Calculus AB package #2 Feb/2009

1.

Name:

&
Piecewise functions explained by example =
Xx+2 for —5<x<-1 5
2 —1<x<
F(x) = X for —1<x<2
5 for 2<Xx<5 x#4
X
1 for X=4 ! - : -
E K] £
4= (4= lim f(x)= 54
f(1)= f'(1) = " '
1) 1) lim f(x)=
f(3)= f'(3)= x—2"
f(8)= /@)= | mf00= sl
2
Find the range of the piecewise function defined by f(x)= (x=17, x<1
2x-3, x>1
A. { all real numbers } B. {y>-1} {y=-1}
D. {y=1} E. {y>0}
. X+3 where x<0 .
Given f(x)= then lim f(x)=
X—3 where x>0 X—0"
A. -3 B. 0 C. 1 D. E. does not exist
) X+3 where x<0
Given f(x)= then lim f(x)=
X—3 where x>0 x—>0*
A -3 B. 0 C. 1 D. E. does not exist
i X+3 where x<0 .
Given f(x)= then lim f(x)=
X—3 where x>0 x>0
A. -3 B. 0 C. 1 D. E. does not exist
X+3 where x<0
Given f(x)= then lim f(x)=
Xx—3 where x>0 x-1
A -2 B. -1 C. 0 D. E. does not exist




10.

11.

12.

13.

14.

15.

16.

Given

A. -3

Given

X+3 where x<0 .
f(x)= then lim f(x)=
x—3 where x>0 x—>-2
B. 0 C. 1 D.
2
F(x) = X* where x#2 then f(2)=
2 where x=2
B. 1 C. 2 D.
2
Fxy=d X Where X#=2 o lim f(x)=
2 where x=2 x—2"
B. 1 C. 2 D.
2 wh 2
foo=4 © WIETE XF L hen tim f(x) =
2 where x=2 x-2*
B. 1 C. 2 D.
2
Fxy=d X Where X#=2 e im f (0 =
2 where x=2 X2
B. 1 C. 2 D.
F(x)= e where x<1 then f(1)=
Inx where x>1
B. 1 C. 2 D.
X h 1
foo=4 5 WXL then dim f(x)=
Inx where x>1 X1
B. 1 C. 2 D.
foxy=d & Where X<I o lim f(x0) =
Inx where x>1 x—>1*

B. 1 C. 2 D.
foxy=d & Where X<I o tim f (0=
Inx where x>1 x-1

B. 1 C. 2 D.
241 h 2

fo=d T WIRIE XSS hen tim f(x)=
4 where x>2 x—2"
B. 2 C. 4 D.

5

. does not exist

does not exist

does not exist

does not exist

does not exist

does not exist

does not exist

does not exist

does not exist

does not exist



17.

18.

19.

20.

21.

22.

23.

x*+4 where x<0
3—x where x>0
A1 B. 3 C. 4 D. 8 E. does not exist

Find f(2) for f(x)={

is differentiable for

4 where x<2
f()=1 ,
x* where x=>2

A. x<2 B. x=#2 C. x>2 D. x>2 E. all real numbers

2x*P—x*  for x<2

Consider the function f(x)={ Find lim f(x) =

g2 for x>2
A0 B. 1 C. 2 D. 8 E. does not exist
1 if x<-2
If f(x)=4 x>—4 if —2<x<2 the range of f is
X if x>2
A y>2-4 B. y>1
C. y=1ory=>2 D. —4<y<0ory=1o0ry=2

E. all real numbers

(x=1)* for x<2

The range of the piecewise function defined by f(x)=
2x-3 for x>2

A. all real numbers B. y>1 C. y<1
D. y=#1 E. y20
Y
. . . L ---q/
Referring to the following figure showing '
the graph of y= f(x), lim f(x)= !
e Lifan=
| i
1
X
A. B. C. + D. E.
L, L, L, 2L2 L, +L, does not exist
x* —
The graph of f(x)= has a
A. holeat x=1 B. holeat x=-1 C. value f(1)=2

D. vertical asymptote at x=1 E. vertical asymptote at x =—1



24.

Limits

— needed to handle holes, asymptotes, sharp points, endpoints,

— definition of derivative

Direct substitution — polynomials lim f(x)= f(c) < too easy (difficult to see usefulness)

. X-3 X-3 X-3
a) left/right limu (jump discontinuity) hm| |¢lim| |
x»>3 X—3 x=»3" X—=3 x=3* X—23
. . 1 1 . . 1
Does not exist({b) unbounded lim =——=—=10 lim # lim
x>3x-3 3-3 0 x23" X—=3  x-»3 X-=3
c) oscillating limsin(l)
X—3 X
. . . X+3 where x<0
Piecewise — learn and understand Given f(x)= then lim f(x)=
X—3 where x>0 X—>0"
Indeterminant form —  lim X9 23 -9 1 tactor
x->3 X4 x— 12 3 +3- 12 0
. x*=9 M(X+3) _x+3_3+3 _[6
lim——— = - | ™
x=3 x* + x—12 M(x+4) 3 x4 3+4 |7
Indeterminant form — lin;\/;_;’:\/g__;’_ % « conjugate (of numerator in this case)
X—=> X_ —_
m X3 X 3x3) L e 1 1 ]
9 X—9 %9 Xx—9 (/x+3 MM(&”) =9 [x+3 \9+3
Indeterminant form —  lim In X Ini _1 0 « L'hopital rule
x->1 x4 —1 1 -1 0
1 1
lim 2o =—1—-= 1
-1 4x%  4(1) 4
Infinity — horizontal asymptotes (divide by the variable with highest exponent in denominator
4% —5x’ 8L 4_g 0-5 5
im————=lim—*——=1lim = = -=
oo 2X"+3X—-1 x> 2X +3 - oe2+3-L 240-0 2
Trig — basic lingsmx=1 lingL)(_l:O « squeeze theorem proof
X— X X— X

Trig — advanced questions based on basics

Definition of derivative f'(x)= h m f(x+ h;_ 9 <« secant changes into a tangent
25 lim(X* ~2x+2)=
A. -8 B. 4 C. 5 D. 17 E. none of these



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

=3 X249

A -1 B.

. X-—5
lim——=
x5 X —§

4x*—6x+10
x->10 - 50+4x

A. B.

-1

3x*=7x+10
im——————=
x>10 60+ 3x

A. B.

-1

+H+1
lim (—X‘l ) =
X—0 X

A -1 B.

lim X =

X—>1 X

A 1 B
6x’ -5

x=>3 4x* +1

A. B
-5

ngmﬂ+$=

A 41 B.

D | -

W N

| -

17

N | =

N-NIEN |

49
37

11

D. does not exist E. none of these

D. 1
2
D.
-1
D. o
D. 1
D. 10
D. 2
D. —e
D. 3
2
D. 0

does not exist

E. does not exist

m

. does not exist

. does not exist

none of these



36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

li1113 (2x*+1) =

A 37 B. 19 C. -17 D. +\2 E. none of these
. O XP43x+2
x>-1 X" +1
A. 0 B. C. -1 D. does not exist E. none of these
. XP42%x+3
x>-1 X" +1
A 0 B. 1 C. o D. does not exist E. none of these
limv/x* -4 =
X—3
A q B. ;5 C. 1 D. /5 E. none of these
lim 9-x* =
A o B. V6 C. 3,2 D. does not exist E. none of these
lim V2x-3 =
X—27
A B C. D E.
1, -1 1 -1 1 none of these
. x-—1
lim—; =
x>0 X“ —1
A1 B. 1 ¢ 1 D. 1 E. indeterminate
2 4 2
2
If the function f is continuous for all real numbers and if f(x)= X 24 when x # -2, then
X+

f(=2)=
A. -4 B. -2 C. -1 D. 0 E. 2

xX—4 .

— if x#2 i .
If f(x)=4 x-=2 , for what value(s) of k is f(x) continuous at x =2

k if x=2
A -2,2 B. 4 C. 8 D. 0 E. 6

X=X for x # 0
If f(x)= 2X and if f iscontinuous at x=0 then k=

k forx=10
A. B. 1 C. D. 1 E.

-1 Y 0 - 1



46.

47.

48.

49.

50.

51.

Limits

— needed to handle holes, asymptotes, sharp points, endpoints,

Indeterminant form —>  Tim —>—> 23 -9 91 < tactor
>3 X4 x— 12 3 +3- 12 0
X'-9 . DO x+3_3+3 [ 6
im———— = =lim — | M
x>3 X2+ X —12 M(x+4) i x4 3+4 |7
Indeterminant form — lin;\/;_;:\/g;_;: % < conjugate (of numerator in this case)
X—> X— _—
lim\/;_:;—lim\/;_3 \/;4-3 =lim )‘/ =lim L ! 1
>9 X—9 9 x—-9 (x+3 X—”M(\/_ ) > Jx+3 JO+3
Indeterminant form —  lim I:IX _Inl 190 <« L'hopital rule
olx =1 1°—1 | 0
1 1
im—>*-=—1_= 1
o14x® 41y | 4
x?—6x—7
m———————=
x>7 X —=5Xx—-14
A. -1 B 1 C. 8 D. 1 E. none of these
2 9
. X"+X—-6
lim >
x»>-3 X =9
A. B C. D. ., E.
-1 % 1 does not exist none of these
. x'-2x-8
lim—————=
x4 X" —6X+8
A0 B. 1 C. 3 D. does not exist E. none of these
x*—9x—10
im————=
x>10 x2-100
A. B. C. D. .. E.
1 n 1 does not exist none of these
10 20
x* -9
llm—
x>3 x4+ x—12
A3 B. 6 C. 1 D. does not exist E. none of these
4 7




52.

53.

4.

55.

56.

S7.

58.

59.

60.

. XT=Xx-=2
lim > =
x=22 X"+ X—6
A1

3
X2+ x=2
li > =
x—1 X =1
A 1

2
. x4
lim > =
X2 X"+ X—2
A.

1

2
. X"=2x-15
lim———=
x=5 X =TX+10
A.

0
] X—2
lim > =
x22 X©—X—2
A.

0

X' —6x-7 _
x>7 x> —49
A. 4

7
. xX*=5x—-6
li >
X——1 X =1
A 1
] X—=5
lim > =
x5 X —25
A 1
. 2—X
lim > =
x>2 X —4
A. 1

N | W

W | o

Q| -

SN

|-

" does not exist

" does not exist

" does not exist

" does not exist

" does not exist

" does not exist

12

N | =

none of these

E.
none of these

E.
none of these

E.
none of these

E. none of these

m

m

none of these

indeterminate

- does not exist

does not exist



61.

62.

63.

64.

65.

66.

67.

68.

69.

A. B
5 5
2
. NX+4-2
Iim——=
X—=>0 X
A B.
0 1
] X—3
lim—————=
x=23 X°—-2X-3
A. B.
0 1
lim—=
x—)OX
A 1 B. 0
. X8
lim > =
x=>2 X* =4
A. 4 B. 0
Ry
lim =
x—>24_x2
A. L, B _1
. NJ25+h-5
lim—— =
h—0 h
A B. 1
0 -
10
2 2
If a=0, then limx4 a4=
x—>ax _a
A 1 B 1
a’ 2a’
. aX—7xt
li =
x>z QX =27
A. B

|-

10

2z

does not exist

none of these

" none of these

nonexistent

" does not exist

does not exist

does not exist



70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

5b

(S

AW

N | W

S\ | -

2b + 3b?

2b

3a’+a

2a

E. indeterminate

E. does not exist

E. does not exist



.. x*+2x-3
llm—=

x—>1 X2—1
A =2 B. -1 C. 10 D. 1 E. 2
lim>X "2 -
X9 3_\/;
A. 6 B. -6 C. o0 D. -12 E. +©
. 2_ 2
If k#0 then limX2 K
x=k X —kx
A 0 B. 2 C. 2k D. 4k E. nonexistent
. X+2
lim 5 =
x>-2 X* —4
A B. C. D. E. .
_1 1 0 1 does not exist
4 2
. xX2—-4
lim 3 =
x=2 X _8
A B C. D E. )
0 1 1 % does not exist
i X=X
0 XX
A -1 B. 0 c % D. 1 E. does not exist
- 2x* =50
llm2—=
x-5 X —15Xx+50
A. -4 B. -1 C. 0 D. 1 E. 2
<. 4x2-16
Iim———=
x>2 X=2
A B 1 C. D. E
-3 -— -1 0 16
4
x> =x=20
m =
X—5 X—5
A 1 B. 5 C. 9 D. 10 E. undefined
. X+ Xx?
lim > =
x=>-1 X —1
A 1 B. C. D. E.

-—— 1 -1 does not exist



2X-2

lim 3 > =
Xl X7 42X —X—2
A. B. 1 C. 2 D. E.
0 - = +00 —®©
3 3
. X=2
lim 5 =
x>2 X* —4
A. 0 B % C. © D. 1 E. none of these
X' —5x+4
X—4 X—-4
A. 0 B. -1 C. 3 D. does not exist E. none of these
ki V3-X—-+Xx-1 _
Xx—>2 6-3X
A1 B. 1 C. 2 D. 1 E. 3
3 2 3 2
- Wfx-1
lim =
x>1 X —1
A B C D. E. .
0 1 1 3 does not exist
2 2
. VX+3-=-2
m|—— =
x—1 1_)(
A. 0.5 B. 0.25 C. 0 D. -0.25 E. —-0.5
X*+3-2
x>-1 X+1
A B. C 1 D. E. .
0 -2 =3 2 does not exist
1+h_
lim =
h—0
A 0 B. 1 C. 2 D. e E. g2
. 2X—-r&
lim =
oF X—7%
1 _ 1
lim X+1 2_
x—1 X—l
A'_% B -1 C'% D'O E. does not exist



100.

101.

102.

103.

104.

105.

106.

107.

108.

Vertical asymptotes

Let f and g be continuous on an open interval containingc If f(c)#0, g(c)=0 then

the function h(x)= Li) limh(x)= % = undefined (has a vertical asymptote at x =)
. X=2
lim — =
x>-2 X* —4
A 1 B. 0 c 1 D. does not exist E. none of these
4 2
i x+6=
x>2 X =12
A0 B. 1 C. 8 D. does not exist E. none of these
lim =
x23 X—3
A -3 B. 0 C. 1 D. 3 E. nonexistent
4X—6
m - v 17
x>—4* 2X" +5X—-12
A0 B. 1 C. +o D. - E. none of these
Find the equation of the vertical asymptote of y= 5_x1
X_
A y=1 B. y=0 C. x=1 D. x=5 E. y=5
The graph of y=In(x+2) has a vertical asymptote with equation
A x=-2 B. y=-2 C. x=0 y=0
E. The graph has no vertical asymptote
Find the equation of the vertical asymptote(s) of f(x)= 22x
X f—
A y=0 B. x=0 C. x=2 D. x=%2 E. y=2
The vertical asymptote of f(x)= Ll has equation
A. X=0 B X=1 C y=0 y:l

E. no vertical asymptote




109. . .
The vertical asymptote of f(x)= il IS
X+

A. X=—1 B X:O C y=—1 D y=0
E. no vertical asymptote

110. _. i .
0 Find the equation of the vertical asymptote of f(x)= 1 X s
X+
A. y:% B. y=—2 C. X=-2 D. y=2 E. X=2
111. 2 _
The graph of f(x)= w has vertical asymptotes at
A. x=0 only B. x=-2 only C. x=2 only
D. x=2 and x=-2 E. x=3 only
112 x:—4

" The graph of f(x)= has a vertical asymptote at x =

X +3x2—4x-12

A. -3 only B. -2 only C. 2 only D. 3 only E. —-3,-2 and 2
113. . . L lim f(X)=+
A function f(x) has a vertical asymptote at x =2 -2 (X) = +e0
The derivative of f(x) is positive for all x =2 IL. ll_g‘ f(X)=+
Which of the following statements are true ? II. lim f(X)=+o
X—27
A. T only B. II only C. 1III only
D. I and II only E. LII and III
114. . . . :
Where is the function f(x)=2; discontinuous ?
X" =2x-15
A. x=-5and x=-3 B. x=-5and x=3 C. x=-3and x=5
D. x=3and x=5 E. x=2and x=15
115. 51 ;
The graph of a function f whose domain 4 u
is the closed interval [ 1, 7 ] is shown. . ) /
Which of the following statements about ;
. 2 0
f(x)istrue? /
1 L
X
i >
1 2 3 4 5 & 7 8
A lim f(x)=1 B. Iim f(x)=3
C. f(x) iscontinuous at x =3 D. f(x) is continuous at x =5

E. lim f(x) = f(6)



116.

117.

118.

119.

120.

121.

122.

f(x+h)— f(x)
h

Definition of a derivative

< slope of a secant

f(x+h)—f(x)
h

f'(x)= lhi“(} <« secant changes into a tangent by limit process
—>

Which of the following represents the derivative of f(x)= x’

A. 3 3 B. _h)3 3 C. 3 _ 3 D. _hy3 3
lim(x+h) X lim(x h)” + x lim(x+h) X lim(x h)” + x

h—0 h h—0 h x—0 h x—0 h

Which expression represents the derivative of f(x)= 1

X3

A. ! 3+L3 B. ! 3_% C. ! 3+L3 D. ! 3_%
lim & lim & lim & lim &0
h—0 h h—>0 h x—0 h x—=0

Which expression represents the derivative of f(x)= x*

A. 3 443 B. 3 443 C. 4 4
lim4(x+h) 4X lim4(x+h) 4X lim(x+h) X
x—0 X h—0 h x—0 X

D. tim h)* - x* E. hone of these
h—0 h

Which of the following is the derivative of f(x)

A. — . - ) _
lim f(x+h)y— f(x) B lim f(x—h)+ f(x) C lim f(x+h)y— f(x)
x—0 h x—h h h—0 h

D. iy FX=M+ F(X) E. hone of these

h—0

Which of the following limits represents the derivative of the function f(x)=x*>-3x+1

A. lim2(x+h)—3 B. lim2(x+h)—3
h—0 h X—0

C. 2 (2 _ D. 2 _(v?_
lhin[}(XJrh) 3(x+h:]+1 (X" =3x+1) lin[}(XJrh) 3(x+h:]+1 (X" =3x+1)

Which expression represents the derivative of f(x) = x* +3x

A_ 2 _ 2 B 2 _ 2
lim(x+h) +3(x+h)—(x*+3x) lim(x+h) +3(x+h)—(x*+3x)
h—0 h x—0 h

C. 2 2 D. 2 2
lim(x+h) +3(X+h)+ (X" +3x) lim(x+h) +3(X+h)+ (X" +3x)

h—0 h x—>0 h




123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

For the polynomial function y= f(x), the expression lhin(} f(x+hk)]— ) represents:
A. the minimum value of f(x) B. the maximum value of f(x)
C. the slope of a secant line of f(x) D. the slope of a tangent line of f(x)

Let P(x,, Y,) and Q(X,, Y,) be two points on the graph of a polynomial function. Which
expression represents the derivative at point P ?

— D. — E.
Y=V lim Y= h none of these
X3 =Xy X2 - X1

Which of the following represents the slope of the tangent to the function f(x)= Jx

A Ux+h+dx B Uxsh+dx C Ux+h=Jx Do x¥h-x
lim—— Iim——— lim—— lim———
x—>0 h h—0 h x—0 h h—0 h

I f(x)=x’, determine the value of lim Fx+h= 1)

A. X2 B. X2 +2X C. X2 —2X D. 2x E. none of these

Which one of the following is equal to lhin(} Fx+ h;_ o)

A. f'(x) B. f'(x)-f(x) C. f(x) D. 0 E. none of these

Which one of the following limits represents the derivative of the function f(x)=x*>-2x+3
A. 2_ X2 B. 2_ —x2 —
lim(x+h) 2(X+h)+3—-x"-2x+3 lim(x+h) 2(X+h)+3—-x"+2x-3

h—0 h h—0 h
C. 2 _ — x? D. .. 2(x+h)-2
lhin[}(x+h) 2(x+hz+3 X*+2x+3 m#

Given f(x)=3x?, use the definition of the derivative to show that f'(x)=6x
Given f(x)=x*-3x, use the definition of the derivative to show that f'(x)=2x-3

Given f(x)=x*+5Xx, use the definition of the derivative to show that f'(x)=2x+5

If f(x)=+x-=2 then f(x+hg—f(x):

A Ix=—2+Jh=2 B.  /xh-2+x-2 C. Ux—2+h-Jx-2
h h h

D. Ux+h-\2 B [x+h—2-(x-2)

h h



133.

134.

135.

136.

137.

138.

139.

140.

141.

f(x+h)— f(x)=

If f(X)=$ then

A. h+4
h(x+2)(x+h+2)

D. 1
h(x+2)(x+h+2)

37 ay37
lim3(x+h) 3x _

h—0

A. the derivative of x3*
D. equalto 3

lim(x+h) - X

h—0 h
A. B. 1
\/; \/;
6
o () =1
h—0 h
A 0 B. 1
. A8+h-2
lim———=
h—0 h
12
3 3
]imw =
h—0
A 0 B. 6
o Inerh)—1
h—-0
A. B. 1
0 —
e
1 _ 1
lim 3+h 3 _
h—0 h
A 2 B 1
3
lim In(2+h)—1In2 _
h—0
A. B.
0 In2

h
B.

w

-1

(X+2)(X+h+2)

1
2h+2

the derivative of 3xY’
does not exist

N | =

D

-1

(X+h)(x+h-2)

C. the derivative of x*’

192

. does not exist

" does not exist

E. nonexistent

E. none of these

nonexistent

E.
none of these



142, 14 hy — 8(1)
i 8GN -8()°

h—0 h

A. B. . D. .. . ]
0 % C 1 limit does not exist

E.

cannot be determined from the information given

143 e4+h _e4

144. . 8J/16+h-32

h—0 h
A. _1 B. _l C. l D. 1 E. 4
2

145. 3 _

lim(2+h) +(2+h) 10=

h—0 h

A. 9 B. 10 C. 11 D. 12 E. 13
146. 3_ _

lim4(2+h) 2(2+h) 28=

h—0 h

A 0 B. 26 C. 28 D. 36 E. none of these
147 Jo+h-3

Iim———=

h—0 h

A 0 B 1 C. 1 D 3 E 6
148. 4_ _

lim(2+h) 3(2+h) 10=

h—0 h

A0 B. 15 C. 26 D. 29 E. 32
149 e><+h_e><

lim———=

h—0 h

A. 0 B. 1 C. + D. —w E. none of these

150. 3 _
lhin(}(3+h) +£]3+h) 30 _

A, —30 B. 0 C. 28 D. 33 E. none of these




151.

152.

153.

154.

155.

156.

157.

158.

159.

- J2(6+h)—3—/2(6)-3 _

D. )
does not exist

Inx C.

6
1 E.
10x*-15x* E

h—0 h
A1 B. o C. 1
2 3
If f(x)=+x+2, then lhingf(2+hz_f(2)=
A. B. C. 1
0 l
4 2
5 3 5 3
lim2(x+h) —-5(x+h)’ =2x>+5x _
h—0 h
A0 B. 10x*-15x C. 10x*+15%?
1 5 _13(1)’
i 3G+ -30)° _
h—0
A .
0 B ; C 15
16
1+h
lim& —%_
h—0 h
A. B. 1 C.
0 - 1
e
. ~N1+2h-1
lim————=
h—0 h
A 5 B. C. 1
1 2
i e -1 _
h—-0
f'(e) where f(x)=Inx f'(e) where f(x)=——-—
X
D. ., E. .
f'(0) where f(x)=Inx f'(1) where f(x)=In(x+e)
limlln(z-l_h):
h—0
A o2 B. 1 C. 1

3
lim(4+h) +(4+h)—68 _

h—0 h

E. none of these

. —10x* +15%2

E. ]
cannot be determined

" does not exist

" does not exist

f'1) where f(x)=Inx

nonexistent



160.

161.

162.

163.

164.

165.

166.

If f isadifferentiable function, then f’(a) is given by which of the following ?

L lim G- T@ I 1im 0= 1@ . gim =10
h—0 h x—a X—a x—a h
A. T only B. 1II only C. I and II only
D. I and III only E. L II and III
I lim XM= 100 _ g(x) then
h—0 h
A. B. . ,
f(x)=g(x) f'(x)=g(X) ¢ f(x)=9'(x)
D. £/(x) = g'(X) E. lhin(} g(x+h;—g(x) — (%)
If f(x)=e* which of the following is equal to f'(e)
A. ex+h B. ex+h _ee C. ee+h —e D. ex+h -1 E. ee+h _ee
lim lim lim lim lim
h-»0 | h—0 h h—0 h h—0 h h—0 h
If f(x)=6x2+1—? then lim M=) _
X h—0 h
A 0 B. 20 C. 24 D. 32 E. o
If lhin(} @+ h;_ @) =6 which of the following must be true ?
A f(4)=6 B. f(h)y=2 C. f'4)=6
D. E. -
im— ¢ lim =W+ T@ _ ¢
h->0 h h—0 h
If the function f is continuous for all real numbers and lhinol @+ hz_ @ =7 then which
of the following statements must be true ?
A f@)=7 B. f isdifferentiableat x=a
C. f isdifferentiable for all real numbers D. f isincreasing for x >0
E. f isincreasing for all real numbers
Given lhi“(} f6+ hr)‘_ 1) =—2 which of the following must be true ?
I. f'(6) exists II. f(X) iscontinuous at x =6 III. f(6)<0
A. none B. I and II only C. I and III only

D. 1II and III only E. L II and III



167. -
9C9=9O _ 1 ¢ follows necessarily that
X

Suppose lin%

A. g isnotdefinedat x =0 B. g is not continuous at x =10
C. limg(x)=1 D. g'(0)=1
E gm=0
168. -
If f isa function such that lingf(x)—sf(s) =0 which of the following must be true ?
X—= X_
A f(5)=0 B. f’ at x=5is0 C. f iscontinuousat x=0

D. f isnotdefinedat x=5 E. thelimitof f(x)as x approaches 5 does not exist

169. Let f be a function defined for all real numbers. Which of the following statements about f

must be true ?

A If lim f(x)=7 then f(2)=7

B. If lim f(x)=-3 then —3 is in the range of f

C. If 11311 f(x)= 1131 f(x) then f (1) exists

D. If 31%113[1 f(x)# !1:131 f(x) then 1}12 f (x) does not exist

E. If lin} f (x) does not exist, then f(4) does not exist

170. If f isa function such that lin;f(x);zf(z) =0 which of the following must be true ?
X—> X_
A f2)=0 B. f isnotdefinedat x =2
C. Thederivativeof f at x=2 is 0 D. f iscontinuousat x=0

E. The limit of f(x)as x approaches 2 does not exist

171, 5_fa
lim =
a4 4—g
A. B.
£'(2), where f(x)=+/x f'(2), where f(x)=1-+/x
c. D.
f'(4), where f(x)=+/x £/(2), where f(x)=+/4— x
= f'(4), where f(x) L
, W X)=—7—
Jx
172.  3x_ia
lim % =
X—a X_a
A. B. C. 3 D. 3 E.
0 23a 53 a’ % none of these



173.

174.

175.

176.

177.

178.

179.

180.

Limits

— needed to handle holes, asymptotes, sharp points, endpoints,

. 4x—5x?
lim————=
x=0 22X +3X -1

0-5

T2+0-0

Infinity — horizontal asymptotes (divide by the variable with highest exponent in denominator

5

2

2x-17
xoo 4X +3

6n* —4n
im———=
n- 3N° 4+ 5N

A 4

17

4x —5x2

llm2—=
x>0 22X +3X -1

A. 5

2

lim

B.

5x*+3x-2

x>o3x —4X+7

A 2

7

B.

5x*+4x-1
m—————=
x> §x2 33X +2

A 1

2

B.

W | =

|-

1

N | =

W | N

W | =

W |

D. does not exist

" does not exist

N | =

D. ]
does not exist

" does not exist

D. ]
does not exist

* none of these

E. none of these

E. none of these

" none of these

E.
none of these

E.
none of these

E.
none of these




181.

182.

183.

184.

185.

186.

187.

