 b. 5Cosx—4=0

c. 4Tanx+1=2Tanx+5

4. Why do the equations of SinA = 2 and CosA = -3 have no solutions,
and TanA = 4 have solutions?
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EXAMPLE 3 e Solve4Sin’x=1for0<x<2m
(Give exact solutions)

Hint: solve using square root method

EXAMPLE 4 ¢ Solve 2Sin?x —5Sinx-3=0for0 <x <2xn
(Give exact solutions)

Hint: solve quadratic equation

Write the general solution
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EXAMPLE 5 « Solve Cos?x —Cosx=0for0 <x <27
(Give exact solutions)

Hint: factor out Cos x first

Write the general solution

Finding Solutions to the Nearest Hundredth
EXAMPLE 1 - Solve each equation for given domain 0 <8 <2x

Give solutions to the nearest hundredth.
Beware of
SOREE

(o]
a) sinx = b) cosx = -0.625 c¢) 4cos’x—7cosx =2

L | =

LG 16 Worksheet A (Trig Equations)

1. Find the exact value of A if 0 < A <360°

1
a. SinA=§ b. SecA=-2 c. CotA=-1
d. TanA=4/3 e. CosA=0 f. SinA=0
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2. Find the exactvalue of Aif0<A<2n

-1
a. CosA=> b. CscA=-2 c. CotA=1

d. SecA=1 e. CscA=-2 f. TanA=0

3. Find Ato 1 decimal place if 0 < A <360°

a. CosA=-0.7819 b. CscA =-2.3451

c. SecA=6.5789 d. CotA =0.2134

4. Find A to 2 decimal placesif 0 <A< 2n

a. TanA=0.6781 b. SecA =-2.4567

c. CscA=8 d. CotA =-0.9145
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5.Find the exact value of Aif 0 < A < 360°

1

a. Sin2A=1 b. C052A=Z
a1 2

c. Tan A=§ d. SeccA =2

4 1

2p == 27 = =

e. Csc4A 3 f. Cot<4A 3

6. Find the exactvalueof Aif0<A<2n

4

a. CscZA=4 b. Sec2A=§

2 2 1

c. CotcA=1 d. Cos A=2
) 3 2

e. Sin A=Z f. TantA =3
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7. Solve each of the following equations algebraically for x, 0 < x < 2n. Give exact values where
possible (otherwise to 2 dec. places). Also, solve over the set of real numbers (give the general

solution).
a) cos?x —cosx —2 =10 b) sin*x —4sinx+3 =0
¢) 2cos?x —cosx = 1 d) 2sin’x + 3sinx = 2
e) 6cos’x = cosx + 1 f) tan?x + 3tanx = —2
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1. a 30°150° b. 120°,240° c. 135°315°

3. a 1414°,2186° b. 2052°,3348°
d. 60°,240° e 90°,270° £ 0°,180°
c. 813°,2787° d. 780°,2580°
5 g = 4n p, X Ix o I Sm
' 3°3 44 44 4. a 060,374 b. 199,429
T llx
d 0 e. 5+ L Om c. 013,302 d. 231,545
5. a 90°,270° b. 60°,120°
240°, 300°
6 n 5x 7n ll=x p & 3% Tm llm
c. 30°,150° d. 45°,135° - 2 5666 6'6°'6° 6
210°, 330° 25°,315° n 3 5n Tn g & 31 5un
C 3147 *3°'4°'4°'%
e. 60°,120 f. 60°,120 x 21 4n Sx . m 2x dn Sm
240°, 300° 240°, 300° €& 3:3:3°3 3:'3°'3°'3
T 2w 4w
7. a) m(4+2nn, nel) b) E(+21tn,nel) ©)) O,?,? (+27mn, nel)

m 5w m 5w 3t 7t
d) g,? (+2mn, nel) e) 191, 4.37,;,? (+2nn,nel) o) 2.03,5.18,7,7 (+2mn, nel)

Solving Equations with Specific Domains
Watch Qut!!

* Be sure to carefully read the question and
what it is asking you to answer from.

EXAMPLE 1.-Sin x=0 for O0sx<2x

EXAMPLE 2. - Sin x=0 for 0sx=<2n
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EXAMPLE 3 - Solve the following equation in the specific domain.