188.

189.

3n—-1
m =
n>o 4 —2n
A 3

ot
=
|

n*+2n-3
im_————=
oo §5_-3N+6Nn

A 3

5

. h-1
lim——=
n—o n

A -1

2x* —5x?
1 3 2 =
x—0 3 X7 + 8X

A 3

11

. X+5
lim =
x>0 X 42
A. 0

lim 3
x>0 2 —5X
A 2

5

lim
A 7

3

2x*+3x+4

6X> +5x-7 _
x—>m 4x* —8X+3

B.

B.

0

N | W

O\ | -

W N

N | W

NN

O | -

N | W

" does not exist

" does not exist

. does not exist

" does not exist

" does not exist

" does not exist

" does not exist

G | =

D. ]
does not exist

" none of these

" none of these

. none of these

" none of these

" none of these

" none of these

" none of these

" none of these

E.
none of these



190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

lim(Zx +§) =
X—»00 X

A 0

lim

3x*+2x-7
im—— =
x>0 § -3 X +2X*

A 7

5

1-2x+5x*

lm—2 3=
x>0 34 3IX—2X

A 5

2

2x*—4x* +3x-1 _
xoo  §5-2x%+6X°

| W

W | -

[SYE

R =

W=

W | =

N |

N | W

N | =

. does not exist

D. .
does not exist

" does not exist

" does not exist

" does not exist

. does not exist

. none of these

" none of these

" none of these

" none of these

" none of these

" none of these

. none of these



200.

201.

202.

203.

204.

205.

206.

207.

208.

2009.

>
I
9}
o8]
|
N =

. 4=-x
llm2—=
x>0 4 X" —X—2

A. B. 1
-2 =

. 5x*+27

lim 3 =
x> -0 20X +10X+9
A —w B. -1

. 3xP+27
llm3—=

xoo X° —27

A. 3 B. o

—-X

lim =
x>0 2%

A -1 B. 1

N =

100

. none of these

does not exist

does not exist

N | =

nonexistent

. none of these



210.

211.

212.

213.

214.

215.

216.

217.

218.

219.

2x%+1
Iim— =
x> (2= X)(2+ X)
A. —4 B. -2

. 3x*-4
llm—2=
x>0 2 —TX—X

A 3 B. 1

. 20x*-13x+5

lim 3 =
x>0 §5—4X

A. =5 B. o

lim \/;_4 =
X—)w4_3\/;

A 1 B.

. x*—4
lim ——=
xom 2 4+ X —4X

A. B. 1
-2 1

.o xX3=2x*+3x-4
lim 3 5 =
xo0 4 X" —3X"+2x-1

A.4 B.1

. 4n?
hmz— =
n—>o N° +10000N

A. B. 1

0

. 3n’-5n

lim—— ——=

n>o N’ —2n° 41

A. -5 B. -2

) x*—4
lim— =
xoo 24 X —4X

A. _» B. 1

102"
m =
x>0 10 427"
A -1 B. 0

N | =

|-

N | =

nonexistent

W | -

limit does
not exist

E. )
does not exist

does not exist

E. does not exist



220.

221.

222.

223.

224.

225.

226.

227.

228.

iy 83X +3Yx+4 _

o 8% — X —10

A 2 B.
5

108 x° +10° x* +10* X2

m =
x>210°x% +107 x5 +10° X3

A. 0 B 1
-1
lim X735
x40 QX L
Ay B. 1
2
xX—6
x=® 2+ X — 3
A _3 B. 1
3
3x*+1
lim—— =
x>0 (3— X)(3+ X)
A -9 B. -3
_ 1
lim —*- =
x—>+uoz)(_a
A. _3 B. 1
2

lim| x? 1 1 =
X0 X—2 Xx-3

A0 B. 1

N | -

13
10

W | =

N | =

N | =

N | W

E. .
does not exist

10

E. does not exist

E. does not exist



229.  x*—4x+1
llm3—=
xow  2XT —5

A B. D. E. ]
1 1 c 2 1 does not exist
5 3

230. . 3x

Iim ——=

> \3x* -4

A 3 B. 1 C. o D. _\/3 E. does not exist
231. . 1

lim =

X x( X+1-— x—l)

A. 0 B. 1 C 1 D. 2 E. does not exist

2

232. 2Xx+3

llm—=

> Ix? + x+1

A =2 B. -1 C. 0 D. 2 E. nonexistent
233. 2x—1

lim =

x> 142X

A, -1 B. 0 C. 1 D. 2 E. nonexistent
234. x*+4x-5

X—»—00 he |

A o B % C. 5 D. —w E. «©
235  4x*+x-17

lim ————=

x>0 X* —5X -3

A. B 7 C D. E .

0 3 4 1 nonexistent

236.  3x*4+2x+2

lim————— =

xom 4X°+ X+5

A. B. 3 C. 3 D. 2 E.

0 -= il = 0
4 4 5

237.  3x*-5x+4

m—— =

x> X +Tx—1

A. B. 5 C. D. 1 E.

—4 - 0

]
(SR



238.

2309.

240.

241.

242.

243.

244.

245.

246.

L3P +2x+1
Iim—— =
X0 X+1

A. B.
3

5x*—3x+1
Im-—————7=
xoo 4X°+2X+5

A. 0 B.

. 2X*+3x-5
lim == """
X0 §X — 3%% — 2

A. 2 B.

3

) —111x° +3x -2 _

o0

4
5

0

m =
x>0 ] —=2X+22%x*+3x°

A. B
0 1
2
If lim——— 0 -
n>© 200—4n+kn
A 3 B. 6

A o B
lim 1__x =
x—=+o\ X X—-1

A -1 B
lim(1+1] =

X—»00 X

A 1 B

I BN S

N | W

12

|

W | -

does not exist

nonexistent

none of these

m

does not exist

E. none of these



247 . 1 n+2
lim (1 + —j =

nN—o n

A. e2 B. e+2 C. 2e D. e E. e.|_e2

xoo 4X+3

A B C D E.
i E ﬁ 1 does not exist
2 4 3

249. X—2

li =

X=—>00 X_

A =2 B. 0 C. 1 D. 2 E. does not exist

250. Which of the following are asymptotes of y+ xy—2x=0

I x=-1 II. x=1 II. y=2
A. T only B. II only C. 1III only
D. I and III only E. II and III only
251. _ 1-|x :
The horizontal asymptotes of f(x)=—— are given by
A y=1 B. y=-1 C. x=0, x=1, x=-1
D.y=0 E.y=1 y=-1
252. JIx
The vertical asymptote and horizontal asymptote for f(x)=—— are
A. x=—4,y=0 B. no vertical asymptote, y=0
C. no vertical or horizontal asymptote D. x=-4, no horizontal asymptote

E. x=—4, y=1

253. For x>0 the horizontal line y =2 is an asymptote for the graph of the function f Which of
the following statements must be true ?

A. f(0)=2 B. f(x)=2 forall x>0 C. f(2) isundefined
D. lin; f(x)=o E. lim f(x)=2
254. _. : :
> Find the equation of the horizontal asymptote of y= S_XI
X_
A y=1 B. y=0 C. x=1 D. x=5 E. y=5
255. 2x—1

Find the equation of the horizontal asymptote of  f(X)

A y=2 B. x=2 C. y=1 D. x=1 E. y=-1



256. : :
The horizontal asymptote of f(x)= Ll is

A x=0 B. x=1 C. y=0 D. y=1
E. no horizontal asymptote

257. i .
° The horizontal asymptote of f(x)= il IS
X+

A. x=-1 B. x=0 C. y=-1 D. y=0
E. no horizontal asymptote

258. ) _ X2
Find the equation of the horizontal asymptote of y= 32
X —_
259. —1)?
f(x)= (X2 L) has
X =1
A. aholeat x=-1 B. holesat x=-1 and x=1

C. vertical asymptotesat x=-1 and x=1 D. ahorizontal asymptote at y =-1
E. aholeat x=1 and a vertical asymptote at x =-1

260. 2
How many vertical and horizontal asymptotes are there to the graph of y= 2X "
X j—

A. 2 vertical and 1 horizontal B. 1 vertical and 1 horizontal C. 1 vertical and no horizontal
D. 2 vertical and no horizontal E. 1 vertical and 2 horizontal

261. The graph of y=e*+1 has a horizontal asymptote with equation
A. x=0 B. y=0 C. x=1 D. y=1
E. The graph has no horizontal asymptote

262. An asymptote for yzw is
X_
A. x=0 B. x=-2 C. x=5 D. x=-5 E. y=-2
263.
The graph of f(x)=—; has

A. one vertical asymptote, at x =1

B. the y-axis as vertical asymptote

C. the x-axis as horizontal asymptote and x =+1 as vertical asymptotes
D

E

. two vertical asymptotes, at x = =1, but no horizontal asymptote
no asymptote



264. . 2x2+4
Which statement below is true about the curve y=—7———
2+T7X—4x

: 1. : B. . : ,
the line x = 3 is a vertical asymptote the line x =1 is a vertical asymptote

C. . . : D. . . .
the line y = —% is a horizontal asymptote the line y =2 is a horizontal asymptote

the graph has no vertical or horizontal asymptotes

265. The graph of which of the following equations has y =1 as an asymptote ?

yemx B y_amx  © x D < B
= =si = — =
y y X+1 y X—1 y
266. 2
The graph of y= w has
4X" —4X

. 1 .
a horizontal asymptote at y = 3 but no vertical asymptotes

w

no horizontal asymptotes but two vertical asymptotes, at x=0 and x=1
. 1 .
a horizontal asymptote at y = 2 and two vertical asymptotes, at x =0 and x=1

D. ahorizontal asymptote at x =2 but no vertical asymptotes

E. : :
a horizontal asymptote at y =% and two vertical asymptotes, at x ==*1
267. . 2x*+4
Which statement below is true about the curve y=—7———
2+7X—-4X
A. . 1 . . B. . . :
the line x = 3 is a vertical asymptote the line x =1 is a vertical asymptote

- : 1 . : D. . . ,
the line y = 2 is a horizontal asymptote the line x =2 is a horizontal asymptote

E. . .
the graph has no vertical or horizontal asymptotes

268.

X3
The graph of the function f(x)= ‘3 ‘8 has the following asymptotes:
X —_—
A. one vertical and one horizontal B. two vertical and one horizontal
C. one vertical and two horizontal D. three vertical and one horizontal
E. two vertical and two horizontal
269.

If the graph of y= &Jrcb has a horizontal asymptote y =2 and a vertical asymptote x =-3
X+

then a+c=
A. -5 B. -1 C. 0 D. 1 E. 5



270

271.

272.

273.

274.

275.

276.

2717.

- If f(x)=e" which of the following lines is an asymptote to the graph of f
A y=0 B. x=0 C. y=x D. y=-x E. y=1

2x-5)3x+6)(x+1*

The equation for the horizontal asymptote for the function f(x)=

(x=9)°
A. y=0 B. y=1 C. y=4 D. y=6 E. y=10
x> —x—2
The graph of f(x)= w1 has a horizontal asymptote which it
—_ X —_
1 B. 1 C.
crosses at X =— crossesat X =—— crossesat x=3
2 2
crosses at x =-3 E. never intercepts

The number of horizontal asymptotes for the graph of the curve y* = 2_x1 is

A 0 B. 1 C. 2 D. 3 E. 4

The graph of y= 13—)|(| has the following number of vertical and horizontal asymptotes:
+|X

A. no vertical and one horizontal B. no vertical and two horizontal

C. one vertical and one horizontal D. two vertical and no horizontal

E. two vertical and two horizontal

2
has

2

2X
The graph of y = 1
A. no horizontal or vertical asymptotes
B. one vertical asymptote and no horizontal asymptotes
C. no vertical asymptotes and one horizontal asymptote
D. two vertical asymptotes and one horizontal asymptote
E

two horizontal asymptotes and one vertical asymptote

2x3 —7x* +8x—1
(X=2)4x-3)(x+1)

The equation of the horizontal asymptote for the graph of f(x)=

A. B.

C.

% y=1 b. X=2 E- none of these

If y=7 isa horizontal asymptote of a rational function f, then which of the following must be true ?
A. lin; f(x)=0 B. lim f(x)=-7 C. lin3 f(x)=7

D. lin;f(x)=0 E. lim f(x)=7

X—>»



278

279.

280.

281.

282.

283.

284.

The graph of f(x)=L has
X+1

A. no asymptotes and no inflection points
B. no asymptotes and one inflection point
C. one horizontal asymptote and no vertical asymptotes
D. one vertical asymptote and no horizontal asymptotes
E. one horizontal asymptote and one vertical asymptote

The equation of the horizontal asymptote for the graph of y =

A. B. 1 C.

1
2 3
I. a vertical asymptote at x =0
has II. a horizontal asymptote at y =0

II1. an infinite number of zeros
A. T only B. II only C. 1III only
D. I and III only E. II and III only

sin X

The graph of y =

sin X
The graph of f(x)= l|—| has

X
A. no horizontal asymptotes and no vertical asymptotes
one horizontal asymptote and no vertical asymptotes
one horizontal asymptote and one vertical asymptote
one horizontal asymptote and two vertical asymptotes

two horizontal asymptotes and one vertical asymptote

mo 6w

x> =2x
X2

Which of the following best describes the behavior of the function f(x)= at the

values not in its domain ?
One vertical asymptote, no removable discontinuities

Two vertical asymptotes

Two removable discontinuities
One removable discontinuity, one vertical asymptote, x =2

One removable discontinuity, one vertical asymptote, x =-2

moow»

The graph of which of the following equations has y =1 as an asymptote ?
y = cos X B. y=e C. yo NE D. yo X2 E.
x*+1 x*—5

If f(x)=e*+2 which of the following lines is an asymptote to the graph of f
A y=-=2 B. x=0 C. y=2 D. x=2 E. y=0



285.

286.

287.

288.

2809.

290.

If the graph of y=

ax+b
X+cC

has a horizontal asymptote y = -2, a vertical asymptote x =4,

and an x-intercept of 1.5, then a—b+c=

A. -3 B. 1 C. 5 D. -9 E. -1
I. unbounded
2_ II. bounded below by y=-3
The function f(x)= 4X2 3 is vy
2X°+1 II1. bounded above by y=2
IV. bounded below by y =2
A. T only B. II only C. I only
D. IV only E. 1I and III only
) I. f(x) has an absolute maximumat x =0
Let f(x)= N II. f(x) has a vertical asymptote at x =-2
Which of the following are true ? IIL. f(x) has a horizontal asymptote at y =
A. T only B. II only C. I and II only
D. II and III only E. III and III
The equation of the horizontal asymptote of f(x)= | | is:
X[+ X
A. 1 B. C. D. E.
y=5 y=0 y=1 y=-1 x=0
2
If y= M then which of the following must be true ?
X
I. therangeis y>0 I1. the y-interceptis 1 II1. the horizontal asymptote is y =2
A. T only B. II only C. 1III only
D. I and II only E. I and III only
—_1)2
Which of the following is true about the function f if f(x)= (ZX—I)
2X"=5x+3

A.
D.

I. f iscontinuousat x=1
II. The graph of f has a vertical asymptote at x =1

III. The graph of f has a horizontal asymptote at y =%

I only
I and III only

B.
E.

IT only
I,II and III

C.

III only



291.

292.

293.

294.

295.

296.

297.

298.

2909.

LI mits — needed to handle holes, asymptotes, sharp points, endpoints,

— definition of derivative

sin X . 1—cosX
=1 lim——— =0 <« squeeze theorem proof
X X—0 X

Trig — basic ~ lim
X—=0

Trig — advanced questions based on basics

. sint

lim—=

t—0 t

A B. C. =« D. E. }

0 1 2 -1 does not exist

. sin7X

li =

x>0  TX

A o B. 1 C. 1 D. 5 E. indeterminate
. sin7X

lim =

X—0 X

A 9 B. 1 C. 1 D. ~ E. indeterminate
I sinx_

x>0 TX

A o B. 1 C. 1 D. 5 E. indeterminate
li SlnX_

X X
A —7x B. -1 C. 0 D. 1 E. n

ll SlllX=

x>% X
A B. 1 C. 2 D. =z E. does not exist
. sin2Xx

lim =

x=0 X cOoS X
A -1 B. 0 C. 1 D. 2 E. does not exist
. 1—cosX

Iim———=

=3 X
A. z B. i C. i D. 3(1_\/3) E. 0

3 T 27 2



300.

301.

302.

303.

304.

305.

306.

307.

308.

309.

sin 3Xx _

lim(sin* x —1) =

z
)(—)4

A.
0

N |
limsin—=
X—0 X

A. o

. |
lim Xsin—=
X—0 X

A 0

. sin(mr—X
lim 307 = X) _
X—>7 ﬂ'—X

A 1

. cosx—1
lim———=

X—0 X

A -1

. sin2x
lim =

X—=0 X

. sin3x
lim — =
x=0 gin 4 X

A.

1

. 1—-cosXx
lim————=

X—0 X
A. nonexistent

W | &

W |

C.

C.

YR

nonexistent

nonexistent

N | -

alw

D.

D.

E NG

nonexistent

E.

does not exist

none of these

none of these

none of these

nonexistent

none of these



310. | tanzx
lim =

X—0 X

A 1
T

311. . sec X—cos X
llm—2=
X—0 X

A. B.

0 1 2 E. none of these

N | =

312. z
lim cos(Z+h) _
h—0 h

A 1 B. -1 C. o D. does not exist E. none of these

313. in(z _
i NG+ -1

h—0 h

A1 B. -1 C. 0 D. © E. none of these

314. ¥

The graph of the function f is show in the figure.
The value of linllsill( f(x)) =

3
Graphof f
A. 0.909 B. 0.841 C. 0.141 D. -0.416 E. nonexistent
315. P
lim1 c0s2(2x)=
X—0 X
A. =2 B. 0 C. 1 D. 2 E. 4
316. ling X eS¢ X =
A, —o B. -1 C. 0 D. 1 E. o«
317. im sin(x—%) _
x—=>% X_%
A 0 B 1 C. =z . 1 E. nonexistent
V2 4
318. . 1-cosH
lim———=
00 2sin"0
A B C. D E. )
0 l 1 1 nonexistent



3109.

320.

321.

322.

323.

324.

325.

326.

327.

. tanX
lim =
X—0 X
A. B.
-1 __
. cosx—1
lim———=
x=>0  sIn” X
A. 1 B. 1
sin 3 X _
x=0 tan 2 X
A. 0 B. E
3
. —cos X+1-—sin X
lim =
Xx—0 X
A -1 B. 0
. 2sin X cos X
lim————=
X—=0 2X
A. B.
-2 -1
. sin?3x
lim =
X—0 X
A 0 B. 1
lim4s1n xeos;(—sm X _
X—0 X
A. B. 40
2 —_
3
. cos’x—1
lim———=
x=0 2Xsin X
A. B. 1
-1 _—
2
. sin2Xx
lim =
x=0 X coS X
A. B.
0 1

N | =

N | =

[SHIE

[SHE

N | W

(S

undefined

undefined

undefined

" undefined

does not exist



328.

329.

330.

331.

332.

333.

334.

335.

336.

337.

. 1-cosX
li > =
X—0 X
A. B. 1
0 —_
2
. sin2x-2x
X—>0 X
A. B.
0 1
. tan X —1
lim——— =
X_,g sin X —cos X
A 4 B. \/E
lim(sec X — tan X) =
A. B.
1 0
I sin X _
X—>r/2 X
A. B 2
0 J—
b4
lim sin(X + h)—sin x _
h—0 h
A 0 B. 1
lim tan 3(X + h)—tan3x _
h—0 h
A0 B. 3sec’(3x)
lim tan(X + h)—tan x _
X—0 h
A. secX B. —secXx
lim cos(X + h)—cos x _
h—0
A. sinXx B. —sinXx
lim tan(2(X + h))—tan(2x) _
h—0 h
Ao B. 2cot(2x)

In3

sin X

sec’(3x)

sec? X

cos X

sec’(2x)

22

N[N

COoS X

3cot(3x)

—sec? X

—Cos X

2sec’(2X)

does not exist

E. ]
does not exist

E. does not exist

does not exist

E.
none of these

E. nonexistent

E. nonexistent

E. does not exist

E. does not exist

E. does not exist



338.

li
h—0 h
A. \/5 B. 4
3 3
339. -
lim sec(r +h)—secrw _
h—0 h
A. B.
-1 0
340.  sin(z+h)—sinz
lim =
h—0 h
A1 B. 0
341. . cosCf +h)—cos(f) _
h—0 h
A. B.
: &
2
342. i SNG +AX) —sin(3) _
Ax—0 AX
A. 1 B. 0
343. i SSCG+ ) —ese()
h—0 h
A. B.
N =
344. im SOSG +) —cos g
h—0 h
A - B. -1
345. . sec(5 +h)—sec(5) _
h—0 h
A 1 B.
> V3
346. sz —cotz
mcot(6 +h)—cot’F

m tan(Z + h)—tan(%) _

li =
h—>0 h

A _4 B. .3

N | =

. +00

2.3

E. i
4
E.
V2
E. —®©

E. ]
does not exist

nonexistent

undefined

undefined

m

- cannot be determined



347.

348.

349.

350.

351.

352.

353.

354.

m tan(% + k) —tan(%) _

li
k—0 k
A. 1 B. C. D. E.
- 1 2 2 3
J3
lim tan(% + h) —tan(%) _
h—0 h
A -1 B. 0 C. 1 D. 2 E. does not exist
lim cos(%+h)—cosZ _
h—0 h
A. _ﬁ B. _ﬁ C. 0 D. ﬁ E. 1
2 2 2
lim sin(Z + h)—sinZ _
h—0
A. B. C. D. n . .
0 1 -1 2 does not exist
limsm(%+ h)—l=
h—0 h
A. - B. ., .
f’(zj, where f(X)= cos X f'(1), where f(x)=sinXx
' D. T
f'(1), where f(x)=cosX f’ 3 where f(X)=sin2Xx
E. T
f’ By , Where f(x)=sinX
If g(x)=X+cosXx then lim g(x+hg—g(x)=
A. sinx+cosx B. sinx—cosx C. 1-sinXx D. 1-cosx E. x*—sinx
. 3Jx*=3x
x—© 2 X" 4+ cOS X
A. B. C. D. E.
0 % 6 0 none of these
i sin X _
X—0 |X|
A -1 B. 0 C. 1 D % none of these



355.

356.

357.

358.

359.

360.

361.

f (c) is defined

Continuity| > A function f(x) is said to be continuous at x =c if
[2] 1im f(x) exists [3] 1im f(x)= f(c)

If any of these conditions fails to be satisfied, the function is discontinuous at x =c¢

&

o

R

This question and the next four are based
on the function f shown in the graph and
defined below:
(1-x -1
2x* -2 0<x<1
f(x)=9 —x+2 1<x<2 y
1 X=2
2x—-4 2<x<3
linzn f(x)=
A. equals 0 B. equals 1 C. equals 2
The function f is defined on [-1, 3]
A if x#0 B. if x=1 C.if x=2

The function has a removable discontinuity at
A. x=0 B. x=1 C. x=2

On which of the following intervals is f continuous ?
A. -1<x<0 B. 0<x<1 C. 1<x<L2

The function has a jump discontinuity at
A. X=—1 B X=1 C X=2

For what value(s) of x does f(x)= x2—

A. X=0 B.
D. x=1 and x=-1

x=1
E. all real numbers

D.

o

nonexistent

if x£3

2<Xx<3

X=3

have a removable discontinuity ?

. none of these

at each xin [-1, 3]

. none of these

. none of these

. none of these



362.

363.

364.

365.

366.

367.

368.

369.

is continuous for all real numbers EXCEPT

1
f(X) = —2

X
A. X=0 B
D. x=-1 only E.

x=1 only
X=2

C. x=1and x=-1

f (x) isa continuous function on [ a, b ] Which of the following statements are true ?
I. f(x) is differentiable on ( a, b)

II. There isanumber c in ( a, b) such that f'(c)=

bh-a

I f(x) has amaximum valueon [ a, b |

A. T only

B. 1II only

C. III only

D. I and III

f(b)- f(a)

E.

If f iscontinuous on [—4, 4] suchthat f(-4)=11 and f(4)=-11, then

A £0)=0

B.

C.itis possible that f is not defined at x =0 D.

lim f(x)=8

lim f(x) = lim f(x)

E. there is at least one ¢ €[4, 4] such that f(c)=8

I, II and III

If f iscontinuous on [ 4, 7 ] how many of the following statements must be true ?

I. f hasamaximum valueon [ 4, 7 ]

IL. f has a minimum valueon [ 4, 7 ]

A 0

If f(x)={

A. X

B. 1

2x*+3  ifx>1

C. 2

L. f(7)> f(4)
IV. lim f(x)= f(6)
D. 3

E.

4

, then f will be continuous at x =1 if g(x)=

g(x) ifx<l1
B. cos(x+4)

C. 6-Xx

D. x*+2

E.

Given that f(x)=|x—3|+2, which one of the following statements is false ?
f is differentiableat x=3C. f'(5)=

A. f iscontinuousat x=3 B.
D. f'(0)=-1 E.

f(2)= f(4)

Given that f is a function, how many of the following statements are true ?
I. if f iscontinuous at x=c, then f’(c) exists
II. if f'(c) exists, then f is continuousat x=c

A0

Which of the following is a point of discontinuity for

A. -3

1. lim f(x)= f(c)

1

2x*=3

IV. if f is continuous on (&, b), then f is continuous on [ a, b]

B. 1

B. 2

C. 2

C. o0

D. 3

x> —4
f(x)=—2 2
) x> +2x-3
D. -1

E.

E.

4

-2



370. How many of the following functions are NOT continuous over the set of real numbers ?

14 3
Iy= II y=|x+1 II y= IV y=x°
V=311 y=[x+1 Y= y
A 0 B. 1 C. 2 D. 3 E. 4
371. X2 —
The graph of y= has
3x-9
_ B. : 1
a vertical asymptote at x =3 a horizontal asymptote at y = 3
a removable discontinuity at x =3 an infinite discontinuity at x =3
none of these
372. X2 _
The function f(x)=< x i x#0
0 if x=0
A. s continuous everywhere B. is continuous exceptat x =0
C. has a removable discontinuity at x =0 D. has an infinite discontinuity at x =0
E. has x=0 as a vertical asymptote
373. ( —
M for x#1,2
X" =3X+2
Suppose f(x)=< -3 for x=1 then f(x) is continuous
4 for x=2
A. exceptat x=1 B. exceptat x=2 C. exceptat x=1o0r 2

D. exceptat x=0,1,o0r 2 E. ateachreal number

374. Suppose lim f(x)=-1; lim f(x)=-1; f(=3) is notdefined. Which, if any, of the
Xx—-3" x—-3*

following statements may be false ?
A. lim3 f(x)=-1

B. f hasaremovable discontinuity at x =-3

C. if we redefine f (-3) to be equal to —1, then the new function will be continuous at x =-3
D. f iscontinuous everywhere exceptat x =-3

E. all of the preceding statements are true

375. xX24+x .
Let f(X)=9 x TX#0 \which of the following statements, I, II, and III, are true ?
1 if x=0
I. (0) exists I1. 1}33 f (X) exists III. f iscontinuousat x=0

A. T only B. II only C. IandITonly D. allof them E. noneof them



376.

377.

378.

379.

380.

381.

382.

2
A function f(x) equals X —X

for all x except x=1. In order that the function be

continuous at x =1, the value of f (1) must be

A0 B. 1 C. 2 D. « E. none of these
x? forx<1
If f(x)= , then
2x—1 forx>1
A.  f(x)is not continuous at x =1 B. lim f(x) does not exist
C. /(1) exists and equals 1 D. f')=2
E.  f(x)iscontinuousat x=1 but f’(1) does not exist
x? if x<-=2
Suppose f(x)=<4 if —2<x<1 Which statement is true ?
6—x if x>1
A. fisdiscontinuous only at x =-2 B. f isdiscontinuousonlyat x=1

C. fisdiscontinuousat x=-2 andat x=1 D. f is continuous everywhere
E. if f(=2) is defined to be 4,then f will be continuous everywhere

Which statement is true ?