1
cosx = —— for -m=sx<m

V2

TRY: Determine the exact roots for each trigonometric
" equation in the specific domain.

a) sin8=%, -180° < 8 < 360° b) \/3sec6+2=0, -T<0<37

vV

Solving Equations With an Identity Substitution

EXAMPLE 1 - Solve the equation cos?2x = cot x sin x
algebraically in the domain 0° =< x < 360°.

. ., 1
TRY: Solve the equation sin” x = Etanx COS X

algebraically over the domain 0° <x < 360°.
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EXAMPLE 2 - Algebraically solve 2 sinx=7 -3 cscx,
and then give general solutions in radians.

TRY: Algebraically solve 3 cos x + 2 = 5 sec x , and then give
' general solutions in radians.

Solve by Factoring

EXAMPLE 1 - Solve exactly: 2SinxTanx - Tanx =0 for 0sx<2n
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EXAMPLE 2 - Solve the equation sin 2x = V2 cos x algebraically, and
then give the general solution expressed in radians.

TRY: Algebraically solve cos 2x = cos x.
Give general solutions expressed in radians.
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LG 16 Worksheet B (Trig Equations)

1. Solve the equation to the right over each of the given domains: 2sin?x —sinx —1 =10

a) 0<x<2m b) mn<x<2m

©) 0sx<> d)

E
IA
S
AN

|

S SXS f) —m<x<0

2. Solve each of the following equations algebraically for x, 0 < x < 2n. Give exact values where
possible (otherwise to 2 dec. places).

a) 2sinxtanx —tanx =0 b) tanx — 2cosxtanx = 0

c) cosxtanx — 3tanx =0 d) 3costanx —tanx =0

e) tan’x = tanx + 2 f) sec?x — 2secx =3
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3. Use identities to solve each of the following equations algebraically for x, 0 < x < 2. Give exact
values where possible (otherwise to 2 dec. places).

a) sin2x —sinx =0 b) cosx —sin2x =0

C) cosx = cos2x d) sinx —cos2x =0

7 11 7 11 . 7 7 11 -5 -
1.a) -,==,— b) =,—=  ¢) nosolution d) =,—= e -,=—,—= f) —,=
2°6 6 6 6 2° 6 2°6 6 6 6
5 5 3T 7
2.3) 0,m%,>>  b)OmI, T 0m d)0m123505 e€) 111,425, f) 123505
T 51 w 3r 7m 11w 2w 4w 3m ™ 51
Babmey By 90Ty DT

348



EXAMPLE 1

Solving Multiple Angles
Solve Sin2x=--; over[0,2m]

Let’s look at it visually first.

1

T 2n
-1
EXAMPLE 2 solve cO53x=—73
You Try:
oy — L
a) Solve S/nZX—ﬁ over [0, 2m ]
c) cos2x:—i,

V2

a) if the domainis 0<x<2rx

Now algebraically.

over [0, 2mt ].

b) Solve Cos3x=0 over [0, 2mt].

b) if the domainis — 7z <x<r
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PRE-CALCULUS 12

Review Questions
for
Final Exam

***SEE YOUR TEACHER FOR ANSWER KEY
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Learning Guides 1/2:

1.

If (-3,-1) is a point on the graph of y = f(x), find a point on the graph of each of the following:

a)

b)

d)

y=f(=x)

y=-f(x)

y==f(-x)

y+4=f(x+1)

x = f(y) and give three other ways this question could have been asked

If (c, d) is a point on the graph of y = f(x), find a point on the graph of each of the following:

a)

b)

c)

d)

e)

y=3f(x)-4

y=f(=3x)-1

y=4f6x+12)-7

y=-2f(8-4x)-6

y—4=-3f2x-10)

2y+6= f(8-8x)
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Iff(x) f(x)=5x>-6x%+2 find the equation of each of the following:
a) y=-f(x)

b) thereflection of f(x) in the y-axis

¢ y=f(3x)

Given y= f(x) find y=f 'l(x) (or x = f(y),or the reflection in the line y = x or the inverse):

a) f(x)=% b) f(x)=3x-1+2 0 f(x)=3x+2)>-4

Describe how the graph of y =-2 f(4x-12) -5 is related to the graph of y = f(x).

Given the graph of y = f(x) below sketch each of the following graphs:

a) y=f'1(x) b) y+2=f(x+3) c) y=-3fQx-4)+5 d) y+1=-2f(4-x
| A | A | A | A
\ v = hix) y =h(x) 'y =h(x) v =h{x)
4.3) .3 @3 3
/
\ / \ / \ / \ /
(-1,0) 2,0/ > < 1.0\ 2,0/ > < (-1,0) 2,0/ / > < (1,0 2,0/ >
\L/ \‘ / \l / A\l /
0,3) ©,3) ©,3) 0,-3)
y \ 4 y y
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7. I f(x)= x2 +1 find the equation of the transformed curve y=3f(x-1)-4.

8. If the domain of y = f(x) is x <-3 and the range is y > 5 find the domain and range of
y=3f(x+4).

9. The graph of y = f(x) has been transformed to the graph of y = g(x). Write the equation for the
graph of g(x)in terms of f(x).

A
L~

10. The x-intercepts of the graph of y = f(x) are (-4, 0) & (6, 0) and the y-intercept is (0, -8). If
h(x) =-3f(2x), determine the x & y-intercepts of Ai(x).
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11. a) If f(x)=4x-2,findis f'(8).

b) If (10, 8)is on the graph of y = f(x), what point must be on the graph of each of the following:

) y=f"(x+2)

ii) y=2f"'(x)+3

i) y=—f"1(-x)+1

12. Given the graph of y = f(x), restrict its domain so that y = f ~!(x) is a function.
A

4,6)

nY

-0t

13. If the following points lie on the graph of y = f(x), which are invariant points for is y = f(x) and
y=®? @3 2,-2) 5,5 9,9 9,-9)
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Learning Guide 3

1.

Match each function to its corresponding graph.

a) glx) = —x* + 10x* + 5x — 4
b) f(x) =x"+x* —5x+3
¢ plx) =-2x"+5x' — x

d) h(x) = x* + 4x% — x* — 16x — 12

A

121y \ 5ty J
A %
-10 A \ ! 10
A\ \
i X
=40 Bt i » -30
C 2%y 20ty
/ X,
-5 @2 5
/\\ / |
-5 NV 5
» =4 » -10
2.

a) x-intercept(s)

b) y-intercept(s)

function is positive

d) end behaviour of the graph e) the interval(s) where the

For the function y = (x -1)(x + 3)(x - 4) determine each of the following:

¢) the degree

f) the interval(s) where the
function is negative
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3. Use synthetic division to determine the remainder for x3 + 7x2 + 3x + 4 =+ x + 2.

4. Use the remainder theorem to determine the remainder when P(x) = x3 — 10x + 6
is divided by x + 4.

5. Determine the value of k if the remainder is 3 for (kx3 + 3x + 1) = (x + 2).

6a)

For what value of k will the polynomial 2x* —8x% + kx - 20 have a remainder of 49 when it is divided
by x-3.

6b)

Determine the value of k so that x + 3 is a factor of x° + 4x> —2kx + 3.

7.

Determine which of the following binomials are factors of the polynomial
P(x) = x* + 2x* — 5x — 6.
x—1,x+1,x—-2,x+2,x—3,x+3,x—6,x+6
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8.

Factor 3x° +2x> - 7x+2 fully. You must show your synthetic or long division to receive full marks.

9. Factor fully x3 —4x? — 11x + 30.

10a) Determine the equation of the function shown on the graph below.

(0! _4)

10b)
Use the graph of the given polynomial function to write its equation.

‘MQAUO\IQQE

0-9-8-76-5-4

r

34567891
X

bbb NSO ALLS
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11. Determine the equation of the function that the zeros are -2, -1, and 3 (multiplicity 2)
and passes through the point (2, 24).

12.

The zeros of a quartic function are 1, -2, and -4 (multiplicity 2). Determine the equation of the
function that has these zeros and passes through the point (-3, 20)

13.

If the function /(x) results from performing the following transformations on f(x)= x>, find the
equation for h(x):

vertically stretched (EXPANDED) by a factor of 4,

reflected in the y-axis,

translated 8 units right,

4 units down.

14.

For the polynomial graphed below, determine its least possible degree and the sign of the leading
coefficient.

—‘N(DDU!O')\IOCDE

0-9-8-7-6-5H#- 2\3 4567891

X
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Learning Guide 4/5

1. Solve for x:

1 2x-3
a) 162.1'—1 =43.‘(’+5 b) (5) = 813I+1

2. Bacteria, with an initial population of 200, grows to 6400 in 12 hours. What is the doubling period
of this bacterium?