A. If f(x) iscontinuousat x=c, then f'(c) exists

B. If f'(c)=0, then f hasa local maximum or minimum at ( ¢, f(c))
C. If f”(c)=0, then f has an inflection point at ( ¢, f(c))
D

E

f f is differentiable at x =c, then f is continuousat x=c¢
f f iscontinuous on ( a, b), then f attains a maximum value on ( a, b)

i . 3kx—5 forx>2
Determine a value of k such that f(x) is continuous, where f(x) ={

4x -5k forx<2

A. ; B. 13 C. 3 D. 3 E. 3
11 11 11
. kx-1 for x<2 . .
Find the value of k suchthat f(x)= ) is continuous for all real numbers.
kx for x>2
A 1 5.1 c. _1 b _1 B hone of these
If f'(a) does NOT exist, which of the following MUST be true ?
A.  f(x) is discontinuous at x =a B. lxi_lg f (x) does not exist
C. f hasavertical tangent at x =a D. f hasa"hole" for x=a

E.  none of these is necessarily true



383. 2
The function f(x)= % has
X J—
A. only a removable discontinuity at x =—2
B. only a removable discontinuity at x =2
C. aremovable discontinuity at x =—2 and a nonremovable discontinuity at x =2
D. removable discontinuities at x=-2 and x=-3
E. nonremovable discontinuitiesat x =2 and x=-3
384. ¥
The graph of a function f is shown. .
At which value of x is f continuous,
but not differentiable ? _ : / i
/C” a b\ /d e
Graph of f
A a B. b C. ¢ D. d E. e
385. V2X+5-X+7 for X =2
If f(x)= X—2 ’ and if f iscontinuous at x =2, then k=
k , forx=2
A. B. C. D. E.
0 1 1 1 7
3 5
386. For which of the following does lin} f(x) exist?
I. Y o X m vy
f f |
o T T
Graph of Graph of f Graph of
A. T only B. II only C. I only
D. I and II only E. I and III only
387. Which of the following functions shows that the statement " If a function is continuous at x =0,

then it is differentiable at x =0 " is false ?

A tx=xt B roo=xt & fo=xt D of=xt B fo=x



388.

389.

390.

391.

The graph of the function f is shown
in the diagram. Which of the following

statements must be false ? /
T
Graph of f
A f(a) exists B. f(x) isdefined for 0< x<a
C. f isnot continuous at x =a D. lim f(x) exists

X—>a

E. lim f'(x) exists
X—a

Let g be a continuous function on the closed interval [ 0, 1]. Let g(0)=1 and g(1)=0
Which of the following is NOT necessarily true ?

A. There exists a number hin [ 0, 1] such that g(h)> g(x) forall x in [ 0, 1]

B. Forall aand bin[ 0, 1],if a=b, then g(a)= g(b)

C.
There exists anumber hin [ 0, 1] such that g(h) = !

D.

|w N

There exists a number h in [ 0, 1] such that g(h)= 5

E. Forall hin the open interval (0, 1), lim g(x) = g(h)

2
At x =3 the function given by f(x)= X5 for x<3
6x-9, for x>3
A. undefined B. continuous but not differentiable

C. differentiable but not continuous D. neither continuous nor differentiable
E. both continuous and differentiable

sinx for x<0
x? for 0<x<1
2—-x for 1<x<2
x—3 for x=>2

Let f be the function defined by the following f(x)=

For what values of x is f NOT continuous ?
A. 0 only B. 1 only C. 2 only D. 0and2only E. 0,1and2



392 . f(2+hr:— f(2)

" Let f be afunction such that lhi =5 Which of the following must be true ?

-0
I. f iscontinuousat x=2 II. f is differentiable at x =2
ITI. The derivative of f is continuous at x =2
A. T only B. 1I only C. I and II only
D. I and III only E. II and III only

393. If f iscontinuous for a< x <b and differentiable for a < x <b, which of the following
could be false ?

A b B.
I f(x) dx exists f'(c)=0 forsome ¢ suchthat a<c<b

C. D.
f has a minimum valueon a<x<b f has a maximum valueon a< x<b

f'(c) = M for some ¢ suchthat a<c<b

394 Inx for 0<x<2

I f(x)=
) {lenz for 2<x<4
A. In2 B. In8 C. Inle D. 4 E. nonexistent

, then lin}f(x)=

395. Let f be the function given by f(x)=|x|. Which of the following statements about f are
true ? I. f iscontinuousat x=0
II. f isdifferentiable at x =0
III. f has an absolute minimumat x =0

A. Tonly B. ITonly C. IIIonly
D. Iand III only E. IIand III only

396. v

The graph of a function f is shown in the diagram.
Which of the following statements about f is false ?

A a =4
A. f iscontinuous at x =a B. f has arelative maximum at x =a
C. x=a isinthe domain of f D. Xl‘j? T(x) Isequal to >!l—gl oo

E. lim f(x) exists



397. g

Let f be defined as follows, where a # 0. f(x)= X—a for a=0
0 for x=a
Which of the following are true about f
I. lim f(X) exists I1. f(a) exists III. f(x) iscontinuous at x =a
A. none B. I only C. 1II only
D. I and II only E. LII and III
398. LY

The function shown is defined on

the closed interval —1<x<4 for c\/‘
[l |
| | 1 1

10 1 2 3 4

A. all x B. all x except x=0 C. all xexcept x=1
D. all x except x=2 E. all xexcept x=0 and x=2
399. X’ +8 if %2 L. f(x) is defined at x =2
Let T(x)=1 x+2 _ IL. f(X) is continuous at X = —2
4, if x=-2

III. lim f(X) exists
Which of the following four X—>-2

statements are true ? IV. f(x) is differentiable at x =-2

A. T only B. I and II only C. I and III only
D. II and III only E. LILIII and IV
400. ) _ x+k if x<2 .
For what value of k is the function y= ] continuous at x =2
x> +4 if x>2
A 2 B. 4 C. 6 D. 8 E. 10
401. 2Xx

The function f(x)= | —2 is defined for all x > 0 except x =1. The value that must be
n X

assigned to (1) to make f(x) continuousat x=1 is

A =2 B. -1 C. 0 D. 1 E. 2
402. . ) x? if x<2 . .
If the function defined by f(x)= ) IS continuous at x =2, then k =
2x+k if x>2

A0 B. 2 C. 4 D. 6 E. 8



403. . X _
The function f(x)=

is defined for all x>0 exceptx=1 The value that must be

assigned to f(1) to make f(x) continuousat x=1 is

A. 1 B. _l C. 0 D. 1 E. ;
€ e
404. 3 )
The function f(x)= x -8 is not defined at x =2 L f(2)=12
X=2 IL f(2)=lim f(x)

Which of the following expressions for f(2) can be

used to make f(x) continuousat x =2 1L 12)= }anl Fo)

A. T only B. II only C. Tand IT D. IMand III' E. I,II and III
405. . .

What value should be assigned to f(x)=— at x=0 tomake f(x) continuousat x=10

A. -1 B. 0 C. l D. 1 E. none of these
406. x4 f

If f(x)= e +2 for x<0 is differentiable at x =0 then a+b=

ax+b for x>0
A0 B. 1 C. 2 D. 3 E. 4

407. Suppose that f is a continuous function defined for all real numbers x with f(-5)=3 and
f(-1)=-2 If f(x)=0 for one and only one value of x, then which of the following could be x

A -7 B. -2 C. 0 D. 1 E. 2
408. 2 <
F fog=] X T2 ONXSL e )=
2x+1 for x>1
A. % B. 1 C. 2 D. 3 E. does not exist
4009. 2
. . . . X“+bx  for x<5
If f isa continuous function defined by f(x)= then b=
Ssin(£ x) for x>5
A. -6 B. -5 C. -4 D. 4 E. 5
410.

snx for x#0

In order for f(x) to be continuous at x =0,
k for x=0

Consider the function f(x) ={

the value of k must be
A 0 B. 1 C. -1 D. =«

E. anumber greater than 1



411.

412.

413.

414.

415.

416.

417.

418.

Which function is NOT continuous everywhere ?
A. B. C. D. X E. 4x

y =[x y=X y=vx*+1 y=—;

x*+1 y=(x+1)2

o

Consider the function f defined on Z < x < 3 by f(x)= tan x
2 2 sin X

forall x=xz If fis

continuous at x =z then f(z)=

A 2 B. 1 C. 0 D. -1 E. -2
2
If the function f is continuous for all positive real numbers and if f(x)=w when

x#2 then f(2)=
A -1 B. _» C. —e D. —In2 E. undefined

Which of the following functions is both continuous and differentiable at all x in the interval
-2<Xx<2

f(X)=‘X2—1‘ 5 f(x)=+vx*—1 < f(x)=vx*+1

f(x)= 21 none of these
X =1
: K2l for x 1 : : :
Let f be defined by f(x)= X Determine the value of k for which f is
k for x=1
continuous for all real x
A 0 B. 1 C. 2 D. 3 E. none of these

Which of the following is continuous at x =0

L f(x)=|x| IL f(x)=¢* II. f(x)=Ine*-1)
A. T only B. 1II only C. I and II only
D. II and III only E. none
M forx#2
If f iscontinuousat x=2,andif f(x)= X—2 then k =
k forx=2
A. 1 B. 1 C. 0 D. 1 E. 1
2 4 4 2

In(x+k) for0<x<3

Which of the following values for k makes the function f(x)=
cos(kx) forx<0

continuous at x =0

A. B. C. =« D.

0 1 z e
2



419. Which of the following functions are continuous but not differentiable at x =0

L f(x)=x IL g(x)=|x| L h(x)= x|
A. T only B. II only C. T and II only
D. II and III only E. LII and III
420. ¥
The graph of the function f is
shown in the diagram. Which 2
of the following statements i "
about f istrue? } } -
a 'ﬂl b x
f (a) exists B. lim f(x)=2 C. limf(x)=1
lim f(x)=lim f(x) E. f iscontinuousat x =0
421. Ix|-2
——— forx=2 . . .
If f(X)=5 x=2 then the value of k for which f(x) is continuous for all
k forx =2
real values of x is k =
A -2 B. -1 C. 0 D. 1 E. 2
422. : ) ) e” if Xx>1n2
What is the lim g(x) given g(x)= )
x=>In2 4—e* if x<In2
A =2 B. In2 C. g2 D. 2 E. nonexistent
423. Afunction f is continuous on [ 1, 5 | and some of
the values of f are shown in the table. If f has only x | 113|535
one root r on the closed interval [ 1, 5 ], and r = 3 fo)|-2|b|-1
then a possible value of b is
A -1 B. 0 C. 1 D. 3 E. 5

424. If lim f(x)=L where L is a real number, which of the following must be true ?

X—a

I. f(a)=L II. lim f(x)=L L lim f(x)=L
A. T only B. I and II only C. I and III only
D. 1II and III only E. I,II and III

425. Which of the following functions are continuous for all real numbers x
L f(x)=|x| II. f(X)=tanX ML f(x)=3x*+x-7
A. T only B. 1II only C. III only
D. T and II only E. I and III only



426.

427.

428.

429.

430.

431.

x> =2x*=29x—-42
x*—9

A. f (x) has a removable discontinuity at x = -3

Let f(x)= Which of the following statements is true ?

f (x) has a jump discontinuity at x =3

C. If f(3)=-% then f(x) is continuous at x =3
D.  f(x) has nonremovable discontinuities at x=-3 and x=3
E.

lilg f(X)=00

The function f is continuous on the closed interval

[-2, 1]. Some values of f are shown in the table. x |-2(-1|0]1
The equation f(x)=2 must have at least two f(x)|-3|7 |k|3
solutions in the interval [-1, 1 | if k=
A. 1 B. é C. 5 D. § E. 3

2 2

Which of the following statements are always true ?
I. A function that is continuous at x =c must be differentiable at x =c
II. A function that is differentiable at x =c must be continuous at x =c¢
III. A function that is not continuous at x =c¢ must not be differentiable at x=c
IV. A function that is not differentiable at x =c¢ must not be continuous at x =c¢

A. none of them B. I and III only C. 1II and III only
D. II and IV only E. LILII and IV

: . x> —6X+9 :
A function f(x) isequalto ———— forall x>0 except x=3. In order for the function

to be continuous at x =3, what must the value of f(3) be?

A 5 B. 4 C. 2 D. 1 E. 0
2 —
If the function f is continuous for all real numbers and if 1‘(x)=2X+—X31‘5 when x # -3,
X+
then f(-3)=
A. B. C. D. E.
~15 11 _3 0 S
2
x?—4

A function f(x) is equal to forall x>0 except x =2. In order for the function to

be continuous at x =2, what must the value of f(2)=
A —4 B. -2 C. 0 D. 2 E. 4



432. i
A function f(x) isequal to sin 2X

for all x except x=0. In order for the function to be

continuous at x =0, what must the value of f(0) be ?

A 2 B. 1 C. 0 D. -1 E. -2
433. 2 _
If the function f is continuous for all real numbers and if f(x)= X ZTx+12 when X # 4,
then f(4)=
A. B. C. D. E.
1 g -1 0 undefined
434. x*+5 if x<2
If f(x)={ rx_s if x5 I. f(x) is continuous everywhere
X=s Mhxe II. f(x) isdifferentiable everywhere
for all real numbers X, III. f(x) hasalocal minimumat x=2
which of the following must be true ?
A. Tonly B. TandIlonly C. IlandIllonlyD. Tand IIlonly E. I,II,and III
435. X+2a, if x<1 _ . : :
Let f(x)= ) If aissuchthat f(x) iscontinuousat x=1, is f(x)
ax’*+7x—4,if x>1

also differentiable at x =1 Justify your answer.

f(x)={ X xS Find the values of a and b such that f (x) is differentiable at x =3

ax*+3, if x>3

437. 345 if x<1
If f(x)={ x’+2x+5 if 1<x<4 forwhatvalue of c is f(x) continuous at x =4
X+C if X>4
438. - X if x<-1
For what value of c is the function defined by f(x)={ —x*+x+c if —1<x<2

2x-3 if X>2

continuous at x =-1

439. 2 i
f(x)={ o +5 i x<1 The slope of the line tangent to the graph of f(x) is =3 at x=-1

ax+b if x>1
Find the values of a, b and c such that f’(x) is defined for all real numbers.

440. ax>  if x<2 . . .
Given f(x)= ) find the value of a that will make f(x) differentiable at x =2
bx—6 if x>2



441. . 3x*=3x . . .
The function f(x)= 1 is not defined at x =+1 What value should be assigned to f (1)

to make f(x) continuous at that point ?

442. ax®+bx+1 if x<1

Given f(x)= { find the values of a and b that will make f(x)

x* +2 if x>1

differentiable at x =1

443. 3 H <
The function f(x) ={ ax T x<2 is differentiable at x =2. Find a and k

2x+k if x>2

444. y . . o ct? if t<4 _
The position s of a moving particle at time t is given by s(t) = Find the

3t+d if t>4
constants c¢ and d if the path of motion and the velocity are both continuous at t =4

The slope of the line tangent to the graph of f(x) at x=-11is1.

445. ox+2 if x<3
f(x)= )
ax+b if x>3

Find the values of a, b and c such that f’(x) is defined over the domain of f

446. _ ax+b if x<2 _ .
Let f be defined by f(x)=7 |, ) Find the values of a and b such that f is
X"+ X+1if x>2
differentiable at x =2
447. 2 -
What value must be assigned to f s f(x)= w is to be continuous at x =
2 2X" —9x+4 2
448. o _ 5x*+ax+b if —2<x<0
A function is defined for —2<x<2 by f(x)= X Find the
(2x+4)* if 0<x<2
values of a and b if f(x) is differentiable at x =0
449 1_e2x . .
f(x)= o What value must be assigned to f(x) atx =0 to make f(x) continuous atx =10
450. ax+b if x<i _ _ o
Given f(x)= ] find the values of a and b for which this function is
3x* if x=21

differentiable at x =%



451.

452.

453.

454,

455.

456.

457.

458.

4509.

2X=6 43

If f(x)=4 x-3 , then lin;f(x)=
5 Xx=3

A 5 B. 1 C.2 D. 6 E. 0
X+1 x<1 ) . .

If f(x)= ) , then f(x) is continuous forall x if a=
3+ax x>1

A. , B. 1 C. D. 0 E. Y

[ SR

If f(x)= is not continuous at ¢, then c=

1
10—/ x* + 64

A 6 B. -6 C. £6 D. +4 E. 5

Which of the following satements is/are true ?
I If f iscontinuous everywhere, then f is differentiable everywhere
IT If f isdifferentiable everywhere, then f is continuous everywhere
IIT If f iscontinuous and f(x)>2 forevery x in [ 3, 7], then J'; f(x)dx>8
A. Tonly B. ITonly C. IIonly D. Tand I only E. IIand III only

. . o t?  for0<t<2
A particle moves along a straight line. Its velocity is V(1) = {

t+2 fort>2
The distance travelled by the particle in the interval 1<t<3 is
A 3 B. 71 C. 43 D. 5 E. 6.8
] —CcX+5, x<-1 )
For what value of ¢ is f(x)= ) continuous ?
3X"+2, x2>-1
A 3 B. -3 C. 6 D. none E. 0
—x2 > _
Use fo=27% TOrx20 ifind  tim D=0
2+4x forx<0 h—0
A0 B. 1 C. -1 D. 2 E. none of these
. . . 0, if x<0 . .
If f isthe function givenby f(x)= " >0 which of the following statements are true ?
X, if x>

L lin[} f(x)=0 II. f iscontinuousat x=0 III. f isdifferentiable at x =0

A. Tonly B. ITonly C. TandITonly D. Tand IIlonly E. I,II,and III

Which of the following functions shows that the statement " If a function is continuous at x =0,
then it is differentiable at x =0 " is FALSE ?

A f=x2 B fo=xt & foo=xT D fx=xt E f=xi



460.

461.

462.

463.

464.

465.

If f isa function such that lin‘}f(x);zf(Z) =0 then which of the following must be true ?
X—> X —
I. f iscontinuousat x =2 II. f is differentiable at x =2 L. f'(2)=0
A. Tonly B. ITonly C. TandIlonly D. ITandIIonlyE. I,1II,and III

Which of the following must be true if  is a continuous functionon [ a, b ]
I. f is differentiable on ( a, b)
II. f(c)=0,forsomecin (a,b)
III. There exists c and d in [ a, b] for which f(c)< f(x)< f(d) forallx in [ a, b ]

A. Tonly B. ITonly C. IIonly D. TandITonly E. IIand IIIonly
E if x#1
Let f(X)={ x-1 Which of the following statements, I, IT and IIT are true ?
4 if x=1
L lin} f(x) exists II. (1) exists III. f iscontinuousat x=1
A. T only B. II only C. T and II only
D. all of them E. noneof them
¥
2 P

The graph of the function f is shown in
the diagram. Which of the following
statements about f is false ?

* ¥ % F 1
o 1 2 3
f(x) is continuous at x =2 B. lim f(x)= lill31+ f(x)
f (3) is not defined D.  f(x) is not differentiable at x =2
E. £/(3) does not exist
E X=0
Let f(x)= X Which of the following statements is true ?
1, x=0
A. f iscontinuousat x=0 B. lim f(x)=0 C. lim f(x)>1
D. 1lim f(x)<1 E. lim f(x) does not exist
X—0" X—0"
In2x, for 0<x<2 .
The function f isgivenby f(x)= " The limit lim f(x)=
2Inx, for x>2 x=2
A. B. C. D. E. .
0 1 2In2 nonexistent

1
2



466. The function f is given by

467.

468.

4609.

470.

3 I. f is continuous at the point x=0
f(x)= M x=0 IL. f is differentiable at the point x =0
0 x=0 II1. x =0 is a point of inflection for a graph of f
Which of the following statements are true ?
A. T only B. III only C. I and II only
D. I and III only E. I, II and III
¥
¥ =fz)
The graph of f is shown in the diagram.
Which of the following statements about
f is false ?
} 4 = X
/] a &
A. ling f (x) exists B. lim f(x) exists
C. f has arelative minimum at x =a D. f has a relative maximum at x =b

E. f’iscontinuousat x =b

The function f, whose graph is shown in the :'F

diagram, is defined on the open interval (1, 7). 1%
It has a vertical tangent when x =2 anda

horizontal tangent when x =6 For what a
values of x, 1< x<7, is f notdifferentiable ? 1 ¢

-

A. 2only B. 3andS5only C. 5and 6 only
D. 2,3and5only E. 2,3,5and 6 only

e’x, X<0
cosX+1, x>0
A 0 B. 1 C. 2 D. 3 E. nonexistent

If f isthe function given by f(x) ={ then ling f(x)=

. . . x—=2 for x<5
Determine ¢ so that f(x) is continuous everywhere when f(x)=
cx—3 for x>5

A 0 B. g c. 1 D. % E. none of these



471.

472.

473.

474.

475.

476.

477,

2 if x<3
Let f be the function givenby f(x)= X _I X Which of the following
4x -7 if x>3
statements are true about f

L ling f(x) exists I1. f iscontinuous atx=3 III. f is differentiable at x =3
X—>

A. none B. I only C. 1II only
D. I and II only E. LII and III

Let m and b be real numbers and let the function f be defined by
2
F(x) = 1+3bx+2x for x<1
mx+b forx>1

If f is both continuous and differentiable at x =1 then
A. m=1,b=1 B.m=1,b=-1 C. m=-1,b=1 D. m=-1,b=-1 E. none of these

The function f is continuous at x =1

IX+3-/3x+1 for X1
If f(x)= X —1 then k =
k for x=1
A. 0 B. 1 C. l D. _l E. none of these
2 2

x*+kx-=3 for x<1

The function f is defined on all the reals such that f(x)=
3x+b for x>1

For which of the following values of k and b will the function be both continuous and
differentiable on its entire domain ?
A. k=-1,b=-3 B.

k=1, b=3 C. k=1, b=4
D. k=1, b=-4 E. k

-1, b=6

) 4-x* for x<1 . . . .
The function f(x)= is continuous and differentiable for all real numbers.
mx+b for x>1

The values of m and b are
A. m=2 b=1 B. m=2,b=5 C. m=-2, b=1 D. m=-2, b=5 E. none of these

The function f is defined for all real numbers by f(x)= e +3 forx>0
ax+b forx<0
If f isdifferentiable at x=0,then a+b=

A0 B. 1 C. 2 D. 3 E. 4

In3-x) if x<2
a—bx if x>2

Find the values of a and b that assure that f (x) ={ is differentiable

at x=2
A. a=3,b=1 B. a=1 b=2 C. a=2 b=1 D. a=1 b=3 E. a=-2 b=-1



478.

479.

480.

481.

482.

483.

484.

485.

486.

487.

- — y y'
Trig derivatives|- sinx | cosx
o sin X X X tan X
Trig limits - lim =1 . sec2 .
x=0 X tan X | sec” X
N liml_COSX=0 cos X | —sin X
x—=0 X
) . 0 cse X | —ese Xceot X
(squeeze theorem proofs pg 80) cot X | —ese? x

Find the derivative of y =sin(x?)

A.  cos(x?) B. 2sinxcosx C. 2xsin(x?) D. 2xsinx E.  2xcos(x?)
If y=In(tanx) then y'=
A2 B. c. 1 E.
- sec” X cot X sec” X tan X
sin2Xx Xtan X
Find the derivative of y=e”sin x
A.  e*cos X B. e*+cosx C. ecosx D.  In(sin x) E.  e*(sin X +cos x)
The derivative of y=tan(x?) is
A, sec’(x?) B. 2xsec’(x?) C. 2xsec(x?)
D.  sec(x?) E.  2xsec’(x?)tan(x?)
If y=In e™* then y'[%) =
A _» B. 1 C. 2 D. 2\/5 E. 4
Given f(x)= xcosXx the second derivative of f(x)=
A. —XxsinX B. —cosX C. —XcosX
D. —XcosXx—2sinX E. Xxsinx
Find the derivative of cos” x
A.  sin® x B. 1-sin’x C. 2cosXx D. —2sinxcosx E. —2sin(2x)
Find the value of the derivative of e”sinx at x=7x
A. 0 B. 1 C. e D. e” E. —e”

The y-intercept of the line tangentto y= xsinx at x=7x is
A. - B. T C. —7'[2 D. ﬂ'z E. 1



488.

489.

490.

491.

492.

493.

494.

495.

496.

497.

If f(x)=In(sinx) then f’[%):

1 B. C. D.
——In2 ﬂ 0 1 undefined
2 2
If y=sin2x—-x then y’(%jz
A -3 B. -1 C. 0 D. 1 E. undefined
The number of critical points of the function f(x)=-Xsinx on [—6, 6] is
A 2 B. 3 C. 4 D. 5§ E. infinite number
2 X ’
If y=3tan [5) then y'(r)=
A. 1 B. 83 C. 9 D. 83 E. 57

3

If f(x)=2sin’5x then f'(x)=
A. 10sin10x B. 20sin5x C. 10sin5x D. 4cos5x E. 20cos5x

; d
If y=e"", then .
dx
A. esinx B. peosx C. e* sin x D. esinxcosx E. el—sinx

If g(x)=x’cosx then g'(x)=
A. 2Xxcos X B. — x*sin x C. xsinx+2x
D. 2xcos x— x%sin X E. 2xcos x+ x*sin x

If f(x)=-cos3x, findall values in the interval ( 0, z) for which f®(x)=0

b b

r
6 4 3 3 6 6 2

The normal line to y =2sin X at X =% intersects the x-axis at ( X,, 0) What is the value of X,

A.

l B. ~+6 C. 2_7'[ D. 7Z'+3\/§ E. E
2 3 3 3 6
If f(X)=sinx+cosx+e”, then f'(x)=
A. —cos X+sinx+1 B. cosXx—sinx+e* C. —cos X —sin X +e*

D. xsin X+ Xcos X +¢e* E. cosx—sinx+1



498.

499.

500.

501.

502.

503.

504.

If y=sinu, u=3w, and w=e*, then ;1_y=
X
A. 6ezx COS(3ezx) B. 3c0se2x C. eZcos(Se“)
D —6sin(6e™) E. 6xcose™
Inthe interval [ 0, z ], where are the inflection points for the function y =sin® x —cos’ X
0 and B. x=2 C. x=% and x=>%
X=0 and x=x 5 1 4
D. /4 2 E. . . . - .
X = 3 and X = 3 no points of inflection in the indicated interval
Find y', if y=In(sec X + tan X)

B. 1 C. 2y D. 1 E. 1
sec X tan X sec X + tan X sec X + tan X
Find v given y=x2sinl (x #0)
dx X
. B. .
2Xsinl—xzcosl —zcosl 2Xc0sl
X X X X X
D. 1 1 E. 1
2Xsin——cos — —COoS—
X X X
Find gy if y= 1
dx 2sin2X
A. B. 1 C.
—csc2Xcot2X —4csc2Xcot2X
4cos2X
D. cos 2 X E. 2y
— —csc
2+/sin 2 X
Find d_y, if y=e " cos2x
dx
A. —e7*(cos2X + 2sin2X) B. e *(sin2Xx—cos2x) C. 2e*sin2x
D. _e*(cos2x+sin2x) E. —_e*sin2x
Find d_y’ if y=sec’ X
dx
A. sec\/;tan\/; B. tan\/; C.
R A A 2sec+/x tan> v/x
NP N
D. 2 E.
sec’ v/X tan/x 2sec \/x tan/x

Jx



505. dy

If y=asinct+bcosct, where a, b, and ¢ are constants, then pre is
A. ac’(sint+cost) B. ¢y C. —ay
D. -y E. a’c’sinct —b’c? cosct
506. i . T T .
The equation of the tangent to the curve y = xsin x at the point 2 5 IS
A. y=X-7 B. y:z C. y=m—X D. y=x+£ E. y = X
2 2
507. .1
If x =0, then the slope of xsin— equals zero whenever
X
. B. . . .
tanl=x tanl=—x ¢ cosl=0 sin—=10 tanl=l
X X X X X X
508. T
If f(xX)=cosxsin3x then f' ik
A 1 B. C. D. E. 1
2 3 0 : 1
2 2
509. If y=sin®(1-2x) then dy_
dx
A. 3sin’(1-2x) B. —2cos’(1-2x) C. —6sin*(1-2x)
D. _6sin’(1-2x)cos(1-2x) E- —6cos>(1-2x)
510. d , .
—( sin(cos X)) =
dx( ( ))
A.  cos(cos X) B. sin(—sin x) C. (sin(—sin X))cosx
D. —(cos(cos X))sinx E. —(sin(cos X))sinx
511.
If y=x*sin2x then y_
dx
A. 2Xcos2X B. 4Xxcos2x C. 2Xx(sin2x+cos2Xx)

D. 2x(sin2Xx—Xcos2Xx) E. 2X(sin2Xx+ Xcos2Xx)

512. A particle moves along the x-axis so that at any time t > 0, its velocity is given by
v(t)=3+4.1c0s(0.9t) What is the acceleration of the particle at time t=4
A. -2.016 B. —-0.677 C. 1.633 D. 1.814 E. 2978

S13. Let f be the function with derivative given by f’(x)=sin(x*+1) How many relative extrema
does f have onthe interval 2< x <4
A. one B. two C. three D. four E. five



514.