3. A 160 g sample of material decays to 8 g in 22 minutes. What is the half-life of this material? Solve
algebraically using logarithms. Give your answer accurate to 3 decimal places.

P
4 a) Write k=m? inlogarithmic form

b) Write x =log, b in exponential form
¢) Write an equivalent expression for log, 7 in base 6.
d) Solve for x:

i) log,x=2 ii) log, 64=2 iii) log 527 =x
3

iv) 52 —6(5)*+5=0 v) 2¥+2¥3=18
359



5.  Write the following expression as a single logarithm: %logB -3logC - %logD +5SlogE

6. Solve for x exactly:
a) 4 = 62-X b) 5.‘(1’1 = 821-3

7.  Solve for x:
a) log;(x-6)+logzx=3 b) logs(l-x)+logs(-x)=1logs6

¢) 2logy(x+1)-log,(3-x)=1
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8. Given the function g(x)=2(3)**> -4, find the:

a) y-intercept b) equation of the ¢) domain & range
horizontal asymptote

9. a) If x=log3and y=Ilog2,find an expression for log 36.

b) If x=log, 3, find an expression for log, 84/3 in terms of x.

¢) If x=log,35, find an expression for log, 425° in terms of x.

10. How much more powerful is an earthquake that measures 8.9 on the Richter Scale compared to one
that measures 7.6?

11. A 200 g sample of radioactive polonium-210 has a half-life of 138 days.
a) Determine an equation to model this situation of the mass of polonium that remains
after t days.

b) Determine the mass that remains after 5 years?

c) How long will it take for this 200 g sample to decay to 12.5 g?
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12.

Find the inverse of each of the following:

a) y=logs(x-2) b) y=5%*

13. a) Write the following expression in terms of the individual logarithms of m, x, y and z.
5.2
x’y
log
5 m3 ’\/Z
b) Write the following as a single logarithm in simplest form. 2logx + 3log Vx - log x> State any
restrictions.
14. Simplify:
a) log , b b) log,c* ¢ log, k*\k
15. a) Evaluate: log,(logsV5)

b) Solve for x. log, (log3 27 ) =

| —
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Learning Guide 6

1. Find the sum of the geometric series.

a)S;, of 4+8+16+32+ - b) S of 1—6+36 —216 + -

C)£+_+_+_+_+375 d) So=__ given t, =1 and t5=;_;

2. A geometric series has a sum of 1365. Each term increases by a factor of 4. If there are 6 terms,
find the value of the first term.

3. Rewrite each series as a sum.

a) b)
6
> 5 .
— 5™ Z k+1
m=1 k=4
4. Evaluate each series.
a) b)
5 7 5
- -2

5. Rewrite each series using sigma notation.
a) 4+ 2+ 145+ +7 b) 0+3+6+9

1 2 3 4 5 1 1
C)E+§+Z+E+E d)g+§+1—
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Learning Guide 7/8

If f(x) = ﬁ

its domain and range.

and g(x) = \/x determine the equation of the combined function (f + g)(x) and state

2.
Given g(x) = ! and h(x) = 2; determine the equation of the combined function
(x+4) ( 2 _ 16)
f(x)= % and state its domain and range.
x
3.

1 1
Given the functions f(x)=— and g(x) = —1) determine the equation of the function (hx) = ( fg )(x),

x (x+

and state the domain and range.

4,

Given the functions /(x)=x*+x-6 and f(x)=2x+6 determine the equation of the function

g(x)= (%)(x) and state the domain and range of g(x).
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5.
Given f(x)= x? and g(x) = x +1 find each of the following:

9 (-9 b (D) o (o) @ i) o (s

6.

If f(x)= =2 and g(x) = -/x determine y = f (g(x)) and state the domain and range of y.
x

7.
If f(x)= 2x? and g(x) = 4x determine the following and state any restrictions:

a) g(f(-2)) b) (fe8)(*) ©) &(f(x))

8.
For each of the following pairs of functions determine g( f (x)) and state its domain and range.

a) f(x)=3-x and g(x)=|x+3| b) f(x)=x4 and g(x)=w/;
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9.
The graphs of two functions is shown below. Which of the following statements are true for x € R?