515.

516.

517.

518.

519.

520.

521.

522.

523.

If y=sin(3x) then 3—y=

X

—3cos(3x) B. —cos(3x) C. —%cos(3x) D. cos(3X) E. 3cos(3x)

If f(x)=x+sinx then f'(x)=

A. 1+cosX B. 1-cosX C. cosX
D. sinX-—Xcos X E. sin X+ Xcos X
If y=cos®3x then gy _

dx
A. —6sin3Xxcos3X B. —2cos3Xx C. 2cos3x
D. 6cos3x E. 2sin3Xxcos3Xx

If y=cos’x—sin’x then y'=
A -1 B. 0 C. —-2sin(2x)
D. —2(cos X +sin X) E. 2(cos x —sin X)

If f(x)=sinx, then f'(%):

A 1 B 1 C D. E
1 1 V2 NE} J3
2 2
X Ty
If y=2cos|—|, then o=
2 dx
A X B C. X D E
—8cos| — —2cos| — —sin 5 —cos| — ——cos| —
If y=tanX-cotX, then d_y:
dx
A. sec Xese X B. secX—cscX C. seecx+escXx
D. sec? x—ese? x E. sec?® x+esc? x

If f(x)=(x-1)’sinx then f'(0)=
A -2 B. -1 C. o0 D. 1 E. 2

An equation of the line tangent to the graph of y= X+cos x at the point ( 0, 1) is
A y=2x+1 B. y=x+1 C. y=X D. y=x-1 E. y=0
If f(x)=tan2x, then f’(%)z

A 3 B. 23 C. 4 D. 43 E. g



S24. If f(x)=sin’(3—x) then f'(0)=
A. —2cos3 B. —2sin3cos3 C. 6c¢cos3 D. 2sin3cos3 E. 6sin3cos3

525. If y=3sinx+4cosx then y"—y=

A. —6sin X—8cos X B. —6sin X+8cos X C. 6sin X—8cos X
D. 6sinXx+8cosX E. 0

526. If y=sinx+e™* then y+y"=

A0 B. 2sinx C. 2e D. 2sinx+2e™ E. 2sinx—2e7*
S27. 1f f(x)=+/4sinx+2 then f'(0)=
A. B. C. D. E.
-2 0 1 ﬂ 2
2

528. The equation of the tangent line to the graph of y =cos X +tan(2x) at the point ( 0, 1) is
A y=0 B. y=2x+1 C. y=2x D. y=2x-1 E. y=x+1

929. If f(x)=(x—-1)*cosx then f'(0)=

A =2 B. -1 C. o D. 1 E. 2
530. in2
If f(x)=—2 X then f'(x)=
1—cos X
A. cosX B. sinXx C. —sinX D. —cosX E. 2cosX

531. For x = 0 the slope of the tangent to y = X cos X equals zero whenever

A. tanx=—-x B. tanx=1 C. tanx=x D. sinx=x E. cosx=Xx
532. If y=cos’x—sin’x then y'=

A -1 B. 0 C. —2(cos X+sin Xx)

D. 2(cos X +sin X) E. —4(cos x)(sin X)

533. If y=cos*(2x) then g—yz
X

A. 2cos2Xsin2x B. 4cos2x C. 2cos2Xx D. —2cos2Xx E. —4sin2Xxcos2X

534. A particle moves along the x-axis and its position for time t>0 is Xx(t) = cos(2t)+sect
When t =z the acceleration of the particle is
A. -6 B. -5 C. -4 D. -3 E. none of these

335. If g(x)=tan’(e*) then g'(x)=
A. 2e*tan(e*)sec’(e*) B. 2tan(e*)sec’(e”) C. 2tan’(e*)sec(e”)
D. e*sec’(e¥) E. 2e*tan(e®)



536.

537.

538.

539.

540.

541.

542.

543.

544.

|Mean Value Theorem|— for derivatives

If f(x) isa function that is continuous on [a,b] and differentiable on (a,b) then there is

at least one number ¢ e (a,b) such that T®-1@) = |f'(c)
instantaneous

S,
average rate of change rate of change

How many values of c satisfy the conclusion of the Mean Value Theorem for f(x)= x’+1
on the interval [-1, 1]
A 0 B. 1 C. 2 D. 3 E. 4

The value of ¢ guaranteed by the Mean Value Theorem for f(x) =L1 on the interval [ 3, 5]
X J—

Giventhat f(x)=x"-3, find ce(0, 2) such that T@-1O (22)_(:(0) = f'(c)
A. 1 B. \/E C. \/3 D. 3/5 E. %
Giventhat f(x)=x’, find ¢ suchthat f(3)- f(1)=@3-1)f'(c)

6 13 NE z 5

If f(x)=2x’-6x, at what point on the interval 0< x < J3,if any, is the tangent to the curve
parallel to the secant line ?
A1 B. -1 C. \2 D. 0 E. nowhere

Let f be the function given by f(x)= x*—3x*> What are all values of c that satisfy the
conclusion of the Mean Value Theorem of differential calculus on the closed interval [ 0,3 ]
A. 0 only B. 2 only C. 3 only D. 0 and 3 E. 2and 3

Find the point on the graph of y= Jx between (1, 1) and ( 9, 3) at which the tangent to the
graph has the same slope as the line through ( 1, 1) and ( 9, 3)

A. (1, 1) B. ( 2, \/5) C. ( 3, «/5) D. (4,2 E. none of these

If ¢ is the number that satisfies the conclusion of the Mean Value Theorem for f(x)= x* -2x’

ontheinterval 0< x<2 then c=

A.0 B. 1 C.1 D. 4 E.2
2 3



545. F

¥
The graph of y = f(x) on the closed interval £
ry=4Ffx
-3, 7 | isshown. If f iscontinuouson |-3, 7
[=3, 7 Jissf [=3.7] 54y
and differentiable on (-3, 7), then there exist a c, (7,2
-3 < ¢ <7 such that > X

A. B. C. D. E. .
f(c)=0 f'(c)=-5 f'(c) =% f'(c)= —% f'(c) = undefined

546. et f be the function given by f(x)=x> What are all values of c that satisfy the conclusion
of the Mean Value Theorem on the closed interval [ -1, 2 ]

A. 0 only B. 1 only C. J3 only
D. -1 and 1 E. _ 3 and \/3

547. t3
Attime t >0 the position of a particle moving along the x-axis is given by x(t) = ?+ 2t+2

For what value of t in the interval [ 0,3 ] will the instantaneous velocity of the particle equal
the average velocity of the particle fromtime t=0 totime t=3

A 1 B. /3 C.ﬁ D. 3 E. 5§

548. Let f(x) be a function with a continuous derivative on the interval ( 1, 3) such that f(1)=2
and f(3)=-4 Which of the following must be true for some a in (1, 3)
A. f'(a)=6 B. f'(a)=3 C. f'@=0 D. f'(ay)=-3 E. f'(a)=—6

549. There is a point between P(1,0) and Q(e,1) on the graph of y =1In x such that the tangent to
the graph at that point is parallel to the line through points P and Q. The x-coordinate of this
point is

A. B. C. D.

e—1 e -1 E. -

1
e—1 e+1

550. et f be a continuous function on the interval [-1, 3] If f(-1)=9 and f(3)=1, then the
Mean Value Theorem guarantees that
A. f'(0)=0 B. f'(c)=-2 forsome ¢ between —1and 3

C. f'(c)=2 forsome c between —1and3 D. f(c)=5 forsome c between —1 and 3
E. f(c)<0 forall ¢ between —1and 3

551. If f'(x) exists forall xand f(1)=10 and f(8)=-4 then, for at least one value of c in
the open interval ( 1, 8), which of the following must be true ?
A fo)=12 B. f(c)=-12 C. f'(c)=2 D. f'c)=—2 E. f(c*)=16



552. f(x) isadifferentiable function with f(1)=-3 and f(5)=4 Which of the following must

be true ?
A. f(0)=k forsome k in (1, 5) B. f(x)isincreasingon (1, 5)
C. f'(x)=Iforall xin(1,5) D. f'(k)=0 forsome k in (1, 5)

E. f'(k)=1 forsome k in (1, 5)

553. Let f be a continuous function on the interval [-2, 4 | If f(-2)=3 and f(4)=-3, thenthe

Mean Value Theorem guarantees that

A. f(0)=0 B. f’(c)=-1forsome c between —2 and 4
C. f'(c)=1forsome c between —3and3 D. f(c)=1forsome c between —2 and 4
E. f(c)=1forsome c between —3 and 3

554. Thereisa point between P(—1, 1) and Q( 7, 3) on the graph of y=+/x+2 such that the
line tangent to the graph at that point is parallel to the line through P and Q The coordinates
of this point are

A. ( 1, \B) B. (2,2 C. ( 3, \g) D. ( 4, \E) E. none of these

555. If f isa differentiable function where f(0)=-1 and f(4)=3 then which of the following
must be true ?
I. thereexistsa cin [ 0, 4] where f(c)=0
IL. thereexistsa c in [ 0, 4] where f'(c)=0
IIL. thereexistsa c in [ 0, 4] where f'(c)=1

A. T only B. II only C. I and II only
D. I and III only E. LII and III

556. Let f be a continuous function on the interval [-1, 9 ] If f(-1)=2 and f(9)=7, then
which of the following are necessarily true ?
I. f'(c)=1 forsome c between —1and 9
II. f(c)>0forall c between —1and 9
III. f(c)=5 for some c between —1and 9

A. Tonly B. IIonly C. IandIIonly
D. Iand III only E. I,1I,and III

557. The point ( ¢, f(c)) on the curve f(x)= Jx between x=a=0 and x=b=4 that satisfies
fO-f@ .
b—a
D E

A. [l, ﬁ] B. (1, 1) C. (2,\/5) ' (3,\/3) " none of these
2

2

f'(x)=



558.

559.

560.

561.

562.

563.

Let f(x) be adifferentiable function defined x 12101214618 110
only on the interval —2 < x <10 The table gives f(x) | 26 | 27|26 |23 |18 | 11| 2
the value of f(x) and its derivative f'(x) at o0 1] 0 |-1]|-2|-3]-4
several points of the domain. The line tangent to
the graph of f(x) and parallel to the segment between the endpoints intersects the y-axis at the
point

A. (0,27 B. (0, 28) C. (o, 31 D. (0, 36) E. (0, 43)

-5

A function f is continuous for 0 < x <5 and differentiable for 0 < x <5. Given that f (0)=-2
and f(5) =3, which of the following statements must be true ?
I. f'(c)=1 forsome c suchthat 0<c<5
II. f(c)=0 forsomec suchthat 0<c<5
III. f(c)=-1 forsomec suchthat 0<c<5
A. T only B. II only C. I and II only
D. II and III only E. LII and III

Consider the function f(x)=+/x—=2 On what intervals are the hypotheses of the Mean Value
Theorem satisfied ?

A To,2] B. [1,5] C. [27] D.  none of these

Consider the following graph of f(x)= Xsin X
on the domain [—4, 4 | How many values of ¢ in
(—4, 4) appear to satisfy the Mean Value Theorem
equation ?

A. hone B. One C. two D. three E. four or more

The function f(x) is continuous on the closed interval [—3, 5 ] and differentiable on the open

interval (=3, 5). If f'(x)>0 over the interval and if f(-3)=-4 and f(5)=12, then f(-1)
cannot equal
A. -6 B. -1 C. 4 D. 5 E. 10

The function f is continuous and differentiable on the

closed interval [ 0, 4 | The table gives selected values x [0|1]2)34
fx)|2|3]4[3]2

of f on this interval. Which of the following statements
must be true ?
A. The minimum value of f on [ 0, 4] is2 B. The maximum value of f on [ 0, 4] is 4

C. f(x)>0 for 0<x<4 D. f'(x)<0 for 2<x<4

E.  There exists ¢ with 0<c <4 for which f'(c)=0



564.

|Mean Value Theorem| —> for integrals (text page 283)

If f(x) isa function that is continuous on [a,b], there exists a number ce[a,b]

b 1 b
suchthatj f(x)dx =(b—a)f(c) or m"‘ f(x)dx =|f(c)

mean value
of f(x)on
[2.b]

565. Find the average value of f(x)=2x-x* ontheinterval [ 0, 2 ]

A. 0 B. 1 C. 1 D. 2 E. 4
2 3 3
566. Find the average value of f(x)=~/x on the interval [1, 4]
A. 1 B. 7 C. 14 D. 7 E. 14
3 9 9 2 3
S567. What is the average value of y=3t*—t*> overtheinterval —1<t<2
A. E B. z C. 8 D. 2 E. 16
4 2 4
568. The average value of +/3x on the closed interval [ 0, 9 ] is
A. B. C. D. E.
23 23 6 6+/3 183
3
569. What is the average (mean) value of 3t* —t? over the interval —1<t<2
A. B. C. D. E.
u 7 8 3 16
4 2 4
570. The average value of v/x over the interval 0< X <2 is
A. B. C. D. E.
15 15 2 1 41
3 2 3 3
S71. The average value of f(x)= x*vx*+1 on the closed interval [0,2]is
A. E B. 2 C. ﬁ D. 13 E. 2

9 3 3

S72. \What is the average value of y for the part of the curve y=3x— x> which is in the first quadrant ?

A ¢ B. _, C. 3 D. 9 E. 9

2 4 2



573.

574.

575.

576.

S77.

578.

579.

580.

581.

582.

583.

584.

The average value of the function y=+/2x+1 from x=4 to x=12 is

A. 49 B. 49 C. 97 D. 97 E. 49
24 12 23 12 6

The average value of the function y = 3x* over the interval 1< x<3 is

A 2 B. 12 C. 13 D. 24 E. 26

The average value of the function f(x)=3x*—4 from x=2 to x=4 is
A 6 B. 12 C. 18 D. 24 E. 48

The average value of the function f(x)=4x*—2x over the interval 2< x<3 is
A. 30 B. 37 C. 60 D. 74 E. 90

What is the average (mean) value of 2t*—3t*>+4 over the interval —1<t<1
A 0 B. 2 C. 3 D. 4 E. 6

4

1 . .
The average (mean) value of — over the interval 1< x<e is
X

A. B. 1 C. 1 D. 1+e E. 1
1 - —-1 — —
e e 2 e—-1
The average value of f(x)=e**+1 ontheintervall 0<x <1 is
A. e B. e C. e D. 261 E. ™41
2 4 2

If f(x)=+/x—1 then the average value of f over the interval 1< x<5 is
A. 1 B. l C. i D. § E. E
4 2 3 3 3

The average value of (3x+1)* onthe interval —1 to 1 is
A 1 B. 1 C. 2 D. E.

- = = 4 8
9 9 9

What is the average value of f(x)=e** over the interval [ 1, 4 ]

A. es_ez B. e6 C. e4 D. esgez E. 2(e83_ez)

The average value of y=(2x+5)* overthe interval [ 1, 4 ] is
A. 360 B. 618 C. 927 D. 1090 E. 6540

The average value of the function f(x)=(x-1)> onthe interval from x=1 to x=5 is
A. _E B. E C. ﬁ D. @ E. @
3 3 3 3 3



583. The average value of e* on the interval [ 0, 4 ] is

A, e2_1 B. g C. e?2_1 D. o E. e2_1
12 12 4 4 3

586. 1 . .

The average value of — on the closed interval [ 1, 3 ] is

X
A1 B. 2 C. m2 D. m3 E. 3
3 2 2

587.

b
If I f(x)dx=8, a=2, f iscontinuous, and the average value of f on [ a, b] is4,then b=

A0 B. 2 C. 4 D. 3 E. 5

588. The average value of a continuous function f(x) on the closed interval [ 3,7 ] is12 What is

7
thevalueofj f(x)dx
3
A 3 B. 4 C. 12 D. 36 E. 48

589. The average value of f(x)=x" overthe interval a< x<b is

B. C. 3.3 D. 3_453 E. 4_ 4
3b+3a b*+ab+a’ b”+a b’ —a b”-a
2 2 4(b-a)
590. , _ 13
If the average value of y = x’ over the interval [ 1, b ] is 3 then the value of b could be
A. 7 B. 3 C. 11 D. 4 E. 13
3 3 3

591. On the closed interval [ 2, 4 ] which of the following could be the graph of a function f with

4
the property that 1 I f(t)dt =1
4-2J:

A B. : C. ; D. E.
s I | - —
| f “". 1 /."I A 1 / i
o T | B N
T l 9 1 2 3 3 o1 32 i 01 3
592. Find the average value of f(x)=x*—-2 ontheinterval [ 0, 2 ]
A. _i B. _E C. 0 D. E E. i
3 3 3 3

X2

593. The average value of the function f(x)=e™™ on the closed interval [ -1, 1] IS
A 0 B. 0.368 C. 0.747 D. 1 E. 1.494



594. The average value of the function f(x)=In? x onthe interval [ 2, 4] is
A. -1.204 B. 1.204 C. 2.159 D. 2.408 E. 8.636

595. The average value of the function y =e* on the interval from x=-2 to x=2 is
A. 1.637 B. 1.813 C. 1.881 D. 1.924 E. 2114

596. The average value of f(x)= xInx ontheinterval 1< x<e is
A, 0.772 B. 1.221 C. 1359 D. 1.790 E. 2.097

597. Find the average value of f(x)=3/x+3 onthe interval [-3,-2]

A. 0.681 B. 0.750 C. 0.909 D. 1.282 E. 2.280
598. ) . .
What is the average value of the function f(x)=—; " on the interval [ 0, 2]
X"+
A. 0.38 B. 0.40 C. 042 D. 0.44 E. 0.50

599. If f(x)=2+|x| find the average value of the function f on the interval —1< x <3
A 7 B. 9 C. E D. E E. E

4 4 4 4 4

600. If the position of a particle on the x-axis at time t is —5t*, then the average velocity of the
particle for 0<t<3 is
A. —45 B. -30 C. -15 D. —-10 E. -5

601. If f isthe continuous, strictly increasing function
on the interval a< x<b as shown, which of the y

following n?)ust be true ? i _ j"\ﬂ
I I f(x)dx < f(b)(b—a) Y -~
§ i
b [
IL. I f(x)dx> f(a)(b—a) : i

b ; I - X
1L I f(x)dx = f(c)(b—a) for some Ol a b
number ¢ suchthat a<c<b

A. T only B. II only C. 1III only

D. I and III only E. L II and III

602 4 6
If f(x) isa continuous and even function and j f(x)dx=-5 and I f(x)dx =2 then
0 4

the average value of f(x) over the interval from x=-6 to x=4 is
A, —-0.2 B. -0.8 C. 02 D. 1.2 E. 2



603

604

605

606.

607

608.

6009.

610

'J‘esmxcosx dx =
A e 4sinx+C
D.

e
e“*sin x+C

S

tan X +cse X+C

ln|secx+tanx +C

@

(sec’ X +sec X tan X) dx =

. H
j tan X sin X cot X csc X dX =
K
A.

L B.
6

sin7x dx =

>

cos7x+C

N

1 B.

2
I cos(4x+7)dx =
4sind4x +C

D.
—4sin(4x+7)+C

I cos3xdx =

A 3sin3x+C

'jtcos(Zt)zdt=
1, )
§s1n(4t )+C

isin(Zt)z +C

1

7sin7x+C

j cos’ xsin Xsec X dX =
(1]
A.

1

ecOSX+C
none of these

tan X +sec X+C

none of these

C_ esinx+c
C. 3
S€C X ttan? X+C
n E._m
12 12

. D. E.
—%c0s7x+C —7cos7X+C 7c0s%x+C

N | W

4sin(4x+7)+C

E.
—isin(4x +7)+C

" —sin3x+C

C.
—lsin3X+C

%cos2 (2t)+C

E.
none of these

|-

%sin(4x+7)+C

D. E.
%sin3X+C %c0s23x+C

—%sin(4t2)+C



611. j sin20d0 =

A.
%cos 20+C

B. C. D. E. 1
—2¢0s20+C —sin’0+C cos’0+C —Ec0529+C

cos’3u
A. B. C.
_seedl ¢ tan3u+C TR S,
) E.
ltan3u+C 1 +C
3 3cos3u
613. j tan0dO =
A. —ln|sec9|+C B. sec’0+C C. ln|sin9|+C D. sec0+C E. —ln|c0s9|+C
614.-“ dx
sin?2x
| B. 2 C. 1
—csc2Xcot2x+C - +C ——cot2x+C
2 sin 2 X 2
D. —cotx+C E. —cse2x+C
615.
jcotZudu=
A. B. C.
ln|sinu|+C %ln|sin2u|+C —%csc2 2u+C
) E. .
—sec2Uu+C 21n|s1n2u|+C
616. j cos0e™ do =
A_ esin(-)+1_|_C B esin@_i_C C _esin(-)+c
D_ ecosB+C

617. j e*sine? do =
A.

cose® +C

D.
—2cose® +C

E. e (cos0—sin0)+C

. C. 1
2e*(cose® +sine*)+C —Ecose29 +C

E. none of these



618.

619

620.

621.

622

623.

624.

25.
625 IcosZXsinxdx=

z

0

J.
A.

6

’

0

A.

J

z
4

.
12

A.

]

D ey

J

x
2
z
4

*sin20d0 =

cos’ 0sin0d0 =

2

3

cos0

1+2sin0

In2

cos 2 X
sin” 2X
1

4

dx

B.

sin*0cos0 dO =

3

16

X cos X2dx =

z

cot X dx =

N

A.

A.

D.

sin x> +C

lnl
2

cos’ X
3
cos’ X
3

+C

+C

B.

N | -

W | -

0 | W

1
8

2sin x>+ C

In2

C. 1
C.
1
C. —lan
2
C. 1
2
C. 1
8
C —lsinX2+C
2
C.
—ln(2—«/§)

6
cos® xsin* X
6

cos’ xsin® X

+C

+C

W N

N | W

1
1
2
_3
16
lcos2 x*+C
4
ln(\/g—l)
C. sin’x
2

E.

+C

" In2

| W

lsin x*+C
2

none of these



626.

627

628.

629.

630

631.

632.

g
I sin X dx =

'Ixzcos(x3)dx=
A. 1
—Esin(x3)+C

D. 3
?sin(x3)+C

7 cos X
I dx =

= sin X
A.

lnx/E

j sin(2x+3)dx =

%cos(Zx +3)+C
D.

j tan(2Xx)dx =
A. —21In|cos(2X)[+C

21n|cos(2x)| +C

J‘ssin(SX) dx =

0

A. B.
-2

j sin(2x+3)dx =
—2cos(2x+3)+C

%cos(ZX +3)+C

—%cos(2X+3)+C

C
—-——-1

2

B. 1.
gsm(x )+C

E. 3 4
X—sin x +C
3 4

ln\/g

B.

cos(2x+3)+C
E. 1

—gcos(Zx +3)+C
B.

—%ln|cos(2x)|+C
E.

%sec(ZX)tan(Z x)+C

C. 0

B.

—cos(2x+3)+C
E. cos(2x+3)+C

A E N
Y2 AL
2 2

C. 3
——sin(x*)+C
3
E
lnﬁ lne
2
C. os2x+3)+C
C. %ln|c0s(2x)|+C
E E. )
3
1
—Ecos(2X+3)+C



633.

634.

635.

636.

637.

638.

639.

Volume Disc V=7£'[ab[R(X)] * dx szzj.cd[R(y)] * dy

- ~
horizontal axis of revolution vertical axis of revolution

Volume Washer V = ﬂ'-“;[R(X)] : —[r(] dx = ﬂ'j:[R(X)] : dX—ﬂ'I:[F(X)] * dx
V V V %/_/

outer inner disc hole

: br . .
Volume Cross Section V = j'a [trlangle,square,sem|C|rcIe]dx

An integral for the volume obtained by revolving, around the x-axis, the region bounded by
y=2x-x* and the x-axis is

1 B. 2 C. 2
47;I X(2x — x*)dx Zﬂj X(2x — x*)dx ﬂ"“ (2x—x*)*dx
0 0

0

D. 2 s - E.
7[.“ [(Zx) —(x%) :|dx none of these
0

The region enclosed by the x-axis, the line x =3, and the curve y= Jx s rotated about the
x-axis. What is the volume of the solid generated ?

A. B. C. 9 D. E.
3z 23 L o 36V3

2 5

What is the volume of the solid generated by revolving the area bounded by y=¢e*, x=0 and

x =1 about the x-axis.

B

z(e-1) ' %ez C.

%(e2 -1) D. zE*-1) E- none of these

If the region enclosed by the graphs of y=+/x—1, x=4 and the x-axis is revolved about the
x-axis, the volume of the solid generated is

A. 13 B. 7775 C. A D. 977: E. 127

What is the volume of the solid obtained when the region bounded by x =4, x=9, y=0, and

y= Jx s rotated about the x-axis ?

A. B. C. 65 D. E.
1 2 A 65 657

Find the volume of the solid formed by rotating the graph of x> +4y* =4 about the x-axis.

A 8 B. 8 C. 16 D. 32 E. 32
- ~7 — — -7
3 3 3 3 3



640.

641.

642.

643.

644.

645.

646.

647.

Which definite integral represents the volume of a sphere with radius 5

A. 5 B. 5 C. 5
nj (x* +25) dx nj (25— x*) dx ”,“ (5-x%) dx
-5 0 -5

5 E 5
Zn‘[ (25— x*) dx rrj (x* =25) dx
0 -5

What is the volume of the solid obtined by rotating the region bounded by y=1-x? and y=0

about the x-axis ?

A. B. 16n

s Sn 127
27 units

) C. ) D. ) E.
units® 3 units® - units® T units?

Which of the following integrals represents the volume of the solid obtained by rotating the
region bounded by the graph of y = —JX, the x-axis and the line x =4 about the X-axis ?

4 2 4

A nj y*dy B. nj y*dy C. nj (\/x)zdx
0 0 0

D. 2 E. 4

”J (—\/x)2 dx ”J (—x)dx

0 0

The region bounded by y= x*, x=0, x=1, and the x-axis is revolved about the x-axis. In
terms of cubic units, what is the volume of the solid generated ?
A. 3z B. 3z C. D. = E.

T

2
5 4 3 4

The region in the first quadrant bounded by the graph of y=secXx, X =% and the axes is

rotated about the x-axis. What is the volume of the solid generated ?
2

A g B. | c. D. . E. 8z
4 3

The volume of the solid obtained by revolving the region enclosed by the ellipse x*+9y* =9

about the x-axis is
A 2z B. 4r C. or D. 9r E. 122

The area bounded by y=e*, x=-1, x=1 and the x-axis is revolved about the x-axis. The
volume thus generated is

A , 1Y B. z(, 1YC. x(, 1) D , 1Y E x(, 1
Tle - —| € +—2 —| e iy | e +—2 —| € +—2
e 2 e 2 e e 4 e

What is the volume of the solid generated by rotating about the x-axis the region enclosed by
the curve y =secx and the lines x=0, y=0 and X =§

A. B. C. D. E.
T 75\/3 8—” ﬁln(%+\/§]

z
NE) 3



648. Which definite integral represents the volume of a sphere with radius 2

A. 2 B. 2 C. 2
nj (x> —4)dx nj (xX* +4)dx erj (4—x*)dx
-2 =2 0

D. 2 E. 2
27:_[ (4— x*)dx nj (4— x*)dx
-2 0

649. The volume of a solid generated by revolving the area bounded by x=-1, x=1 and y=e™
about the x-axis is

A. B. C. D. E.
e l—l4 2rce’ l—l2 e l—l2 2ze’ l—i4 none of these
2 e e 2 e e

650. The volume of the solid formed by revolving the region bounded by the graph of y = (x —3)
and the coordinate axes about the x-axis is given by which of the following integrals ?

3 3 3
A nj (x=3)dx B. ”.[ (x=3)*dx C. an (x=3)dx
0 0 0

3 E 3
an X(X —3)?dx an X(x—3)*dx
0 0

651. What is the volume of the solid generated by revolving the region bounded by the x-axis and the
graph of y=4x—x> aboutthe x-axis ?
A 32z B. 32z C. 256x D. 5127 E. 2048~

15 3 15 15 15

652. Let R be the region in the first quadrant bounded by the x-axis and the curve y=2x- x>
The volume produced when R is revolved about the x-axis is

A. B. ) D. E.
167 8z c b 167 Y4
15 3 3

653. The region in the first quadrant between the x-axis from x=0 to x =3, and the graph y=X, is
rotated about the x-axis. The volume of the resulting solid of revolution is given by

A. 3 B. 3 C. 3 D. 6 E. 6
j 7z x2dx I 27 x2dx j X dx I 2y dy I 7(2+/6+ y)idy
0

0 0 0 0

654. Find the volume of the solid formed by revolving the region bounded by y=x*, y=1, and

X =2 about the x-axis.
A 127« B. 1207 C. 2407 D. 10137

7 7 7 10

E. none of these

655. Find the volume of the solid formed by revolving the region bounded by the graphs of
y=—x>+4 and y=0 about the x-axis.

A. B. C. D. E.
14727 7367 2944~z 327 none of these

15 15 15 3




656.

657.

658.

659.

660.

661.

662.

2

2
The ellipse x7+y? =1 isrevolved around the y-axis. The number of cubic units in the resulting solid is
A. B. 4 C. D. 8 E.
A ?ﬂ 87 ?ﬂ 67

The region R in the first quadrant is enclosed by the lines x =0 and y =5 and the graph of
y = x*+1 The volume of the solid generated when R is revolved about the y-axis is

A. 67 B. 87 C. 34r D. 167 E. 544r

3 15

If the region enclosed by the y-axis, the line y=2 and the curve y = Jx is revolved about the
y-axis, the volume of the solid generated is
A. 32z B. 167 C. 1eér D. 8r E.

il /4
5 3 5 3

The volume of the solid generated by revolving about the y-axis the region bounded by the
graph of y=x*, theline y=1 and the y-axis is
A =z B. 2z C. 3 D. 2x E. 3z

4 5 5 3 4

What is the volume of the solid obtained by rotating the region under the graph y=~/x*+1
between x =1 and x =2, around the x-axis ?

A. 2 B. 2 C. In2
ﬂ'j x* +1 dx ﬂ'j 240 +1 dx ﬂ'j x? +1 dx
1 1 0
D_ In2 E In2
r:j 20 +1 dx r:j VX3 +1 dx
1

0

A solid is generated when the region in the first quadrant enclosed by the graph of y=(x*+1)?,
the line x =1, the x-axis, and the y-axis is revolved about the x-axis. Its volume is found by
evaluating which of the following integrals ?

A. 8 B. 8 C. 1
”I (X* +1)°dx ”I (X* +1)%dx ”I (x> +1)’dx
1 1 0

D. 1 E. 1
ﬂ'j (X* +1)°dx Zﬂj (X* +1)°dx

0 0

Let R be the region in the first quadrant that is enclosed by the graph of y =tan X, the Xx-axis,
and the line x =%

a) Findthe area of R
b) Find the volume of the solid formed by revolving R about the x-axis.



663. The volume generated by revolving y= x* around the y-axisis (-1<x<1)

A. B. C. D. E.
. " o i3 iz

5 5 5

664. | 6t R be the region bounded by the x-axis, the graph of y= Jx, and the line x =4

a) Find the area of the region R

b) Find the value of h such that the vertical line x = h divides the region R into two regions
of equal area.

c¢) Find the volume of the solid generated when R is revolved about the x-axis.

d) The vertical line x =k divides the region R into two regions such that when these two
regions are revolved about the x-axis, they generate solids with equal volumes. Find the
value of k

665.

3
2

Let R be the region in the first quadrant bounded by the graph of y=8-x
and y-axis.

a) Find the area of the region R

b) Find the volume of the solid generated when R is revolved about the x-axis.

c) The vertical line x = k divides the region R into two regions such that when these two

regions are revolved about the x-axis, they generate solids with equal volumes. Find the
value of k

the x-axis and

666. ry

Let f be the function given by f(x)=4x>-x’,
and let ¢ betheline y=18-3x, where € is
tangent to the graph of f. Let R be the region
bounded by the graph of f and the x-axis, and let
S be the region bounded by the graph of f, the
line ¢, and the x-axis, as shown on the right.

Fix)

a) Show that € is tangent to the graph of
y= f(x) atthepointx=3
b) Find the area of S | A\

L 3

¢) Find the volume of the solid generated when R is revolved about the x-axis

667. Find the volume of the solid formed by rotating about the x-axis the region enclosed by the

graph of y = JX +1, the x-axis, the y-axis and the line x =4
A. 17.667 B. 9.333 C. 22.667 D. 37.699 E. 71.209



668.

6609.

670.

671.

672.

673.

674.

Find the volume of the solid generated when the region bounded by the y-axis, y=¢e*, and
y =2 is rotated around the y-axis.
A. 0.296 B. 0.592 C. 2427 D. 3.998 E. 27577

Find the volume of the solid formed by rotating the region bounded by the graph of y = X +1,
the y-axis and the line y =3 about the y-axis.
A. 640 B. 8.378 C. 20.106 D. 100.531 E. 145.77

The area bounded by the curve y=e™ and the lines y=0, x =0 and x =10 is rotated about
the x-axis. Which of the following is the best approximation for the volume of the solid of
revolution so generated ?

A. 0.78 B. 1.57 C. 271 D. 3.15 E. 6.28

The region in the first quadrant bounded above by the graph of y = Jx and below by the x-axis
on the interval [ 0, 4 ] is revolved about the x-axis. If a plane perpendicular to the x-axis at

the point where x = k divides the solid into parts of equal volume, then k =
A 277 B. 2.80 C. 283 D. 2.86 E. 2.89

The region bounded by y=e¢*, y=1, and x=2 is rotated about the x-axis. The volume of
the solid generated is given by the integral:

2 2X B ¢ C 2 2X
ﬂ_[ e~ dx 27:_[ 2-Iny)(y-1) dy ﬂ_[ (e =1)dx
0 0

0

D. e? E. 2 < 5
2;zJ' y(2—Iny) dy nj (e"-1)" dx
0 0

Let R be the region in the first quadrant enclosed by the lines x =0 and y =2 and the graph
of y=e* The volume of the solid generated when R is revolved about the x-axis is given by

A. 2 B. In2 C. In2
ﬂj (4—e™)dx ”J (2-e")*dx Zﬂ'j X(2—e*)dx
0 0

0

In2 E 2
ﬂ'j (4—e™)dx an X(2—e*)dx
0

0

The volume of the solid generated by rotating about the x-axis the region enclosed between the
curve y=3x* and the line y = 6x is given by

A. 3 B. 2 C. 2
nJ‘ (6x—3x*)*dx nJ‘ (6x—3x*)*dx ”J‘ (9x* =36x*)dx
0 0 0

D. 2 E. 2
rrj (36x* —9x*)dx ﬂ'I (6x—3x*)dx
0 0



675. If the region bounded between y = x* and the horizontal line y =1 is rotated about the x-axis,
the volume of the resulting solid of revolution is
A. P B. An C. 1eér D. 4r E. 8z

3 5 15 3 5

676. The volume of revolution formed by rotating the region bounded by y=x*, y=x, x=0, x=1
about the x-axis is represented by

A. 1 B. 1 C. 1
ﬂ'J‘ (x* = x)?dx rr_[ (x® = x*)dx Zﬂj (x* = x%)dx
0 0

0

1 1
. ”I (x* = x®%)dx E. Z”I (x® = x*)dx
0 0

677.
Let R be the region between the graphs of y=1 and y=sinx fromx=01tox = % The

volume of the solid obtained by revolving R about the x-axis is given by

A. z B. z C. Z
Zﬂ'j X sin X dx Zﬁj X cos X dx ﬂj (1—sin x)* dx
0

0 0

D. I E. 5 .
ﬂj sin” X dx | (1-sin” x)dx
0 0

678. Find the volume of the solid generated by rotating the area bounded by y = x* and x = y?
about the x-axis.

679. Let R be the region in the first quadrant enclosed by the lines x=In3 and y=1 and the

graph of y = e’ The volume of the solid generated when R is revolved about the line y=-1is
A. 5128 B. 7.717 C. 12.845 D. 15.482 E. 17.973

680. Let R be the region in the first quadrant that is enclosed by the graph of f(x)=In(x+1),
the x-axis and the line x =e What is the volume of the solid generated when R is rotated
about the line y=-1
A. 5.037 B. 6.545 C. 10.073 D. 20.146 E. 28.686

681.
If the region bounded between y = 1 and the x-axis between the vertical lines x=1 and x=e
X

is rotated about the line y =-2, the volume of the resulting solid of revolution is represented by

A. e( 1 2 B. e( 1 C. ef 1
ﬂj (—+2) dx ﬂj (—2+2)dx ﬂj (—+2jdx
1\ X 1\ X 1\ X
D. e[(1 2 E. e[(1 2
”I [[—+2j —4}dx ”I [[—+2j +4}dx
1 X 1 X



682.

683.

684.

685.

686.

687.

What is the approximate volume of the solid obtained by revolving about the x-axis the region
in the first quadrant enclosed by the curves y = x* and y =sin X
A. 0.061 B. 0.438 C. 0.215 D. 0.225 E. 0.278

. . . . . 6
What is the volume of the solid obtained by rotating the region between y= a1 and
X+

y =4-x around the x-axis ?
A. 3 6 2 B. e ) C. i ) i
ﬂ.j (4_X)2_(—j dx ﬂ.j [—j _(4—X)2dX ﬂj (4—X)2—(—j dx
! X+1 A X+1 . X+ 1
D. 2 6 E. 3 ¢
2| (-0~ |dx 27| @-x)-| ——|dx
! x+1 1 x+1

Let R be the region between the curves y=+/x>+1 and y=x+1, for which x is positive.

What is the volume of the solid obtained by rotating R around the x-axis ?

A. 3 B. 2 C. 2

rr_[ (X =x*=2x-2) dx rr_[ (=X’ + x* +2x) dx rr_[ (X =x*=2x-2) dx
0 0 0

D. 3 E. 2
nj (X’ =x*=2x+2) dx n‘[ =X’ + x> +2x+2) dx
1 1

The region enclosed by the graphs of y=¢*" and y=—x and the vertical lines x=0 and x =2
is rotated about the line y = —3. Which of the following gives the volume of the generated solid ?

* ﬂ”((ex_l_3)2_(_x_3)z)dx > ”Iz((ex'l+3)2—(—x+3)2)dx
C. ”..02((ex-1)2—(—X)2_32)dx D. ”J'_ez((lny_z)z_(_y_:;)z)dy
E. [

7| _2((ln y+4)' —(-y+3)*)dy

Find the volume of the solid formed by rotating the region bounded by the graph of y = X +1,
the y-axis and the line y =3 about the line y=5

A. 13.333 B. 17.657 C. 41.888 D. 92.153 E. 24295
¥y -
o L J
The region S in the diagram is bounded by
y=secX and y=4 What is the volume S S
of the solid formed when S is rotated about
the x-axis ? L
] - x

A. 0304 B. 39.867 C. 53.126 D. 54.088 E. 108.177



688. The region enclosed by the line x+ y=1 and the coordinate axes is rotated about the liney = -1
What is the volume of the solid generated ?
A 17z B. 127 C. 2» D. 3z E. 4

2 4 3 4 3

689. The region in the first quadrant enclosed by the graphs of y=x and y=2sin x is revolved
about the x-axis. The volume of the solid generated is
A. 1.895 B. 2.126 C. 5811 D. 6.678 E. 13.355

690. The volume of the solid generated by revolving about the y-axis the region bounded by the
graphs of y=+/x and y=x is

15 6 3 15 15

691. What is the volume of the solid obtained by revolving about the y-axis the region enclosed by
the graphs of x=y* and x=9

A. B. 81z C. 486rx D. 1994 E. 19447
36z —_—

2 5 5 5

692. Identify the definite integral that computes the volume of the solid generated by revolving the
region bounded by the graph of y = x> and the line y = x between x=0 and x =1, about the
y-axis.
1 1 L . 1

A nj (x* = x*)dx B. nj (y? —y) dy ¢ nj (x* = x*)dx
0 0 0

D. ”J l(y%_ y?)dy E. noneof these
0

693. The region enclosed by the graph of y= x?, the line x =2, and the x-axis is revolved about
the y-axis. The volume of the solid generated is
A. B. 32 z C. 16 D. E. 8

8z — 4z —Tr
5 3 3

694. When the region enclosed by graphs of y=x and y=4x— x* is revolved about the y-axis,
the volume of the solid generated is given by

3 3 3
A ﬁj (x* =3x%) dx B. ”J‘ (X* —(@x—x*)*) dx C. ﬁj 3x—x*)* dx
0 0 0
D. 3 E. 3
an (X* =3x%) dx an (3x*—x*) dx
0 0
695. The region in the first quadrant enclosed by the y-axis and the graph of y=cosx and y = X

is rotated about the x-axis. The volume of the solid generated is
A, 0.484 B. 0.877 C. 1.520 D. 1.831 E. 3.040



696. Let R denote the region enclosed between the graph of y= x*> and the graph of y=2x
a) Find the area of region R
b) Find the volume of the solid obtained by revolving the region R about the y-axis.

697. ¥
In the figure, the shaded region R is bounded 4

by the graphs of xy=1,x=1,x=2andy=0

a) Find the volume of the solid generated by
revolving the region R about the x-axis.

b) Find the volume of the solid generated by
revolving the region R about the line x =3

698. Let R be the region bounded by the curves f(x) =i and g(x)=(x-3)’
X

a) Find the area of R
b) Find the volume of the solid generated by revolving R about the x-axis.

699. ¥
Let R be the shaded region bounded by the graph y=Inx and

the line y = x -2, as shown on the right

a) Find the area of R
b) Find the volume of the solid generated when R is rotated R
-

about the horizontal line y =-3 0
c) Write, but do not evaluate, an integral expression that can

be used to find the volume of the solid generated when R

Is rotated about the y-axis A

700. ¥
Let f be the function given by

x> x?

f(x)=————£+3c0sx
4 3 2

Let R be the shaded region in the second

quadrant bounded by the graph of f, and

let S be the shaded region bounded by the
graph of f and the line ¢, the line tangent
to the graph of f at x =0, as shown.

a) Find the area of R
b) Find the volume of the solid generated when R is rotated about the horizontal line y =-2
c) Write, but do not evaluate, an integral expression that can be used to find the area of S



701. Consider the closed curve in the xy-plane given by~ x*+2x+ y*+4y =5
a) Show that d—y=ﬂ
dx  2(y’+1)
b) Write an equation for the line tangent to the curve at the point (=2, 1)
¢) Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.
d) Is it possible for this curve to have a horizontal tangent at points where it intersects the x-axis ?

Explain your reasoning.

702. "

(2,2

Graph of f*
Let f be a function defined on the closed interval =5 < x < 5 with f(1) = 3. The graph of §*, the derivative
of f. consists of two semicircles and two line segments. as shown above.
(a) For =5 < x < 5, find all values x at which f has a relative maximum. Justify your answer.
by For =5 < x < 5, find all values x at which the graph of f has a point of inflection. Justify your answer.
i(c) Find all intervals on which the graph of f is concave up and also has positive slope. Explain your reasoning.

id} Find the absolute minimum value of f{x) over the closed interval —5 < x = 5. Explain your reasoning.

703. ¥

1 0 ' 2 3

Let R be the region bounded by the graph of v 02'1'_'1'2 and the horizontal line ¥ = 2, and let § be the region
bounded by the graph of v E-':I_I: and the horizontal lines v = 1 and v = 2, as shown above.

(a) Find the areaof R.

(b) Find the area of S.

(¢) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line v = 1.



704. A particle moves along the x-axis so that its velocity v attime t for 0<t<5 isgiven by
v(t) =In(t* =3t +3) The particle is at position x=8 attime t=10
a) Find the acceleration of the particle at time t=4
b) Find all times t in the open interval 0 <t <5 at which the particle changes direction.
During which time intervals, for 0 <t <5, does the particle travel to the left ?
¢) Find the position of the particle at time t =2
d) Find the average speed of the particle over the interval 0<t<2

705. The base of a solid is the region enclosed by y =sin x and the x-axis on the interval [ 0, = ]

Cross sections perpendicular to the x-axis are semicircles with diameter in the plane of the base.
Write an integral that represents the volume of the solid.

T 1 T
A fj (sin X)*dx B. fj (sin X)*dx C. fj (sin X)*dx
8Jo 8Jo 4J0

D. T E. T
EJ‘ sin x dx EJ‘ (sin x)*dx
8 2J0

0

706. The base of a solid is the region enclosed by the graph of x=1-y? and the y-axis. If all plane
cross-sections perpendicular to the x-axis are semicircles with diameters parallel to the y-axis,

then the volume is:
A B.

8

C. D. 3x E. 3x

z 27 27
2 4 2

N

707.
Let the first quadrant region enclosed by the graph of y = 1 and the lines x=1 and x=4
X

be the base of a solid. If cross sections perpendicular to the x-axis are semicircles, the volume

of the solid is
A. 3z B. 3 C. 3z D. 3z E. 3
64 32 16 8 4

708. The base of a solid is the region in the first quadrant bounded by the line x+2y =4 and the
coordinate axes. What is the volume of the solid if every cross section perpendicular to the
X-axis is a semicircle ?

A 2z B. 4r C. 8x D. 32z E. e64n
3 3 3 3 3

709. The base of a solid is the region enclosed by the ellipse 4x*+ y*> =1 If all plane cross sections
perpendicular to the x-axis are semicircles, then its volume is
A. T B. T C. T D.

z z z z -
6 4 3 2



710. The base of a solid is a region enclosed by the circle x>+ y> =4 What is the approximate
volume of the solid if the cross sections of the solid perpendicular to the x-axis are semicircles ?
A. 87 B. 16z C. 3 D. 64r E. 512z
3 3 3 15

711. The base of a solid is the region in the first quadrant bounded by the curve y =+/sin x for
0 < x <z If each cross section of the solid perpendicular to the x-axis is a semicircle, the

volume of the solid is

A. B.

x L4 C.
2

r D. =«
4 8
712.
The base of a solid is a region in the first quadrant
bounded by the x-axis, the y-axis, and the line
X +2y =8, asshown in the figure on the right.
If cross sections of the solid perpendicular to the
x-axis are semicircles, what is the volume of the
solid ?

g8

A. 12.566 B. 14.661 C. 16.755 D. 67.021 E. 134.041

713.

The base of a solid is the region in the first
guadrant bounded by the x-axis, y-axis,
and the lines y=2x+1 and x=3, as
shown in the diagram. If cross-sections of
the solid perpendicular to the x-axis are
semicircles, what is the volume of the solid ?

B— ro w = o1 @ ~1 @

A. 14137 B. 22.384 C. 28.274 D. 44.768 E. 89.535

714. The base of a solid is the region enclosed by y =e*, the x-axis, the y-axis and the line
x =1In3 Cross sections perpendicular to the x-axis are squares. Write an integral that
represents the volume of the solid.
A. In3 B. (in3)’ C. In3 D. In3 E. 3
J e*dx I e2Xdx J e?dx nj e dx ”J‘ e’ dx

0 0 0 0 0



715.

716.

717.

718.

The base of a solid is a region in the first
guadrant bounded by the x-axis, the y-axis,
and the graph of y=1- x>, as shown in

the diagram. If cross-sections of the solid
perpendicular to the x-axis are semicircles,
what is the volume of the solid ?

A. 0.252 B. 0.505 C. 1.010 D. 2.020 E. 2.356

Let f and g be the functions given by f(x)=1+sin(2x) ”

and g(x)=e* LetR be the shaded region in the first

quadrant enclosed by the graphs of f and g as shown in the

diagram.

a) Find the area of R

b) Find the volume of the solid generated when R is revolved o
about the x-axis.

c) The region R is the base of a solid. For this solid, the cross
sections perpendicular to the x-axis are semicircles with
diameters extending from y = f(x) to y=g(x). Findthe O
volume of this solid.

L

20
1+X

Let R be the region in the first and second quadrants bounded above by the graph of y =

2

and below by the horizontal line y =2

a) Find the area of R

b) Find the volume of the solid generated when R is rotated about the x-axis

c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the
x-axis are semicircles. Find the volume of this solid.

The base of a solid is the region enclosed by y =¢e* and the lines y=1 and x=1In3 Cross
sections perpendicular to the y-axis are squares. Write an integral that represents the volume
of the solid.

3 3 In3
A nj (In3—1In y)*dy B. _[ (In3-1In y)*dy C. I (In3-1In y)*dy
1 1 0

D. 3 E. 1
f C(@n3) - (n )y j e -1



719.

720.

721.

122.

7123.

724.

7125.

A solid has as its base the region bounded by y = JX, the x-axis, and the vertical line x = 4.
Each cross-section of the solid perpendicular to the y-axis is a square. Which one of the
following expressions represents the volume of the solid ?
A ¢ B. ¢ C. p? D. ¢? E. 2
[ xox [ xox [Ja-yray = [ a-yray T @y
0 0 0 0

0
The base of a solid is the region in the first quadrant enclosed by the graph of y=2-x* and

the coordinate axes. If every cross section of the solid perpendicular to the y-axis is a square,
the volume of the solid is given by

A. 2 B. 2 C. NG
njo(z—y)zdy j 2- y)dy ﬂj (2 x?)dx
0

D. V2 E. 2
j (2—x*)*dx j (2—x*)dx
0 0

The base of a solid is a region in the first quadrant bounded by the x-axis, the y-axis, the graph
of y=x*+1, and the vertical line x =2 If cross sections perpendicular to the x-axis are squares,

what is the volume of the solid ?
A. 6.400 B. 8.667 C. 10.786 D. 13.733 E. 17.333

The base of a solid is the region enclosed by the graph of y =3(x—-2)* and the coordinate
axes. If every cross section perpendicular to the x-axis is a square, then the volume of the solid is
A. 8.0 B. 19.2 C. 24.0 D. 25.6 E. 57.6

¥

The base of a solid is the region in the first quadrant
bounded by the x-axis, the y-axis, and the graph of
y =(3—x)e™* as shown in the diagram. If cross
sections of the solid perpendicular to the x-axis are
squares, what is the volume of the solid ?

A. 2.050 B. 3.081 C. 3.249 D. 10.208 E. 12,998

The base of a solid is the region enclosed by the graph of x*+4y* =4 Cross sections of the
solid perpendicular to the x-axis are squares. Find the volume of the solid.
A. 8 B. 8 C. 16 D. 2 E. 32

— —7 — —7
3 3 3 3 3

The base of a solid is the region bounded by the parabola y* =4x and the line x =2. Each
plane section perpendicular to the x-axis is a square. The volume of the solid is
A o6 B. 8 C. 10 D. 16 E. 32



726. . .
Let R be the region in the first quadrant under the graph of y= 1 for 4<x<9

Jx

a) Find the area of R

b) If the line x =k divides the region R into two regions of equal area, what is the value of k

¢) Find the volume of the solid whose base is the region R and whose cross sections cut by
planes perpendicular to the x-axis are squares.

727. The base of a solid is the region enclosed by the graph of y=e™*, the coordinate axes, and the
line x =3. If all plane cross sections perpendicular to the x-axis are squares, then its volume is
A 1_e B. 1 C. D. E.

; Ee e e 1—¢7?

728. The base of a solid is the region in the first quadrant enclosed by the parabola y =4x?, the line
x =1, and the x-axis. Each plane section of the solid perpendicular to the x-axis is a square.

The volume of the solid is
A. 4_7; B. 16rx C.
3 5

4 D. 16 E. o4
3 5 5
729. Let R be the region bounded by the graphs of
y =sin(zx) and y = x* —4x as shown in the
diagram. 11
a) Findthe area of R \
b) The horizontal line y =-2 splits the region D\
R into two parts. Write, but do not evaluate,
an integral expression for the area of the part
of R that is below this horizontal line. 21
c) The region R is the base of a solid. For this solid, /
each cross section perpendicular to the x-axis is

a square. Find the volume of this solid.
d) The region R models the surface of a small pond. At all points in R at a distance x from the
y-axis, the depth of the water is given by h(x)=3— x. Find the volume of water in the pond.

x

730. Let R be the region in the first quadrant bounded by the graphs of y = Jx and y=%
a) Find the area of R
b) Find the volume of the solid generated when R is rotated about the vertical line x =-1
c) The region R is the base of a solid. For this solid, the cross sections perpendicular to the
y-axis are squares. Find the volume of this solid.



731.

732.

733.

734.

735.

736.

Definite Integrals (exact)

4 374
I x2dx = | 2= _64_ 211 |« exact!!!
0 3 .

-

TERNSEL b

[9]
W =

Riemann Sums (approximations) —

—> increasing/decreasing functions RIGHT ZUH:Z0

— concavity/number of partitions

:

Partitions 4 10 100 LEFT =UM
Left(under) | 14 | 18.24 | 21.0144 EEHIEHT SLIM
Right(over) | 30 | 24.64 | 21.6544 %%HEE%H}-DSEHH
Midpoint | 21 | 21.28 | 21.3328 E-EI:IEF. INTEGEAL
Trapezoid | 22 | 21.44 | 21.3344 CEGUIT
RIEHANN SLK EEH'IHES Y=Hz [0ay]
EIEHIDUEERRIEnﬁTEEEEE EE}I},E" LIIIlLIE.H BOUHO: &
RIEMANN sUME. InCRER:ING ||UPFPER EBOURMD: 4
THE NUKEEFR OF FARTITION: ||PARTITIOMS: 4
GIVES EETTER EXTINATES.
FEEZS ENTEE .
FEOH THE HINOOF HIRE. Z00% F Fress Enter

The lower sum of f(x)=\/; on the interval [ 0,1 ] with four equal subintervals is
A. 0.25 B. 0.518 C. 0.667 D. 0.768 E. 3.073

The left-hand sum for f(x)= x> on the interval [—1, 1 ] using four equal subintervals is

A. 1 B. 1 C. 0 D. 1 E. 1
2 2

4
Use a Riemann sum and four inscribed rectangles to approximate I x*+1dx =
0

A. 18 B. 21 C. 24 D. 25 E. 26

2
If I (4+1In x)dx is approximated by a midpoint Riemann sum with four subintervals of
1

equal length, then the value is
A 4297 B. 4.388 C. 4470 D. 4.514 E. 4.669

5
When I Vx? —x+1dx is approximated by using the mid-points of 3 rectangles of equal
-1

width, then the approximation is nearest to
A. 22.6 B. 229 C. 232 D. 235 E. 238




737.

738.

739.

740.

741.

742.

743.

744.

745.