INRXoN® O

09 -8-76-5-4-

12345678291
X

b USE ALl

a) g(x)- f(x)<0 b) % S1x>2 0 f(x)<gl) d) g+ f(x)<0

Learning Guide 10/11

1. a) Convert 140° to radians exactly

b) Convert Z—g to degrees exactly

¢) Find one positive and one negative co-terminal angle for 871 and its reference angle.

d) Write an expression for all of the angles co-terminal with % .

e) Find all angles 6 co-terminal with _16m , dntsO<m.
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Find the exact value of each of the following:

-S5% b) tan630° 0 csc X

a) 6 3

Find the exact value of each of the following:

a) tan’ (_5—1) b) sec’ (B)
4 6

c) cot® (7—3) d 4 sir( 4—“) +6 sec(3—“)
2 3 4

a) if sinA= %, 0 s A <2n find the exact value(s) of sec A.

b) if cosA= %1 and angle A is in QII, find the exact value(s) of csc A.

c¢) ifsinA= -Il and TanA >0 find the exact value(s) of cot A.

d) if cscA=-5 and ? sA< %, find the exact value(s) of tanA.

A circle has a radius of 25 m. If a sector has an arc length of 60 m find the sector angle to the
nearest tenth of a radian.
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Learning Guide 12/13

1. Ify= —6cos(3x - %)-5, find the :

a) amplitude

b) period, in radians and degrees

¢) vertical displacement

d) phase shift

e) domain and range

f)  the maximum and minimum values
2. If y=tanx, -2n s A <2x, find the:

a) period, in radians and degrees

b) y-intercept

c)  Xx-intercepts

d) equation of one asymptote

e) domain and range
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3. Give the equation of a sine curve with amplitude of 3, period of 6, vertical displacement of 8 and
phase shift of 27"‘ to the left.

4. Given the sinusoidal curve graphed below, write its equation in the form y = asinb(x -¢)+ d and
y=acosb(x-c)+d.

A

\

2\, J/ ln

A4

5. Graph y = 2sin (gx - g) — 1 for two cycles.
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6.

minimum point of (10, - 6).

Find a function in the form y = AsinB(x - C) + D if it has a maximum point of (2, 6) and the closest

7.

A Ferris wheel has a radius of 30 m and its center is 34 m above the ground. It rotates once every 80
seconds. Repete gets on the Ferris wheel at its lowest point and then the wheel begins to rotate.

a)

b)

Determine a sinusoidal equation that gives Repete’s height, h, above the ground as a function
of the elapsed time, t, where h is in meters and t is in seconds

Determine the first time t, in seconds, when Repete will be 48 m above the ground

8. Graph y= 25in(3x - %) -1 for two cycles.
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Learning Guide 14/15

1. Write as a single trigonometric function:

a) 6sin20°cos20° b) 1-2cos’ %

c¢) 12sin2xcos2x d) cos? 57:“ ~sin? 5:7

e) sin20xcos20x f) 8cos’Sx-4

g) 6-12cos’6x h) 5-10sin10x

i tan2x —-tan6x i) 2tanl0
1+tan2xtan6x 1-tan10

K) sinx +tanx ) 2-2sin’ A

1+cosx cos2A -1

2. If angles A and B are both in the second quadrant and sinA = % and cosB = g find the exact value

of each of the following:
a) sin(A-B) b) cos(A+B)
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2. If angles A and B are both in the second quadrant and sinA = % and cosB = g find the exact value
of each of the following:
c) sin2A d) cos2A

3. Find the exact value of each of the following:

a) cosl05° b) sin7—JT

4. Prove each of the following identities:

sin2A 1
a. D —— = R
1+ cos2A cotA
b) cscx+1 . cotx
cot x cscx—1
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4. Prove each of the following identities:

1-cos2x 2
c) . 3 2
1-sin” x cot” x

Learning Guide 16

Solve each of the following equations, 0°s x < 360° and give the general solution:

a) /3+2cosx=0 b) 3cscx-6=0

2.

Solve each of the following equations, 0 s x <2 and give the general solution:

a) cos’x-3cosx+2=0 b) tan®x =tanx+2
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3.

Solve over the real numbers. Give exact values wherever possible:

a) cos’A-5cosA+1=0 b) cot’x+4cotx-5=0
¢) 6sin‘x+sinx=1 d) tanx-3tanxsinx =0
e) 2sin® x —sinx =1 f) sin2x+cosx=0

g) 2sinx=7-3cscx

Solve 2sin® x - sinx =1 exactly over each of the following domains:

a) msx<2t b) Osx<§ ¢ -nsx<0

Solve sinx -cos2x =0, 0 s x <2x and also give the general solution.
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