7

If j In xdx is approximated by 3 circumscribed rectangles of equal width on the x-axis,
1

then the approximation is

B. C.
%(]n3+ln5+ln7) %(ln1+ln3+ln5) 2(In3+In5+1In7)

2(In3+1n5) B n1+2In3+2In5+In7

2

An approximation for I e3> Vdx using a right-hand Riemann sum with three equal
-1

subdivisions is nearest to
A. 25 B. 3.5 C. 45 D. 5.5 E. 6.5

2
x*dx using three subintervals of equal length is
4

The midpoint-sum approximation for j

A 11 B. 14 C. 22 D. 24 E. 28

3
If the definite integral I (x* +1)dx is approximated by using the Trapezoid Rule with n = 4,
1

the error is
A. 0 B. 7 C. 1 D. 65 E. 97
3 12 6 3

Use the trapezoid rule with n=4 to approximate the area between the curve y=x’-x* and
the x-axis from, x=3 to x=4

A. 35.266 B. 27.766 C. 63.031 D. 31.516 E. 25.125
3
If the trapezoidal rule is applied to I x* dx with Ax=%, the approximate value for the integral is
2
A. 221 B. 201 C. 193 D. 171 E. 162
3 4 4 8 16

1

- is equal, to three decimal places, to

If the Trapezoidal Rule is used with n=35, then I
o 14+ X

A. 0.784 B. 1.567 C. 1.959 D. 3.142 E. 7.837

1
If M(4) is used to approximate j V1+ x* dx , then the definite integral is equal, to two
0

decimal places, to
A. 1.00 B. 1.11 C. 1.20 D. 2.22 E. 333

3
Use a right-hand Riemann sum with 4 equal subdivisions to approximate the integral I |2x—3|dx
-1

A. 13 B. 10 C. 85 D. 8 E. 6



746. Let R be the region in the first quadrant enclosed by the x-axis and the graph of y =In x from
x=1 to x=4 If the Trapezoid Rule with 3 subdivisions is used to approximate the area of R,
the approximation is
A. 4970 B. 2.510 C. 2497 D. 2.485 E. 2473

747. 1, and R are the left-hand and right-hand Riemann sums, respectively, of f(x)=3x-x* on
[ 1,3 ] divided into 4 subintervals of equal length. Which of the following statements is true ?
A. R=0 B. L<R C. L>R D. L=R
E. cannot determine whether L is greater than R or less than R from the given information

748.

y=6x—x*
If we approximate the area of the shaded region
by M(20) (that is, the midpoint sum with 20
subintervals), then the difference

6
M(20)—I f(x)dx isequal to
0

A. 0.004 B. 0.008 C. 0.010 D. 0.045 E. none of these
749.
The area of the following shaded region is equal

exactly to In 3. If we approximate In 3 using
L(2) and R(2), which of the inequalities follows ?

A. 2 B. 3
1<J‘ ldx<1 l<j ldx<2
2 1 X 3 1 X

D. 1 31 1 E. 5 3 3
—< —dx<— =< —dx < =
3 2 X 2 6 1 X 2

6
750. If j (x* =2x+2)dx is approximated by three inscribed rectangles of equal width on the x-axis,
0

then the approximation is
A 24 B. 26 C. 28 D. 48 E. 76



751.

752.

753.

754.

755.

756.

Which of the following is true for f(x)=cos X on the interval [—

subintervals ?

3

2

T .
>y } using four equal

A. left-hand sum < right-hand sum B. right-hand sum < left-hand sum

C. midpoint sum < left-hand sum
E. left-hand sum = right-hand sum

The function f is continuous in the closed interval
[ 1, 5] and has values that are given in the table.
If two subintervals of equal length are used, what is

5
the midpoint Riemann sum approximation of I f(x)dx =
1

A. -3 B. 9 C. 14

D. midpoint sum = left-hand sum

f(x) |15

10

D. 32

The function f is continuous on the closed interval [ 2, 14 ]

and has values as shown in the table. Using the subintervals
[2,5].[5 10] and [ 10, 14 ] what is the approximation

14

of I f(x)dx found by using a right Riemann sum ?
2

A. 296 B. 312 C. 343

A table of values for a continuous function f is shown.
If four equal subintervals of [ 0, 2 ] are used, which of

2
the following is the trapezoidal approximation of I f(x) dx
0

A 8 B. 12 C. 16

The function f is continuous on the closed interval
[ 2, 8] and has values that are given in the table.

Using the subintervals [ 2, 5], [ 5,7 ] and [ 7, 8 ]

8
what is the trapezoidal approximation of j f(x)dx
2

A. 110 B. 130 C. 160

E. 35

10

14

f(x)|12]28

34

30

D. 374

E. 390

X

0.0 0.5 ]|1.0

1.5

2.0

f(x)

13

D. 24

E. 32

f(x) |10

30 | 40

20

D. 190

E. 210

For the function whose values are given

X 0

1

2

3

4

5

0.25

0.48 | 0.68

0.84

0.95

6
in the table,j f (x)dx is approximated f(x)|0
0

by a Riemann Sum using the value at the midpoint of each of three intervals of width 2

The approximation is
A 2.64 B. 3.64 C. 372

D. 3.76

E.

4.64




757. The function f is continuous on the closed interval [ 512 ] . sTelo 1112

and differentiable on the open interval ( 5, 12) and f has the fOO (107 (1112 8

values given the the table. Using the subintervals [ 5, 6 ],

12
[6,9],[9 11] and [ 11,12 ], what is the right-hand Riemann sum approximation toj f (x)dx

5

A. 64 B. 65 C. 66 D. 68.5 E. 72
758. Ay
5 |
The graph of f over theiinterval [ 1, 9 ]is - F(x)
shown in the figure. Using the data in the
- - - - - - - 3
figure, find a midpoint approximation with , /\
9
4equalsubdivisionsforj f(x)dx 1
! X
0 >
1 2 3 4 & B 7 8 9
A. 20 B. 21 C. 22 D. 23 E. 24
7509. Ay
| | o N T
Consider the function f whose graph is 4 Fix)
shown at the right. Use the Trapezoid
Rule with n=4 to estimate the value
9 2
of I f(x)dx
1 1
X
T >
1 2 3 4 5 6 7 &8 9

A 21 B. 22 C. 23 D. 24 E. 25

760. The following table lists the known values
of a function f If the Trapezoid Rule is used X |12 |3 |45

. 3 . f(x)|0|1.1]|14 12|15
to approximate I f(x)dx the result is

1

A. 4.1 B. 43 C. 45 D. 4.7 E. 49

761. The table contains values of a continuous X 1 2 3 4 5 6

function f at several values of x. f(x)]0.14 [ 0.21 [ 0.28 | 0.36 | 0.44 | 0.54

5

Estimate I f(x)dx using a trapezoidal approximation with three equal subintervals.
2

A. 0.85 B. 0.965 C. 1.08 D. 1.29 E. 1.93

762. Use the Trapezoid Rule with n=3 to approximate the area under y = x* from x=1 to x =4

A. 45 B. 43 C. 43 D. 43 E. 21
3 3 2



763.

764.

765.

766.

767.

:"‘l’
. . F(x) +
The graph of f is shown at the right.
3 3
Approximate I f (x)dx using the . \
: 2 o N V
Trapezoid Rule with 3 equal subdivisions. N\ /]
/ x
3 o2 o 0 ™
A 21 B. 41 C. o9 D. 18 E. 36

The table shows the velocity readings of a car taken every 30 seconds of a five-minute interval.

Time (sec) | 0 [ 30[60 |90 [ 120|150 | 180 | 210 | 240 | 270 | 300
Velocity (mph) [ 60 |55 [50 [45] 40 | 45 | 50 | 60 | 30 | 40 | 45

What is the approximate distance (in miles) traveled by the car during this five-minute interval,
using a midpoint Riemann sum with 60-second subintervals ?
A. 3.583 B. 3.708 C. 3.750 D. 3.833 E. 4.083

Water drains continuously from a tank. The rate
(in gallons per second) at which the water drains Time (sec) 0|3 8|10
out is measured at the times (in seconds) given in Rate (gal/sec) |16 [10 |6 | 5
the table. What is the trapezoidal approximation,
based on all of the data in the table, for the total amount of water that has drained from the tank

in the first ten seconds ?
A. 37 gallons B. 70 gallons C. 79.5 gallons D. 90 gallons E. 110 gallons

Let f be a continuous functionon [ 0, 6 | and

have the selected values as shown in the table.
If you use the subintervals [ 0, 2 ], [ 2, 4 ] and

f(x)|0]1]225]6.25

6
[ 4, 6 ], what is the trapezoidal approximation of I f (x)dx
0
A. 95 B. 12.75 C. 19 D. 255 E. 38.25

Let f be a continuous function on [ 4, 10 ] and

has selected values as shown in the table. Using x |41 6 | 8 |10
three right endpoint rectangles of equal length, f(x)|2]24]28]3.2

10
what is the approximate value of I f(x)dx =
4

A. 84 B. 9.6 C. 144 D. 16.8 E. 208



768.

769.

770.

771.

172.

773.

The function f is continuous on the closed interval [ 4, 6] Xx |4/45|5(55]| 6

and has values that are given in the table. Using four equal f(x)|6| 4 |8 6 |10

6
subintervals, what is the trapezoidal approximation to j f(x)dx
4

A 12 B. 13 C. 14 D. 15 E. 17

The function f is continuous on the closed interval

[ 0, 10 | and has the values given in the table. Using x lol 11307110
the subintervals [ 0, 1], [1,3].[3,7].[ 7, 10 ] f(x)|1|(-1]4]|2]3

10
what is the left Riemann sum estimate for I f(x)dx =
0

A. 15 B. 175 C. 20 D. 21 E. 225

The function f is continuous on the closed interval

[ 0, 3] and has values that are given in the table.

Using the subintervals [ 0, 1],[ 1, 2] and [ 2, 3], f(x)[2]5]4]3

3
what is the trapezoidal approximation to j f(x)dx
0

A 11 B. 115 C. 12 D. 125 E. 13

The table gives values for the velocity of a

particle at certain times t between t=10 ime
and t =60 The approximation of the total (seconds) 0115304560
distance traveled by the particle during the velocity
time period 0 <t < 60, computed using a (feet per second) 610 8 | 7 | 4
right-hand Riemann sum with four equal

subintervals, is

A. 29 feet B. 435 feet C. 450 feet D. 465 feet E. 525 feet

The function f is continuous on the interval [ 0, 8 |

and has values that are given in the table. Using the x lol3lals

subintervals [ 0, 3], [ 3, 4], [ 4, 8 ], what is the f(x)|4]6|2]12

8
trapezoidal approximation of I f(x)dx
0

A. B. C. D. E.
26 128 47 48 68

Use the trapezoidal method with 4 divisions to approximate the area of the region bounded by
the graph of y = % the lines x=1 and x =3, and the x-axis

A. ﬂ B. ﬂ C. 2 D. 2 E. 67
60 120 240 120 30




774 \What is the approximation of the area under the graph of f(x)=+1+ X’ using the trapezoidal

775.

776.

777.

sum with all the points in the partition { 1, £, 2, 3 }
A 4.642 B. 6.307 C. 797 D. 8.071 E. 12.614

7

If the definite integral I In xdx is approximated by 3 circumscribed rectangles of equal
1

width on the x-axis, then the approximation is
A. l(In3+In5+In7) B. 1(@n1+In3+In5) C. 2(In3+In5+In7)
D. 2(In3+In5) E. In1+2In3+2In5+In7

Ay

o

The graph of f is shown at the right.

Which of the following statements must

be true ? .
L f'3)> f'()

M

f(x)

¥

IL sz(x)dx >f'(3.5)

118 Iof(x)dx=j 3f(x)dx z

A. T only B. II only C. I and II only
D. II and III only E. LII and III

The graph of a function f whose domain is the
interval [—4, 4 ] is shown in the figure. Which

e

of the following statements are true ?
I. The average rate of change of f over the

fix)

o

M

interval fromx=-2tox=3is 1

I1. The slope of the tangent line at the point
where x=2 is 0 S N S 1 z 4

L B

3
II1. The left-sum approximation of I f(t)dt
-1

M

with 4 equal subdivisions is 4
A. T only B. I and II only C. 1II and III only
D. I and III only E. I, II and III



778. 4y

y=Jfx)

Use the Trapezoid Rule with n=4
5

to approximate the integral I f(x)dx
1

for the function f whose graph is shown

on the right.
AT B. 8 C. 9 D. 10
779. e
A graph of the function is shown on the right. .
Which of the following statements are true ? /"f \
, 2 J(x)
I f()> f'3) / ! /
2 15 f \\_ —
IL I f(x)dx > f'(3.5)
1
1
L lim f(2+h)—1(2) S f(2.5)- T(2) .-
h—>0 h 2.5-2 ' .
0 1 2 3 e
A. T only B. II only C. I and II only
D. II and III only E. LII and III
780. 4y
. . . . S (x)
The region shaded in the figure on the right
is rotated about the x-axis. Using the 3
Trapezoid Rule with 5 equal subdivisions,
the approximate volume of the resulting solid is
1
X
u T2 3 4 5 & 7

A 23 B. 47 C. 127 D. 254 E. 400

81. . . 4 . . .
If a trapezoidal sum overapproximates j f (x)dx and a right Riemann sum underapproximates
0

4
I f (x)dx, which of the following could be the graph of y= f(x)
0

A B. C. D. 3 E.

4 E 4 4
5 3 3 3
2 2 ) 2
s
- | | l
e F = N N ¥

o1 & 3 4 o1 2 3 4 al i T Ve ol 1 2

3
2
1
i

x
1 2 3 4

[ ¥ ]



782.

783.

2
If the definite integral I e* dx is first approximated by using two inscribed rectangles of
0

equal width and then approximated by using the trapezoidal rule with n =2, the difference
between the two approximations is
A. 53.60 B. 30.51 C. 27.80 D. 26.80 E. 12.78

Distance from the river's edge (feet) | 0 | 8 | 14 | 22 | 24
Depth of the water (feet) 0|78 210

A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this
location. The measurements are taken in a straight line perpendicular to the edge of the river.
The data are shown in the table above. The velocity of the water at Picnic Point, in feet per

minute, is modeled by v(t) = 16+2sin(\/t+10) for 0<t<120 minutes.

a) Use a trapezoidal sum with the four subintervals indicated by the data in the table to
approximate the area of the cross section of the river at Picnic Point, in square feet. Show
the computations that lead to your answer.

b) The volumetric flow at a location along the river is the product of the cross-sectional area
and the velocity of the water at that location. Use you approximation from part (a) to
estimate the average value of the volumetric flow at Picnic Point, in cubic feet per minute,
from t=0 to t=120 minutes.

c) The scientist proposes the function f, given by f(x)=8sin (72[—:) as a model for the

depth of the water, in feet, at Picnic Point x feet from the river's edge. Find the area of the
cross section of the river at Picnic Point based on this model.

d) Recall that the volumetric flow is the product of the cross-sectional area and the velocity
of the water at a location. To prevent flooding, water must be diverted if the average
value of the volumetric flow at Picnic Point exceeds 2100 cubic feet per minute for a
20-minute period. Using your answer from part (c), find the average value of the
volumetric flow during the time interval 40 <t <60 minutes. Does this value indicate
that the water mnust be diverted ?



784.

785.

t (hours) 0 1 3 4 7 1819
L(t) (people) | 120 | 156 | 176 | 126 | 150 | 80 | 0

Concert tickets went on sale at noon (t = 0) and were sold out within 9 hours. The number of

people waiting in line to purchase tickets at time t is modeled by a twice-differentiable function

L for 0<t<9 Values of L(t) at various times t are shown in the table

a) Use the data in the table to estimate the rate at which the number of people waiting in line
was changing at 5:30 P.M. (t =5.5) Show the computations that lead to your answer.
Indicate units of measure.

b) Use a trapezoidal sum with three subintervals to estimate the average number of people
waiting in line during the first 4 hours that tickets were on sale.

c) For 0<t<9 what is the fewest number of times at which L'(t) must equal 0 Give a reason
for your answer.

d) The rate at which tickets were sold for 0<t <9 is modeled by r(t)= 550te™ tickets per
hour. Based on the model, how many tickets were sold by 3 P.M. (t = 3), to the nearest
whole number ?

t (seconds) 0/10|20|30|40 50|60 |70 |80
v(t) (feetpersecond) |5 |14 (22|29 |35 |40 |44 |47 |49

Rocket A has a positive velocity v(t) after being launched upward from an initial height of 0

feet at time t =0 seconds. The velocity of the rocket is recorded for selected valves of t over

the interval 0<t <80 seconds, as shown in the table.

a) Find the average acceleration of rocket A over the time interval 0 <t <80 seconds.
Indicate units of measure.

70
b) Using correct units, explain the meaning of j v(t)dt interms of the rocket's flight.
10

70

Use a midpoint Riemann sum with 3 subintervals of equal length to approximate I v(t)dt
0

1

c) Rocket B is launched upward with an acceleration of a(t) = 3 feet per second per

Ji+1

second. Attime t=0 seconds, the initial height of the rocket is 0 feet, and the initial
velocity is 2 feet per second. Which of the two rockets is traveling faster at time t =80
seconds ? Explain your answer.



786.

787.

788.

789

¥
NN 2 A A
Which of the following couldbea | & 1 VA N~/ S L T
solution of the differential equation I|| I'. I'. 1'\ \ YN / / J'f .'I .'I .'I
with the given slope field ? R RN A A A A
R T T T VO Y A S S N I R4
ey L1 1
TR T R N W P A A B
N A A N
A y=x+1 B. y=x*+2 C. y=x*-2 D. y=In(x+1) E. y=2¢*
F 3
Ty
HHHHHH "-\-\_\_"—\-\_\_—E (a'r—*-u.__*-u.__-\—._-\—._-\—._-—_——
Which function could be a particular  — _ _ " ? ? oo
solution of the differential equation =~ ——-—-——— ——— ST e ——
HHHHHH —_——— ——————————— X
whose slope field is shown on the + — A — —p
£ ————— —_—— A ———— £
rlght') HHHHHH —_— A ———
HHHHHH -___-q___/' f—*—a-u—a-n—_-—_-—--—-——
HHHHHH -___-q___/' f—*—a-u—a-n—_-—_-—--—-——
HHHHHH *—a-_*-a-_—gl'ra'r —_———— e — — — —
A , B 2% C 2 D. . E. »
=X = = = X =ex
y y N y N y =sin y
I T jf" e
P e I e
P A A A A I A A A A
. . A A A A A S S A S S A S S A
Which equation has the slope A S A A A
. . FA A A A A A I A S A A
field shown on the right ? i {: {: { :{ :{ {: {n { :{ { {: {{ :{ b
R S SR S S R LT T S S S S S £
R T T T e T s S W S Y
T
T e L N
T T T T T T e T T T T T T e T e e
T T T e e el e T T e e e e T el e
aaaamaatauaaaaaaaa
A. B. C. D. E.
d_y=§ d_yzi d_y=§ d_y=5y d_y=X_|_y
dx vy dx X dx vy dx dx
dy

The slope field for I =y shows that the solutions to the differential equation
X

A. have y-intercept (0, 1)

C. have a horizontal asymptote
E. are odd functions

B.
D.

have a positive y-intercept
are even functions



790.

791.

792.

793.

4y

The slope field for a differential e AL e e
equation Y f(Xx,y) isgiven e T e e el T e e
dx f”/’/“/’f“a“x\“x%'ff/‘fﬁax\,\xax
i i i e e e e e T T e e e
in the diagram. The slope field R e e | B e
corresponds to which of the o A e e N S b 7 e e N
following differential equations ? e et e
R e e T R et
A Y _ tan xsec x B. & —sinx C. d—y=c0sX
dx dx dx
D. —y=—sinX E. —y=—c0sx
dx dx
4y
- i i R A TS T T TR
The slope field for a differential N RN NN ARNINE
: dy_f - R N Y T T T T U U NN
equation ol (X, y) Isgiven SONNONNONNNNNN NN NN NSNS
in the diagram. The slope field R e g e O e S g S S
; PP A A AP AP A SV VA A A A A
corresponds to which of the NNy NN YYY,
following differential equations?  / / / / 7 s 7/ /A F W/, A 000 F 000
I A SR A A A4 VA B B A A A
A. d—y=x+y B. d_y=y2 C d_y__y D. dy o E. dy_1 In x
dx dx dx dx dx
The slope field for a differential 4y
. dy . VAV VAN RV AV AN N VEVEV Y SV AY Y VA
equation = T(x,y) is given VA A VA A
) ) ) B P
in the diagram. Which of the Haaaaaaa;-aaaaaaaaax
following statements are true ? -‘5 it e e Er
I. A solution curve that contains AT AT
. . R T T T T T B S S O N L A W
the point ( 0, 2) also contains P T T A O O T Y
the point (=2, 0) L T T O T T

II. As y approaches 1, the rate of change of y approaces zero.
III. All solution curves for the differential equation have the same slope for a given value of y

A. T only B. 1II only C. I and II only
D. II and III only E. LII and III

2
On the positive y-axis, the slope field for the differential equation 3—¥ v has

y

vertical segments
segments with negative slope

A. horizontal segments B.
C. segments with positive slope D.
E. segments with slope equal to 1



794. Fy

¥
The slope field for a differential N - & N N NN
equation _y=f(x,y)isgiven ~—
NN (M WIE:
in the diagram. The slope field e B R S
corresponds to which of the 7 ///////’I/ ///////ﬁ
T _ _ A A A A A WA A A A A A A
following differential equations>  / / / / / /0 0 AL L bS]
I O N O B O O A B O
A. d—y=2—lnx B. d—y=2—e‘x C. d—y=y—2y2 D. ﬂ_Z— E. d—y=—x2
dx dx dx dx dx
795. Fy
The slope field for a differential VoY e — z’g..y,f [ S A R |
dy - VAN SNSN—SF S S
equation dX_f(x,y)lsglven LU LN N — S A .
in the diagram. The slope field bf e e ’ifa >
corresponds to which of the YV VNN Y— S S
following differential equations ? [ T N A A
RN SN
A dy B.dy_ , Cdy_. 1,D dy_ ., dy
dx_x-l_y dx y dx y 2y dx Y dx_y
796. Fy
+y
A A
The slope field shown in the figure at the PV AV AV A A AN
right represents solutions to a certain -~ 77/ /( f f
differential equation. Which of the VAV A A /( J'{ J'f
following could be a specific solution to j:;: I///i i: f; f; ; ? §
that differential equation ? S S //{( ,l’ Jif
‘Iu
LSS
NN NEREE,
A. y= e B. y= sin X C. y= \/; D. y= In X E. y= e0.5x

797. In aslope field, the line segments are
A. part of the graph of the solution to the differential equation
B. parts of the lines tangent to the graph of the solution to the differential equation
C. asymptotes to the graph of the solution of the differential equation
D. lines of the symmetry of the graph of the solution to the differential equation
E. none of these
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Which of the following differential
equations could be represented by

this slope field ?

T e
[ e ——
M, e
[, e e — e —
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/ e e ——
[, e
", e e, e e
[, e e e

/f e e e —
L O
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799.

A
O g
Iiffx\%
e ]
R
e

—_——— e

Which of the following differential
equations corresponds to the slope

field shown in the diagram ?

Pl % e e
B e e
.f/f”ﬂff
[, e
b e
P e e —
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for which of the following

The graph is a slope field
differential equations ?
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801. Drawing a slope field

A. provides a way of visualizing the solution to a differential equation

B.

can help find horizontal asymptotes to the graph of the solution of the differential equation

can serve as a check to the solution of a differential equation

C.

can give evidence as to the symmetry of the graph of the solution to a differential equation

all of the above

D.

E.
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The slope field matches which

differential equation ?
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Which of the following equations

has the slope field shown ?
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804.

dy
dx

C.

dy
dx

B.

dy
dx

A.

dy=X
dx

has line segments symmetric to the y-axis

The slope field for the differential equation

805.

A.

shows that the solutions to the differential equation are odd functions

shows that the solutions to the differential are straight lines

B.

C.

shows that the solutions to the differential equation are decreasing for increasing X

shows that there is a horizontal asymptote

D.

E.
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The slope field for the differential equation i = X
X

has line segments symmetric to the y-axis

shows that the solutions to the differential equation are even functions

shows that the graphs of the solutions are increasing for increasing X
shows that the graphs of the solutions are decreasing for increasing x
shows that there are solutions that have a horizontal asymptote
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Shown on the right is the slope
field for which differential
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811.

C. y=-5 only

will have vertical segments when

3y
Xy + 5%
-5

dy
dx
0 only
0ory

& _ o
dx
X =

E.
B. vy
E.

0 only
5 only

dy
dx
dy
dx

This slope field is for which of the
X

following differential equations ?
The slope field for the differential equation

D.
A.
D. vy

812.
813.



y=-3x only

C.

will have horizontal segments when

x>y + y*x
3IX+y
0 or y=-x

dy

dx
y=—x only

X=0 ory

B.
E.
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814.

817.

The slope field for the differential equation

=0 or y=0 only

X

A.

=5 only

D. y
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820.

Yoseqy-1)
dx

a) On the axes provided, sketch a slope field for

the given differential equation at the twelve
points indicated.

Consider the differential equation

b) While the slope field in part (a) is drawn at only

twelve points, it is defined at every point in the

xy-plane. Describe all points in the xy-plane for

which the slopes are positive.
c) Find the particular solution y = f(x) to the

given differential equation with the initial condition

f(0)=3

Y xiy-2)
dx

a) On the axes provided, sketch a slope field for

the given differential equation at the twelve
points indicated.

Consider the differential equation

b) While the slope field in part (a) is drawn at only

twelve points, it is defined at every point in the

xy-plane. Describe all points in the xy-plane for

which the slopes are negative.
¢) Find the particular solution y = f(x) to the

given differential equation with the initial condition

f(0)=0

Consider the differential equation Yy __
dx y
a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated.
b) Let y= f(x) be the particular solution to the

differential equation with the initial condition

f (1) =—1 Write an equation for the line tangent

to the graph of f at ( 1,—1) and use it to
approximate f( 1.1)
¢) Find the particular solution y = f(x) to the

given differential equation with the initial condition

f(1)=-1
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821. 2
Consider the differential equation j_y -
X

2 T ¥
Let y= f(x) be the particular solution to this . 2 . .
differential equation with the initial condition
f(-1)=2
ik J L] .

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated.

b) Write an equation for the line tangent to the
graph of f at x=-1

c¢) Find the solution y = f(x) to the given differential equation with the initial condition f(-1)=2

e
=
—¢
sl
¥

b2 Consider the differential equation Yy = 1ty t»
dx X 21
where X #0
a) On the axes provided, sketch a slope field for . 14 .
the given differential equation at the eight points
indicated.
b) Find the particular solution y = f(x) to the
differential equation with the initial condition . 11 .

f (-1) =1 and state its domain.
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Consider the differential equation Zl_y =(y—-1)* cos(wX) .
X

a) On the axes provided, sketch a slope field for the
given differential equation at the nine points indicated.

b) There is a horizontal line with equation y =c that — i
satisfies this differential equation. Find the value of ¢

¢) Find the particular solution y = f(x) to the
differential equation with the initial condition f(1)=0 . 1 t .

—
¥




824.

825.

826.

Consider the differential equation — = y—zl 4y
X

where X # 0 . 21 . .

a) On the axes provided, sketch a slope field for
the given differential equation at the nine points . 1 . .
indicated.

b) Find the particular solution y = f(x) to the x
differential equation with the initial condition T u T 2
f(2)=0

c) For the particular solution y= f(x) described in part (b), find lim f(x)

. . . . dy 1
Consider the differential equation x-2 X+y-1 Iy
L ] 2 ]
a) On the axes provided, sketch a slope field for the
given differential equation at the nine points indicated.
2
b) Find 3—¥ in terms of x and y. Describe the region d e d
X
in the xy-plane in which all solution curves to the
differential equation are concave up. - T . .
1 1

c) Let y= f(x) be a particular solution to the

differential equation with the initial condition f(0)=1.
Does f have a relative minimum, a relative maximum, or neither at x =0 Justify your answer.
d) Find the values of the constants m and b, for which y = mx+ b is a solution to the differential

equation.

A slope field for a differential

equation dy
dx

at the right. Which of the following

= f(X,Yy) is given

could be a solution ?

A. y=2+InXx

B. y=2-Inx
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827.

828

829.

A slope field for a differential equation

dy
dx

&
'I|:|..
— = f(X,Yy) is given in the figure on 9¢

the right. Which of the following D

statements are true ?

I. The value of j—y at the point ( 3, 3)
X

is approximately 1
II. As y approaches 8 the rate of change

e T . I = v B |

of y approaches zero.

III. All solution curves for the differential 14
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Mo T TR Tt e e e ey
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T T Y

B T TR Tw T T ey
L T Y

o o _—

equation have the same slope for a given

value of x
A. T only B. II only

D. II and III only E. LII and III

" Consider the differential equation j_y =X-Y
X

a) On the axes provided, sketch a slope field
for the given differential equation at the
fourteen points indicated.

b) Sketch the solution curve that contains the
point (-1, 1)

¢) Find an equation for the straight line solution
through the point ( 1, 0)

d) Show that if C is a constant, then y=x—-1+Ce™
is a solution of the differential equation

dy

Consider the differential equation o x*(2y+1)
X

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated.

b) Although the slope field in part (a) is drawn at
only 12 points, it is defined at every point in the
xy-plane. Describe all points in the xy-plane for
which the slopes are positive.

¢) Find the particular solution y = f(x) to the
given differential equation with the initial condition
f(0)=2

I and II only
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Calculus AB package #2 Feb/2009 Name:

1.

Piecewise functions explained by example

x+2 for —5<x<-1
x? for —1<x<2
f(x)=
5 for 2<Xx<5 x#4
1 for x=4

fH=-2 | fi(-4=1 lim f(x)=1
f=1 f'(l) =2 e
f@3)=5 £'(3)=0 =i
f(8)=undef| f'(8)=undef| limf(x)=5

2. Answer is B.

Find the range of the piecewise function
(x-1?%, x<l1
2x-3, x>1

Sketch graph and range is

defined by f(x)= {




3. Answer is D.

) x+3 where x<0
Given f(x)=
x—-3 where x>0

then lim f(x)=
x>0~

Sketch graph of piecewise function
Domain all real x
with jump discontinuity at x =0

From the negative side lim f(x)=
x>0

4. Answer is A.

. x+3 where x<0
Given f(x)=
x—3 where x>0

then lim f(x)=
x>0~

Sketch graph of piecewise function
Domain all real x
with jump discontinuity at x = 0

From the positive side lim f(x)=
x>0

5. Answer is E.

. x+3 where x<0
Given f(x)=
x—3 where x>0

then lim f(x)=
x>0

Sketch graph of piecewise function
Domain all real x
with jump discontinuity at x = 0
lim 19l £

then lin& f(x)= |does not exist|

on

b s

on

on

¥

=

on

on

=

on

Y=



6. Answer is A.

. x+3 where x<0
Given f(x)=
x—3 where x>0

then linln f(x)=

Sketch graph of piecewise function
Domain all real x
with jump discontinuity at x = 0

and Tim f(x)=limx -3 =[-2]

7. Answer is C.

. x+3 where x<0
Given f(x)=
x—3 where x>0

then lin_l2 f(x)=

Sketch graph of piecewise function
Domain all real x
with jump discontinuity at x =0

and Tim f(x)=lim x+3=[1]

8. Answer is C.

2
Given f(x)= X where x 2 then
2 where x=2
fQ@)=

Sketch graph of piecewise function
Domain all real x
with hole at x =0

and lim f(x)=4 but f=[2]
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Y=

e

9. Answer is D. A a*-" A
. 2 where x#2 1
Given f(x)=1{" o ?
2 where x=2 51
then lim f(x)= *T
x—>27 4+
Sketch graph of piecewise function It
Domain all real x 21 *
with hole at x =0 T
and lim f(x)=4 6 5 -4 3 -2 1'3 1 2 3 4 5
x—>27 I
_2..
_3..
_4..
10. Answer is D. A a*-" A
. > wher 2 i
Given f(x)= Y ore x= ?
2 where x=2 &1
then lim f(x)= T
x—2* 4+
Sketch graph of piecewise function It
Domain all real x 21 *
with hole at x =0 1"
im £ ()= EEERELEEERER
and lim f(x)=[4] 1}
_2..
_3..
_4..
11. Answer is D. A 8*-" A
. ? wher 2 1
Given f(x)= x ere x# F
2 where x=2 &1
then lim f(x) = 1
X—> 4..
Sketch graph of piecewise function a1
Domain all real x 21 *
with hole at x =0 T
i _ ' EEEEREREEEERERER
and lim £(x) [4] u
_2..
_3..
_4..




12. Answer is A. A

X

e where x<1

Given f(x) ={

then f(1)=
lim f(1)=0
x-1*
lim f(1)=e E5 435210 12345 ¢&

lin} f (1) = does not exist

fA=0

Inx where x>1

L L S N R & = ]

s

O B S PR O

13. Answer is D. A

X

e where x<1
Inx where x>1
then lim f(x)=

x—>1

Given f(x) ={

L LT S R R y =

lim f(1)=0

x-1*

lim f()=e¢
x—>1"
linln f (1) =does not exist

f=0

L 2%

&€ 543219 7 2345 ¢

B S PR P

14. Answer is A. 1_.._1,

X

] where x<1
Given f(x)= ¢ o
Inx where x>1

then lim f(x)=

x-1*

L A N N & ) = p ]

lim f(1)=0

x-1*

lim f()=e

x—1"

lim f(1)=does not exist

f=0

L I

€5 43218 7 2345 6

= B S PR P



15. Answer is E. A

X

. here 1
Given f(x)= ¢ W X<
Inx where x2>1

then lill‘ll f(x)=

L L S N R & = ]

Piecewise function, sketch graph and obvious
graphs do not meetat x=1

lim f(x)=e

x->1"

lim f(x)=0

x-1*

s

| S 4 :::::.-—
£ 5 4 3 230 7 2 3 4 5 &

_2..
_3.-
_4..
_5..
_E..

lin} f(x)=does not exist
x>

16. Answer is D.

) 241 where x<2
Given f(x)=1 o
4 where x>2

then lim f(x)=
x—>27

Sketch graph of piecewise function
Domain all real x where x # 2

and lim f(x)=[5]

| e e Sy S ::::::.-
£ 5 43 230 9 2 3 4 5 5

A, P A

17. Answer is A.
Find £(2) for

x’+4 where x<0

f(x)={

3—x where x>0

Sketch graph of piecewise function

Domain all real x and f(2)=




18. Answer is B.

4 where x<?2

x° where x=2

is differentiable for

f(x) isdifferentiable for all x where x # 2
(‘there is no derivative at sharp points )

19. Answer is E.

Consider the function

3 for x<2

for x>2

2x’—x

f (x)={ 264
e
Find lim f(x) =

lim f(x)=0
lim f(x)=1

li1121_ f(x)= 111121+ f(x)

lin; f(x) = does not exist
X—>

20. Answer is D.

1 if x<-2
If f(x)=4 x*-4 if —2<x<2
X if x>2
the range of £ is

Sketch graph of piecewise function and
the range is
—4< y< 0 (parabola section)
or y=1 (horizontal liney=1)
or y>2 (diagonal liney=x)

A

¥

¥




21. Answer is E.

The range of the piecewise function defined by
(x—1)* for x<2
2x-3 for x>2

f(x)={

Sketch graph of f(x) and observe

Range — |y >0

22. Answer is E.

Referring to the following figure showing
the graph of y= f(x), lxii‘} f(x)=
31_21_ S(x)=L,
lim f(x)=L,
50 lim £(x)=

(behaviour differs from right and left)
see page 64 text

one-sided limits are not equal

23. Answer is A.

2
-1
X has a

The graph of f(x)=

i &~ DE+D _ 0
x—1 x—-1
-1 (=D (x+1)
IR TR A

hole at x=1 intheline y=x+1
‘%,—/

point (1,2)

<« indeterminant

f(x)=

LY

.---'""""=?

)
P

on

L

L

«— halz
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24.

LIMItS| - needed to handle holes, asymptotes, sharp points, endpoints,

— definition of derivative

Direct substitution — polynomials lim f(x)= f(c) < too easy (difficult to see usefulness)

: -3 3 -3
a) left/right limu (jump discontinuity) lim |x | # lim u
x-3 x—3 -3 x=3 3 x=-3
. . 1 1 1 . 1 . 1
Does not exist|b) unbounded lim——=——=—=2w lim ——# lim ——
=>3x-3 3-3 0 -3 x=3 3 x-3

c) oscillating limsin(l)
X

x—3

. . . x+3 where x<0 .
Piecewise — learn and understand Given f(x)= then lim f(x)=
x—3 where x>0 x>0

Indeterminant form —  lim -9 23 -9 1 tactor
-3 x4 x— 12 3 +3- 12 0
x*=9 M(HS) . x+3 _3+3 [ 6
llmz— =lim — M
>3 x? 4+ x=12 9/3/(”4) —3x+4 3+4 |7
Jx-3 J9-3

Indeterminant form —  lim

= — | « conjugate (of numerator in this case)
=9 x—9 9-9 0

. vx—=-3 .. Jx-3(+x+3 ) ,x/Zg 1 1
lim =lim =lim =lim =| —
x-9 x_9 x—9 x_9 ,[x+3 x—)9£y(9/(/ ) x—)9,[ +3 \/§+3 6
. In x Inl 0
Indeterminant form —  lim——= =| — | <« L'hopital rule
=ixto1 1'-1 |0

|1

lim = =
=14x’  4Q1)° 4

Infinity — horizontal asymptotes (divide by the variable with highest exponent in denominator

1
x

. 4x—5x? _se  4_g 0-5 5
lim————=lim——*——=1im = = ==
o 2x +3x—1 xow zxx +3-L =2+ i-1 240-0 2
. . sin cosx—1
Trig — basic lim > = 1 lim—X""_9 « squeeze theorem proof
x=>0  x x>0 X

Trig — advanced questions based on basics

f(x+h) f(x)

l Definition of derivative f'(x)= <« secant changes into a tangent

h—)




25. Answer is C.

Difficulty =0.88 U

lim(x’-2x+2)=
x—3

lim(x* —2x+2)=3-23)+2=[5]
x—3 | S —

direct substitution

26. Answer is B.

. ox2-9
lim > =
-3 x"+9
x’-9 33-9 0
lim =lim = =
=>3x*+9 x33°+9 18 [o]

29. Answer is E.

Difficulty = 0.34

. X
lim——=
x->1]lnx

1 1 . .
lim—— =—=—= undefined (does not exist)

—1lnpx Inl 0

30. Answer is C.

4x*—6x+10
m-————=
10 50+ 4x’

. 4x* —6x+10 _4(10)’ —6(10)+10 _ 400-60+10 35 _
x>10 4x* +50 4(10)* +50 400+ 50 45

N-NEN




31.

32.

33.

34.

35.

36.

37.

Answer is B.

3x2=7x+10 B
60+ 3x>

x—10

3¢ =7x+10 _ . 3(10)~7(10)+10 _ 300-70+10 _ 240 _

60 + 3(10)

x—10

60+ 3x*

x—10

Answer is A.

60+300

360

W N

Answer is B.

. Inx
lim—=
x—>1 X

Inx Inl 0

fim X 101 _0_ G

x> x 1 1

Answer is C.

6x>—5
m 2 =
-3 4x" +1

49
37

6x*-5 6(3)'-5
1m = =
=>34x*+1  43) +1

Answer is B.

lim(3x" +5)=

lim3x" +5)= (3(2)’ +5) =

Answer is C.

lim(-2x* +1)=

x—>-3

lim (<2 +1) = (-2(-3)’ +1) =

Answer is A.

x2+3x+2_

lim >
x +1

x—-1

x*+3x+2  (-1)*+3(-D+2 1-3+2
x'+1 (-’ +1 1+1

lim

x—-1

[o]




38. Answer is B.

. X' +2x+3
x> x"+1

lim > >
x>-1 x"+1 -1 +1

39. Answer is D.

X 42x+3  (-1)'+2(-1)+3 1-2+3

1+1

lim+vx*—4 =
x—3

1ig;\/x2—4 =J3)Y-4=|5

40. Answer is A.

limv9—x? =
x—3

lin;\/9—x2 =9-(3)* =[0]

41. Answer is B.

lim+v2x-3 =
x—27
limv2x-3=,2(2)-3=V1=1
x—27
f(x)=+2x-3
2x-32>0
2x>3
x>3
Inits domain, x>2 f(x) is continuous

42. Answer is D.

e

M

P

M

E:N

. ox-—1
lim —; =
x=0 x* —1
x—1 0-1
lim = =-1
=0 x?—1 0°-1




43. Answer is A.

If the function £ is continuous for all real

4y

Difficulty = 0.67

(=]

2

numbers and if f(x)=>—— when

x#-2, then f(-2)=

o

If x=--2 then

F(x)

x2—4:(x—2)(x+2):x

-2

f)= x+2 x+2

The graph of f(x) istheline y=x-2

with a hole at x =-2

oo

If | f(-2)=—4 | then the hole is filled

and the function is continuous

44. Answer is B.

E if x#2
If f(x)=3 x=2 * , for what

k if x=2
value(s) of kis f(x) continuous at x =2

2_ —
Loxmd L (x-2)x+2) 0 | | /

«— hale

=

¥

-2 x—2 x—2 x—-2 0
indeterminant form (holeatx=2)

W= lim(x+2)=|4 |
X x—2

lim

x—2

If k=4 then the function f(x) will be continuous

(the hole will be filled by & = 4) £+




45. Answer is B.

X' -x
2x

k

and if £ is continuous at x=0 then k=

— forx =0

If f(x)=

forx=0

T-x  x(x-1) _ x-1_
2x 2x 2
The function f(x) is the graphof y=1x

with at hole initat ( 0,—1)
What value of £ at ( 0, £) will fill the hole to
to make the function f continuous at x =0

Soif | k=—5

forx=0

— then hole is filled

(= p}

o

L P

Mok

E-"’

o

(= p)

46.

Limits

— needed to handle holes, asymptotes, sharp points, endpoints,

Indeterminant form —  Tim ——> 23 -9 91 < factor
>3 x4 x— 12 3" +3- 12 0
¥=9 . =Hx+I . x+3_3+3 [6
llm— — | M
=3IxT4x—12 > M(x+4) S x+4 3+4 |7
Indeterminant form — lin;\/;_9 =f_93= % <« conjugate (of numerator in this case)
X—> X — —_
VX3 X3 (Va3 xS 1 1
=9 x=9 =9 x=9 | /x+3 x—)BM(\/_ ) x—>9\/—+3 \/_+3
Indeterminant form —  lim l:lx = tnl -2 <« L'hopital rule
ix' -1 1"-1 0
o 1
—>14x  41)° | 4




47. Answer is C. Difficulty =0.81 U

xt—6x-7
lim—————
x>7 x* —5x — 14

lim x*—6x—-7 7°-6(7)-7 _0

5 « indeterminate form
1 x?—5x—14 7 -5(7)-14 0

. x*—6x-7 M(xﬂ) (x+1) 7+1 [8
lim > =lim— —
7 xI _Sx—14 M(Hz) =1 (x+2) T+2 |9
48. Answer is B. Difficulty = 0.76 U
. xX+x-6
lim ———=
x>»-3 x“° =9
2 2
lim el 6=( 3 +(3) 6=E <« indeterminate form

=3 x?-9 -3’-9 0

_ xt+x—6 . (xFH(x-2) . (x-2) -3-2 [5
lim X 2X"2 _ jim - lim - -2
x>-3 x° =9 x—)—3m(x_3) x—)—3(x_3) -3-3 6

49. Answer is C. Difficulty =0.75 U

. x*-2x-8

lim———— =

x4 x" —6x+8
. x’-2x-8 4 -24)-8 0
lim 5 = 5 =—
—>ix?—6x+8 (4)’'-6(4)+8 0

2 gy 2
T S I e (G )i D _4¥2_6_

< indeterminate form

m = 11m = =
>4 x?—6x+8 ot (pA)(x—2) i(x-2) 4-2 2

50. Answer is B. |Difficu|ty =0.73 U

. o xT=9x-10
lim ———=
10 x"—100

. X*—9x—10 10°=9(10)-10 0
lim 5 = 5 =—
=10 X2 100 10°—100

X' =9x—10 (x-10) (x+1) o X1 _ 1041 _[11

<« indeterminate form

lim
=10 x?~100 Hlog/nf(xn()) 1 x+10 10410 | 20




51. Answer is B.

Difficulty =0.72 U

x'-9

lim——— =

=3 x4+ x=12
lim— =2 23 9 __%  _indeterminate form
>3 x—12 3+3-12 0
_ x’-9 M(x+3) x+3 3+3 [6
llmz— 1m —
=3xl4x—12 *> M(x+4) —3x+4 3+4 |7

52. Answer s B. Difficulty = 0.71 U

x'—x-2

lim———=

-2 x*+x-6

-x-2 22-2-2 . .

llmx ad 3 _0 < indeterminate form
>:x’+x-6 2°+2-6 0
L X -x-2 (DA x+l 241 [ 3
lim=———— = = lim =
—>2xlpx—6 - M(x+3) x+3 2+3 |5

53. Answer is C.

Difficulty =0.70 U

Lo xt+x-=2
Iim———=

x—1 x2 -1

L X +x=2 1*+1-2 0
lim > =— =—
-1 x" -1 1°-1 0
limsz M(x+2) _ lim x+2 1+2

1m
s | M(x+1) =1 x+1 1+1

<« indeterminate form

N | W

54. Answer is B.

. x'-4 (-2)' -4
lim — = >
2 x 4 x=2  (=2)+(=2)-2

= % < indeterminate form

, M(x 2) | x-2 -2-2
lim =4 _ =1 =

4
3

im = =
x>2 x" 4 x—2 x%-ZM(x 1) ~>»2x-1 -2-1

55. Answer is C.

. x'=2x-15
lim == —°—
=5 x"—Tx+10

2
limx 2x-15 5" -2(5)-15 9

« indeterminate form

x5 x? —7x+10 52—7(5)+10 0
x+3 543

. x?-2x-15 _ Q/{(x+3) . 8
lim—; =lim _— -
5 x2—Tx+10 Q/{(x 2) =5sx-2 5-2 |3




56. Answer is B.

x-2
2 xtox-2

x—2 2-2 0 . ,
lim ; — <« indeterminate form
>1x'—x-2 2°-2-2 0

X2 O e

= = lim
21Xt x—2 M(x+1) Ml 241

Qo | =

57. Answer is A.

. ox’—6x-17
lim——————=
-7 x"—49

. X'=6x=7 .. T'—=6(T)-7 0
lim =~ =lim—————— = —
1 x'—49 x> 7°-49 0
X7 —6x=7 (A L x+l T4l
llmz—— =lim

=1 xT—49 o7 (p T (x+T) T x+T T+T

<« indeterminant form

4
7

58. Answer is C.

. x’-5x-6
lim——=

x—-1 x2 -1

2 _ _ _1 2 _ _1 _
lim X 72 25" 6 _ jim &V 52( )=6_90
x—>—1 x =1 x—>—1 (_1) -1 0

o X =5x—6 M(x 6)_ . x=6_-1-6

< indeterminant form

7
1m = m—=—=| —
L 1>\;\Q(x 1) >1x-1 -1-1 |2

59. Answer is C.

.. XxX—5
lim—; =
x5 x” =25
lim f_s = f_s =Y Cindeterminant form
x->5x" =25 5°=-25 0
lim 32c—5 =lim )cz/S =1imL=L= i
o5 x1 =25 5 (x<8)(x+5) @Sx+5 5+5 |10

60. Answer is B.

2-x
lim =
x—)2x _4
2- 2-2 0 : ,
lim——— = 7 — <« indeterminant form
—2x'—4 2°—4 0

lim 2_x=lim _M =li -1 _ - = ~1

=lim =
o xt—4 2 (x<T)(x+2) 2 (X+2) 242




61. Answer is A.

: [ xs_lJ
lim| — =
x—>1 X —-Xx

x—1 12 —

5 5
lim[ xz 1 J = lim ! : =% « indeterminant form

. G- +x7 + X7 tx+l) (x4+x3+x2+x+1)
lim| — = lim =
x"—x) ot x\35<ll x%l x

x—1

62. Answer is B.

. Nx+4-2
lim——=
x—0 X
lim /x+4-2 _NO0+4-2 2-2 0 « indeterminate form
x>0 X 0 0 0
lim\/x+4—2 Vvx+4+2 — lim Xﬂ/f \im 1 1 l
=0 x Jx+4+2 H“}c\( 4+2) 0 Jxrd+2 2+2 | 4

63. Answer is C.

x-3
lim
3 x?—2x— 3
x-3 . 3-3
lim————=

lim 2—=9 <« indeterminate form
B 2x-3 53 -23)-3 0

lim —_3 lim x=3 L L

1
=lim =| —
=3 x?—2x-3 M(x+1) >ix+1 3+1 | 4

64. Answer is A.

limﬁ = 9 < indeterminate form
x>0 x 0

lim> = lim1=[1

x=0 x x—0

65. Answer is D.

. x° -8
lim 5 =
X2 x _4
3 23— ; ]
limx2 8= 5 8=9 <« indeterminate form
=>2x'—4 2°—4 0

x’+2x+4 242x+4 22+422)+4 12
B_jim D ) i X244 24204412
=1xt—4 o (x<T)(x+2) =2 x42 2+2 4




66. Answer is E.

.ox" =2

lim - =

x—)24_x

x2-2 2*-2 2
lim = =—=| undefined
x>24-x" 4-2" 0 /i
67. Answer is B.

. N25+h-5

llm—=

h—0 h
lim V25+h=-5 _V25+0-5_0 « indeterminate form
h—0 h 0 0
. N25+h-5(25+h+5 K , 1 1 1
lim =lim = =| —
10 h J25+h+5 "—“‘}:/(\/25+h+5) -0 25+ h+5 25+0+45 | 10

68. Answer is B.

|Difficulty = 0.45

69. Answer is B.

2 2
. X —a
If a=0, then lim——=
x—)ax —a
2 2 2 2
x'—a" _a'-a 0 . .
lim—; = ;=— <« indeterminate form
x—ax*—g* a'—a
2 2 2
X —a 1 1
lim - =lim / =lim 2
xa ¥t — g x—)aiy/(x +a) x—)a(x +a ) a’+a* 2a

70. Answer is E.

. mx-rm’
lim =
oz dx—27
2 2
lim XX TR _ 9 <« indeterminate form
oz dx-2m 2m-2m O
T
i N
x>z ) (x xor ) 2

x’—16x
lim———=
x>0 x' —4x
p— 5_
hmx 16~ 03 16(0)_0 « indeterminate form
>0 x'—4x  0°—40) 0
x*—16x . x(x* —16) Xj;/4(x +4) 2
lim = — " =lim=—"—— = o lm N m(x’ +4)= 0" +4= [4]
X x —_— x X—> x x —_— x—) _4



71. Answer is B.

x*—2x-3x _

72. Answer is C.

lim 3
3 xT-9x
3 2
limw (0) 20 =30 . « indeterminante form
=3 x*-9x o (0)* —9(0) 0
poX -2 -3k (e —2x-3) Xg,v/f(xﬂ) X1 _3+1_[2
=3 x -9y >3 x(x?-9) put &\9/{(“3) >3 x+3 3+3 |3

Coxt -1
lim 5 =
xol x* =1
3_ 3_
limx2 1—12 L < indeterminante form
—ixt-1 1°-1
=1 =D +x+D) x4l Pl+l [ 3
lim 5 =lim = = —| =
oix?—1 ol @E=D(x+1) =1 x+1 1+1 2
73. Answer is C.
. Ax-3
lim =
x—9 x_9
lim Jx-3 =lim V9-3 _0 « indeterminate form
x>9 x—90 x>9 9_90
lim\/;_:”—lim\/;_3 \/;+3 =lim M =lim r 1 _ 1
x—9 x_9 x—9 x_9 \/;_'_3 x—)9£),/(97(\/;+3) x—)9\/;+3 3+3 6

74. Answer is C.

2 2

lim[a b +3ab}=

a—b a—>b
2 2 2 2 2 2

lim a —-b +3ab =lima b” +3ab(a b):b b” +3bb(b b)=9

asb| a—b a—b a—b b-b

2_p? a+b
lin;[a Z +3abJ=lib[( )M 3ab] ((b+b)+3bb)=| 2b+3b*
a—> a— a—>

75. Answer is A.

<« indeterminant form

. x2—a2
lim =
xX—=a a—x
2 2 2 2
. X"—a a —a 0 ] ]
lim = =— & indeterminant form
x4 g—X a—a
2 2
. x'—a ( (x+a)
lim = m}\‘Q =llm[—(x+a)]=—(a+a)=
xsa g—X x—a _N x—a




76. Answer is D.

. 1 _ 22x
lim =
x—0 1 —_ 2x
1-2*  1-2*" : :
lim = o~ =— <« indeterminant form
x>01-2%  1-2" 0

2x x
fm =2 i 172 . (T=22)(1+2

. Xy _ 0 _
T M T g _933(1+2 y=(1+2")=[2]

77. Answer is D.

L oxXT+xt-2x
lim=—— = =
x—0 X —X

. X +xt=2x 03+02—2(0) 0
lim = =—

3 3
x>0 X —-x 0'-0

limx3+x2—2x_li x(x2+x—2) B‘x(x"‘ )M

x—0 x3 —X xil(} x(x2 _ 1) - x—)O &\M = llm(x + 2) (0 + 2)

« indeterminate form

78. Answer is C.

3= x)* _
x—)3 (x 3)

L B-x) (-3 0
=3 (x=3) (3=3) 0

mO= iy G209, (S_x)M=lim(x—3)=3—3=|1|
x—)3 (x 3) x—>3 —(3 x) x—3 _M x—3

< indeterminant form

79. Answer is A.

b—x b-b
lim

0 . .
<« indeterminant form

bg,u— ( xﬁb%—kﬁb_(ﬁ%+[) lim(—/x - /b)

=(-Vb—b)=| —2b




80. Answer is E.

. oxP+2x-3
lim————=
x>l x =1

2 2
lim d +22x 3 = I+ 22(1) 3 = 9 <« indeterminant form
x—1 X - 1 (1) _ 1 0

X 42x-3 M(x+3) . x+3 143
lim 5 =lim = =
T R 9/()(“1) >l x+1 1+1

81. Answer is B.

lim~"2 -

x—>93_ /x
lim x99 _99_0 < indeterminant form
=93_Jx 3-49 0

Cox=9 . x=9 (3+Jx) .. (x-9@+Jx) . - (9~ (B+x)
fim m (3+¢;J ey T o<

=tim| -G+ |=[ -G+ =6

82. Answer is B.

kZ
If k%0 then lim=>
x—k X _kx
2 2
hmx k I; BLAN « indeterminant form
x>k x? —kx k"—k(k) 0

XK M(Hk) _ x+k k+k
lim —; = lim = =
x—)kx_kx x—)k M x—>k X k

83. Answer is A.

. Xx+2
lim — =
x>-2x" —4
2 —2+2 . .
lim x2+ = :r =— <« indeterminant form
—2x*—4  (-2)'-4 0
o X+2 47 IR SN T |
-2 x* xe—zM(x 2) =2x-2 -2-2 | 4




84. Answer is B.

2
-4
limx

x—2 x3 _8

xX'-4 2°-4 0

lim 3
—>2x' -8 2°-8 0

x+2
im =4 im (x~7)(x+2) X+2 242

1m
2 x* -8 x—ﬂj,\f//z/(x +2x+4) oixit2x+d 22+202)+4

<« indeterminant form

2

W | =

85. Answer is E.

x'-x
lim =
x>0 x* 4+ x°
2
lim Yo x = (i 03=— <« indeterminant form
=0 x4t 04 +0
P -1 -1 -1 -1
llmx4 - x3(x ) _ (zx ) _ 20 =— = undefined
>0 x4 xt -0 X (x+1) -0 xP(x+1) 0°(0+1) 0

86. Answer is A.

. 2x'-50
llm2—=
x5 x" —15x+50
2 2
lim 22x N _ 22(5) 0 0 « indeterminant form
5 x2 —15x+50 (5)*—15(5)+50 0
2x?—50 2x+5)(x~5) _2x+5) _25+5) 20
in im 2549 B[]
5 x? —15x+50 5 (x— 10) (x~5) M eC10 C 5-10 s

87. Answer is E.

4x2—16_
x—2

lim

x—2

lim

x—2

4x’ 16 4(2'-16 0

<« indeterminate form

x—-2

- 4x?-16 tim 4>\Q(x

2-2

x—2

x—2

88. Answer is C.

—lin;4(x+2)=4(2+2)=

x—2

CoxT—x-=-20
lim———=
x5 x_5
2 2
limx X 20:5 > 20_2 <« indeterminate form
x5 x—5 5-5
2 _x-— x+4
lim X" 20 _ mM=1im(x+4)=(s+4)=|Z|
x5 x—-5 x5 )x,/s x—=5




89. Answer is D.

Lox+x?
lim =

x—>-1 x2 _1 -

2 2

lim x;l-x _ 1+(2 1)
x>-1x -1 (-1)"-1

-1

X+ xj,\'/ﬂ/

xz—lim ) —limi— =
x*—1 o (x=D(x+T) —1x-1 -1-1

0 . )
= 6 <« indeterminate form

N | =

lim
—>-1

X

90. Answer is B.

. 2x-2

lim— 5 =

ol X" 42X —x—2
lim —; sz_z =— 2(1)2_2 =9 indeterminate form
Sl 12x —x—2 P+2(1)-1-2 0

-2

2
lim X

2 (x~T) 2 2

3 > = lim
oL X" +2x" —x—-2 1(x+2)

(x+)(x=T) (A+2)1+1) 6

G | =

91. Answer is B.

< indeterminate form

X=2 _ . x=7 Cpim b 1
1 xl =4 o2 (e<T)(x+2)  F(x+2) 242

|-

92. Answer is C.

. X'—5x+4
Iim————=
x—4 x—4
2 2
limx 5x+4=4 5(4)+4=9 < indeterminate form
=4 x—4 4—4 0

x—4 x—4 x—>4

2 -1
= RS




93. Answer is A.

. V3—-x-+x-1
lim =
X2 6—3x
lim V3-x-yx-1 = V3-2-42-1 =9 indeterminate form
=2 6-—3x 6-3(2) 0
mnVS—x—Vx—l ~ lim J3 X - Jx 1 JS x+Jx 1
¥>2 6—3x =2 3(2-x) 3—x+Jx-1
i G=®-G-D 20-%)
132~ x)(J_ Vx—1) stgz/ (3-x+Jx-1)
1
=1i _| L
xl£}3(\/ +\/ 1) 3(\/3—2+\/2—1) 3

94. Answer is B.

. Vvx -1
lim =
x—1 x_l
lim /x—1 =lim\/i_1 —— <« indeterminant form
x>l x—1 x-»1 1-1 0
P ) St [ ENE0 | IRt SN 1 _|1
x—1 x_l x—1 x_l ‘[x_l_l x—)lM(/ ) x—)l‘[ +1 \/I"‘l 2

95. Answer is D.

x—>1

1-x

,im[@} _

lim(ﬁ—z}:(\/ﬁ—z

j = % <« indeterminant form

x=1 1-x 1-1
lim yx+3-2 =lim t3+2 =lim x-1
x>l 1-x x—>1 1-x vx+3+ >L(1=-x)(Wx+3+2)
~(1-%) -1 1
=lim

HIQ;/(\/—3+2) «/ﬁ+2= 4




96. Answer is C.

. x2+3-2
lim—=
-1 x+1

JxP+3-2 J(-D*+3-2 _ .
lim X+3 2= ) =9 « indeterminant form
-1 x+1 -1+1 0
. x2+3-2 . AxP+3-2|Vx*+3+2 . xi-1
lim = lim = lim

Jx?+3+2

x—-1 x+1 x—-1 x+1 x——1 (x+1)( /x2+3+2)

A=) -1 -2 [

= lim

o k(P +3+2) JD)P+3+2 4

97. Answer is D.

. —e
lim =
h—>0 h
1+h _ 1+0 _ e—e 0 ) )
lim =lim =lim =— <« indeterminant form
h—0 h h—>0 0 =0 () 0

98.

0 . . .
lim———= 0 <« indeterminate form (now use L'Hopitals rule)

lim 2x-7 =limz=

V3 ¥4
x>z x—-7 x>z ]

99. Answer is A.

1 _1
lim x+1 2 =
x—1 x_l
1 _1 1_1 9 o .
lim*—2 = lim*—2 = — <« indeterminant form now simplify or use L'Hopitals rule)
x—1 x_l x—1 1_1 0
x 2—(x+1) —x 1-x
lim (%)(ﬁ)_(%)(fﬂ = lim 2(x+1) —lim 2(1x+1) — lim 2(x+1)
x—1 x_l x—>1 x_l x—1 x_l x—>1 xT_l
L -~ 1 -1 -1
= llm = 11m = —
1 2(x+1) | ¥ ) =12(x+1)




100.

Vertical asymptotes
Let £ and g be continuous on an open interval containingc If f(c)#0, g(c)=0 then

the function h(x)= % lim A(x) = % = undefined (has a vertical asymptote at x = ¢)
g x X—=>C
101. Answer is D. Difficulty = 0.79 U
. o X—2
,El—>n—12 xz —4 B l:h 7
1mi = 0 = indeterminant form x=-1-—>
-2 (x=2)(x+2) 0 !
. x=2 s a hole in the graph hoke
lim _(x=2) =— = = undefined ] * X
—>2(x—2)(x+2) 0 o
IS a vertical asymptote
x 2 _ |
lim "% —tim 2 —gim 270 a1
x>0 x° — x—)ooLz_;iz x>0 1—() :
.. y=0 is a horizontal asymptote i
_E..
102. Answer is D. Difficulty = 0.77 U
. X+6
lim =
x-2 x—2
lim>8 8 _ o undefined
-2 x=2
IS & vertical asymptote
x4 6
tim X8~ im 2t im0

x—)oox_z x—)oof_% x—)ool_ﬂ_

Notice there is a horizontal asymptote at y =1
xX+6 xX+6
= -
x—2 x-2

y

—x=2

x-intercept

x=0 > _9+6 - y=-3
oz T LT - a2l
y-interce

0 > x+6=0 > x=-6 s
— I




103. Answer is E.

lim——=
>3 x=-3
.1 1 .
lim —— = — = o = undefined = nonexistant
=>3x-3 0
IS a vertical asymptote
1 1
lim——=lim——= LO
x—)oox_3 x—)oof_% 1_0
- y=01s a horizontal asymptote

104. Answer is C.
4x -6
im- ——— =
x> 2x2 4+ 85x—12
lim 2(2x-3) _ =22
>4 (2x-3)(x+4) 0

IS a vertical asymptote

im 22x-3) _0_ indeterminant form
=3 (2x=-3)(x+4) 0

- x =2 isahole in the graph

=+ = undefined

105. Answer is C.

Find the equation of the vertical asymptote of
_ Sx
Y x—1
5x
lim—— = — =00 = undefined
x=1 x —
" is a vertical asymptote
5x
fim X~ fim—x = > __5
X0 X — x—)oof_i 1_0
- y=15s a horizontal asymptote

-

—x=3




106. Answer is A

The graph of y=In(x+2) hasa
vertical asymptote with equation

From the log unit, this is the basic
y =Inx graph moved left 2 units, so

so has a vertical asymptote

107. Answer is D.
Find the equation of the vertical asymptote(s)

2x
of f(x)=
f@=
limz—x = 4 =00 = undefined
-2 (x=2)(x+2) 0

lim _ X = -4 = o0 = undefined
>2(x-2)(x+2) 0

are vertical asymptotes

—lim—=— =Y _9

xoo x° —4 x—)ooxiz_iz_l_o_
X

~

- y =0 is a horizontal asymptote

108. Answer is B.

The vertical asymptote of f(x) = Ll
x —

has equation

1
lim—— =~ == undefined
x—1 X —
" IS a vertical asymptote
lim—*— —lim—* =1 __|

xoo x—1 x—)mi_l_l_o_
X X

- y=11s a horizontal asymptote




109. Answer is A.

The vertical asymptote of f(x)= 4 is
x+1

4 4
lim——= 0 = o0 = undefined

. 4 .2 0
Iim—=lim——=——=
oo x4] woeXipl o 14

- y=01s a horizontal asymptote

110. Answer is C.

Find the equation of the vertical asymptote
X
of x)=
J () 4x+8
. X -2
lim =— = = undefined
—24(x+2) 0
" IS a vertical asymptote
. . x 1 1
lim =lim———=—=—
voodx+8 woedxi 8440 4
. y =1 is a horizontal asymptote

111. Answer is B.

2 —_—
The graph of f(x)= %36:6 has
x —_—

vertical asymptotes at

limw = 2 = indeterminant form
=2 (x+2)(x-2)

- x=21isa hole in the graph

lim (x-3)(x-2) 4

= — = o0 = undefined
>-2(x+2)(x-2) 0

IS a vertical asymptote

2

X

X—»© X = 4 X—® X _ 4
2T 2

~

1-0

- y=11s a horizontal asymptote

x—5x+6 vt 12040




112. Answer is A.

x’—4
X' +3x7-4x-12
has a vertical asymptote at x =

The graph of f(x)=

P(2)=2+3(2)’-4(2)-12=0

im (x-2)(x+2) _0_ indeterminant
2 (x—2)(x+2)(x+3) 0
(x-2)(x+2) _0_ indeterminant

1m =
=2 (x=2)(x+2)(x+3) 0
- x =2, —2 are holes in the graph
(x=2)(x+2) 5

im = — =00 = undefined
>3 (x=2)(x+2)(x+3) 0

" IS a vertical asymptote

113. Answer is C.

A function f(x) has a vertical asymptote at x =2
The derivative of f(x) is positive for all x #2
Which of the following statements are true ?

linzl f(x)= % =0 = undefined (k #0)

g IS a vertical asymptote
f'(x) is positive for all x#2
f(x) isincreasing for all x #2

-1

Example —» f(x)=——
x—2
1

f'® =035

L lin% f(x)=+400 [¥ (does not exist)

II. lim f(x)=+0 [ (does not exist)
x-2*

III. lim f(x)=+oc M (does not exist)
x—>27




114. Answer is C.

5

Where is the function R —
S x’=2x-15

discontinuous ?

lim; = 3 = o0 = undefined
=5 (x=5)(x+3) 0
5

lim — = 3 = o0 = undefined
>3 (x=5)(x+3) 0

", are vertical asymptotes
f(x) is discontinuous for

P PN S NP SO NN Wy e -

115. Answer is D.

The graph of a function f whose domain N
is the closed interval [ 1, 7 ] is shown. 5t-F l
Which of the following statements about 4 )
f(x)istrue ? 3 1 /

lim f(x)=1 B —lim f(x)=3 , \I

lin} f(x)=3 B — undefined (jump) 1 /

x—> &>
f(x) iscontinuous at x=3 X — hole x
f(x) iscontinuous at x =5 T 1 2z 3 4 5 & 7 &

liilé f(x)= f(6) ® — undefined (jump)




116.

117.

118.

Definition of a derivative

1wy — Jim X B) = f(x)
f(x)=1lim P

fx+h)-f(x)
h

<« slope of a secant

<« secant changes into a tangent by limit process

Answer is A. Difficulty = 0.79 K
Which of the following represents the derivative of f(x)= x’
f(x)=x f(x)=x
ax—0 AX h—>0 h
_ 3_ .3
fx)= m (x +ax)’ —x° fx)= llm (x+h) —x
Ax—) AX h
Answer Is B. [Difficulty = 0.79 K
. . o 1
Which expression represents the derivative of  f(x) = )
1 1
f== J="5
X

f(x+ax)— f(x)
AX

3 3
f!(x) — lim (x+ax) X
ax—0 AX

or

£'(x)=lim

119. Answer is D.

f(x+h) f(x)

fi(x)=

NN
[ (x)= lhl—lfl} o

1 1
3

Difficulty = 0.78 K

Ax—>0

AX

Which expression represents the derivative of  f(x) = x*
fx)=x' f(x)=x*
£(x) = lim fxtax)— fx) £1(x) = f(x + h) f(x)
ax—0 AX
f'(x)= M fl(x)= 1imm

h—0 h




120. Answer is C. Difficulty = 0.78 K

Which of the following is the derivative of  f(x)
Must know !!! Must know !!!
P = lim LEF20 = () £y = lim LEHD = F()
ax—>0 AX h—>0 h
121. Answer is C. |Difficulty 077K

Which of the following limits represents the derivative of the function f(x)=x"-3x+1

f(x)=x*-3x+1
S(x+ax)— f(x)

f'(x)=lim
ax—0 AX
[y =3(x+ax)+1]-[ &7 -3x+1]
S00=1m, o

f(x)=x*-3x+1
ey = i L XD = f(x)
f(x)=lim P

h—>

[(x+h) =3(x+h)+1]-[x* =3x+1]
h

f'(x)=lim

122. Answer is A. Difficulty = 0.75 U

Which expression represents the derivative of  f(x)=x" +3x

f(x)=x"+3x
Py = tim LEF80= (9

AX

[(x +ax)’ +3(x +Ax)] - [xz + 3x]

AX

f'(x)= lim

f(x)=x"+3x
ey = i L XD = f(x)
J'(x)=lim P

[(x+h) +3(x+h) ][ x*+3x]
h

f'(x)=lim



123. Answer is D.

| Difficulty = 0.69 K

For the polynomial function y = f(x), the expression l’in(}

f(x+h)- f(x)
h

represents:

Definition of f'(x)=| lim SOxth) = f(x) <« must know and understand !!!

h—>0

h

124. Answer is D.

Difficulty =0.46 H

Let P(x,, y,) and O(x,, y,) be two points
on the graph of a polynomial function. Which
expression represents the derivative at point P

At point P slope of tangent is

rise

run 07N X, — X,

125. Answer is D.

slope =% = 1im 22=%2 — /()

Which of the following represents the slope of the tangent to the function f(x)= Jx

f)=+x
fx+ax)— f(x)

f'(x)=lim

AX
VX+ax — \/;
AX

f'(x)=lim

126. Answer is D.

or

f(x)=+x

f/(x)=lim

f(x+h)— f(x)
h
Jxth-x
h

£/(x)=lim

If f(x)=x*> determine the value of

lim

h—0

fx+h)-f(x)
h

ff(x) — Ji%%

f(0)=lim 2x +ax =

fx)=x*
i) = tim L2~ ()
ax—0 AX
voon oy (X +ax)’—x?
S (x)= Alilll()—Ax
Von X2 4+ 2xax+(ax): — X2

or

f(x)=x’
£'(x)=lim

h—0

fx+h)-f(x)
h

2 2
.m(x+h) X

1=l
f,(x)=lim}2\+2xh+h2 -X
h—0 h

£ =tim ] (2;+ h)

f'(x)=lim2x+h=




127. Answer is A.

Which one of the following is equal to

i L=/ )

Definition of f'(x)= lhin(} f(x+h2—f(x) « must know and understand !!!

128. Answer is B.

Which one of the following limits represents the derivative of the function f(x)=x’-2x+3

f(x)=x"-2x+3
oy i S (XHR)— f(x)
£'()=lim .

[(x+h)2—2(x+h)+3]—[x2—2x+3]

£(x)=lim .
N (x+h)?-2(x+h)+3-x"+2x-3
£'(x)=lim ;

129.

Given f(x)=3x", use the definition of the derivative to show that f’(x)=6x

Solution:

f(x) = lim S+ h)= flx) — L mark

fi—+00 h

v B 1
- lim Nx+h) —3x

— 1 mark
fi—0l h

3 2wk n?) =37
= lim
fi—stl h

. At vexh+ 30T -3yt
= lim
fi—+00 i

2
= lim oxhi+3h

«— 1 mark
fi—stl h

N
~ lim h{6x + 30

Hr—s0 h 1
& 3 mark

=lim (6x+3h)
fi—0

=6 « 1 mark



130. [Given f(x)=x?—3x, use the definition of the derivative to show that f'(x)=2x—3

f(x+Ax)— f(%)
Ax

J'(x)= lim

[ (x+Ax)* - 3(x+Ax) |- (x* - 3x)

f(x)= lim A

3Ax—/+3\x\

()= lim A7 4 2xAx + (Ax): = Ix —
Ax—0 Ax

£ = lim &(2:;; Ax-3)
f’(x)=£glo(2x+Ax—3)=

131. [Given f(x)=x"+5x, use the definition of the derivative to show that f’'(x)=2x+5
f(x+Ax)- f(x)
l
f'(x)=lim Ax
[ (x+Ax) +5(x + Ax) |- (x* +5x)
f'(x)=lim A

A 4 2xAx + (Ax)? +\5\x\+5Ax A x

fl(x)= llm

AE

132. Answer is C.

2
f’(x)=£moM( x+Ax+5)=Emo(2x+Ax+5)=2x+0+5=

If f(x)=+x—2 then f(“hlz_f(x):

f(x+h)—f(x) _J(x+h)-2-Vx-2 _

Jx+h-2—-+x-2

h B h h
133. Answer is B.
1 _
If f)=—— then JEEM=SCI_
x+2 h
feth)= F(0) _ o= _ i G =20 G _ Sy
h h h h
x+2—x—h-2 —h _1

_ (x+h+2)(x+2) _ (x+h+2)(x+2)

i :

((x+h+2)(x+2))(ﬁ) - (x+2)(x+h+2)




134. Answer is B.

37 37
lim 3(x+h)" —3x"

h—0

37 37
lim 3(x+h)y" -3x

lim = <« means the derivative of f(x)=3x"
'

135. Answer is D.

i (et h) - x
h—0 h

=

—x?

=

lim (x+h)

lim = <« means the derivative of f(x)= Jx=x

136. Answer is C.

6_
i () =1

h—0 h

6_
i () 1

lim = < means the derivative of f(x)=x°® evaluatedat x =1
-

f'(x)=6x°
f=61y=[6]

137. Answer is B.

. JY8+h-2 .

lim——— is

h—0 h

I8+h-2 . . 1
lhin‘}s-l_T IS <« means the derivative of f(x)= Yx =x* evaluated at x=8
fi=tx=—7
U 3@xy
1 1

' 8) = — —
S® 338} 32} |12




138. Answer is C.

3 3
i @) -2
h—0

h—0

h

3 43 2, 73y 2
lim(2+hi), 2 _lhin(}(8+12h+6h +h) 8:lim\h(12+6h+h)

h—0

139. Answer is B.

=lhin(}12+6h+h2=
et i)—1_

h—0

o (et h)=1 _

h—0 h -

< means the derivative of f(x)=In(x) evaluated at x =e

1
fl(x)=—
X
1
fle=|-
e
140. Answer is B.
lim 355
h—>0 h
e BTN )] €7 € €63 B '
h—>0 h h—0 h

im 3(3;1;) _ lim( —yl }LL] _ 1
h—0 1 h—0 3(3 + h)

141. Answer is C.

lim In(2+h)—In2 _

h—0

lim In(2+h)—1In2

h—0

< means the derivative of f(x)=In(x) evaluated at x =2

)=

X

@=L




142. Answer is B.

1 8 _Q(1)8
i BG40 —80)° _

h—0

1 8 _g(1)8
lim8(2+h) 8(3)

lim p = <« means the derivative of f(x)=8x" evaluated at x=1
f'(x)=64x’
101 6,1\7 1
Q=20 =<
2
143. Answer is B.
4+h _ 4
lim<—% =
h—0 h
e4+h _e4
lhin‘}T = <« means the derivative of f(x)=e" evaluated at x =4

flx)=e
f'@)=

144. Answer is D.

8V16+h—32
lim—————=
h—>0 h
lhm(}s— 167’_32 = <« means the derivative of f(x)= 8Vx =8x evaluated at x =16
F1e0 =8t =
’ Jx
4
"16) = —— =
1= 7= [1]
145. Answer is E.
3 p—
lim(2+h) +(2+h)-10 _
h—0 h
3 p—
l,,in} 2+h) +§12+ =10 = <« means the derivative of f(x)=x’+ x evaluated at x =2
fl(x)=3x"+1
f@=302) +1=




146. Answer is E.

3
lim4(2+h) 2(2+h) 28=
h—>0 h

42+ h)’ =22+ h)-2 -
lhin(} Chil) h( *h) 8= « derivative of f(x)=4x"—2x evaluated at x =2
fl(x)=12x*-2

£2)=12(2) —2=[ 46 |

147. Answer is B.
. N9+h-3
lim———=
h—>0 h
lhin(} —9+hh_3 = <« means the derivative of f(x)= Jx = x* evaluated at x=9
1
()=
! 2Jx
1 1
r 9 = —= —_
70 2J9 |6

148. Answer is D.

. (2+h)-32+h)-10 _
lhl—lg h -
4
lhin(} (2+h) 3}52+ m-10 = « derivative of f(x)=x*-3x evaluated at x =2
fl(x)=4x"-3

f'(2)=4(2) -3=

149. Answer is E.

x+h x
—-e

lim
h—0 h

ex+h _ex
< means the derivative of f(x)=e"

Iim——
h—0 h
f(x)=




150. Answer is C.

3 —
lim(3+h) +3+h) 30=

h—>0 h

3 p—
lim B+h) +3+m=30 = < derivative of f(x)=x’+ x evaluated at x=3

h—0 h
fl(x)=3x>+1

£'(3)=33) +1=[28]

151. Answer is C.

i J2(6+h)-3—/2(6)-3 _

h—0 h

i J2(6+h)-3-/2(6)-3

h—0 h

= <« derivative of f(x)=+2x-3 evaluatedat x=6

1
f'(x)= \/ﬁ
1

"6) —— —
f(6) 26)=3

W | =

152. Answer is D.

If f(x)=+x+2, then lhin(}f(z-l_h’:_f(z):

lim fe+i- /) = <« derivative of f(x)=+/x+2 evaluatedat x=2

h—0 h

1 _1 1
’ - 2)7? =
F=3Gr =
F@)=——=|
22+2 4

153. Answer is D.

5 3 5 3
lhin(}Z(x+h) S(x-il;h) 2x° +5x _

5 3 5 3
lim 2(x+h) —5(x+h) —2x" +5x

lim P = « derivative of f(x)=2x"-5x’

f(x)=] 10x* —15x*




154. Answer is C.

1 5 _q(1)$
o 3G+ -30)°

h—0

< derivative of f(x)=3x" evaluated at x = )

1 S _ 1)$
lim3(2+h)h 30)° _

h—0

f'(x)=15x*

1y 151y = | 13
S @)=15(3) 16

155. Answer is D.

1+h
e —_

lim =
h—>0 h

lim < ¢ = < means the derivative of f(x)=e" when x=1

h—0 h
fl(x)=e"

f=le]

156. Answer is B.

N1+2h-1
lim———=
h—0 h
. N1+2h-1 2 . N1+2h-1 . N1+2h-1 . N1+m -1
lim———=—-lim—— = 2lim—M=2lim——
h—>0 h 2 h—>0 h h—>0 2h m—0 m
21in}] yitm-1 = <« means the derivative of 2 f(x)= Jx evaluated at x=1
m—> m
21'(x) =——
2J/x
1
2f'1)=—==
ro=o==1]
157. Answer is A. Difficulty = 0.71
i e+ ) =1
h—>0
h)— - .
f'(x)=lhin(} flx+ I: f(x) < means the derivative of f(x) at any point x
1 -1 — .
f'(x)= l;,in3 nix+ h}: n(x) <« means the derivative of f(x)=Inx at any point x
1 h)—-1 .
f'(e)= lhing% = <« means the derivative of f(x)=Inx evaluatedat x=e¢




158. Answer is C.

h—0

limlln (#j =

In(2+h)—In2
h

1. (2 1

lim—ln( +h) =lim—[In(2+h)—In2]=lim
h—>0 2 h—0 h h—0
lim In(2+h)—In2

h—0

= <« means the derivative of f(x)=In(x) evaluated at x =2

flx=1

X

f'@)=

2

159.

3 —
lim(4+h) +(4+h)-68 _

h—0 h

3
lim(4+h) +(4+h)—68 _

h—0 h

« derivative of f(x)=x"+ x evaluated at x =4
fl(x)=3x*+1

f1(4)=3(4)" +1=

160. Answer is C.

| Difficulty = 0.24 |

If f isadifferentiable function, then f'(a) is given by which of the following ?

I. lim f(a + h) — f(a) 11. ]lmw IIL. lim f(x + h)_ f(x)
h—>0 h x—a xX—a x>a h
l’in‘} UACS: h}:_ S) <« formal definition of derivative of f(x) at point any point x

<« formal definition of derivative of f(x) at point x=a

I. lim fla+ h}: mAC)

0 1im L= @
xX—>a xX—a

A A G ’2_ f(x)

X—>a

< alternative definition of derivative of f(x) at point x=a

« distractor trying to confuse you with the x — a

161. Answer is B.

If lim S+ h;:_ S _ o(x) then
f'(x)= lhin(} flx+ ’2_ S) « definition of derivative of f(x) at any point x

| f(x)=g(x) |




162. Answer is E.

If f(x)=e" which of the following is equal to f'(e)
f'(x)= f(x * h) Sx) <« definition of a derivative general function at any point x
fl(x)= lx1£3¥ < definition of a derivative of y=¢™* at any point x
f'(e)= lxlila ee+hh_ e <« definition of a derivative of y =e” at specific point x=e

163. Answer is B.

If f(x)=6x" +g then lim

h—>0

fQ+h-fQ2) _
h

f(2+h) f@ _

h—>0

« derivative of f(x)=6x" +g evaluated at x =2
X

f'(x)= 12x—2
x
f'@)=12(2 () =120

164. Answer is C.

iy IEHD=IE

h—0

=6 which of the following must be true ?

f(X+h) f(x)

« definition of a derivative of f'(x) atany point x

f'x)=
f(4+ h) f)

« derivative of f(x)when x=4 — f'(4)

f'@=

f'(4)=|lim f(4+hlz_f(4) =6 <« derivative of f(x) when x =4 equals 6

h—0

f'@=6

165. Answer is B.

=7 then which

If the function £ is continuous for all real numbers and lhin(}
>

fla+h)— f(a)
h

of the following statements must be true ?

f(a+h) f(a)

h—>0

< means the derivative of f(x)=? evaluatedat x=a

f(a+h) f(a)

h—>0

=7 <« means the derivative of f'(a)=7

| f isdifferentiable at x =a | <« must be true from the given information

All other choices could be true from the given information



166. Answer is B.

Given lim f(6= ’2" J®) __5 which of the following must be true ?
I. f'(6) exists II. f(x) iscontinuousat x=6 III. £(6)<0
lhif(} S(6+ hz_ AQ) =—2 <« means the derivative of f(x)=? evaluatedat x=6
fl(x)=?
f'(6)=-2

I f'(6) exists M True <« f'(6)=-2
II. f(x) iscontinuousat x=6 M True <« differentiability implies continuity
III. £(6)<0 False <« could be true but need not be

167. Answer is D. &

g()-80) _
X

g(X) . secant

ks

It follows necessarily that

Suppose lim
x>0

i £ =8O _,

x—0 x_o

— the derivative of g(x)=? evaluated at x=10 0.g(xN—>-- By f— g0)=1
g'(x)="? '
g'0=1
Slope of tangent m =1 through ( 0, g(0)) {0,2(0)) > ¢

L 2%

168. Answer is B.

If £ isa function such that limw

1 =0 which of the following must be true ?
X—> x—

Definition of derivitive
at specific point ( a, f(a))

Definition of derivitive
at any point ( x, f(x))
f(x+h)- f(x) f(@)=lim L=/ @

X—a

£ =lim = o
x5 x—=5

T
derivative at specific point ( 5, f(5)) is 0 )

horizontal
tangent




169. Answer is D.

Let f be afunction defined for all real numbers. Which of the following statements about f

~
did not say continuous

must be true ?

If lim f(x) =7 If lim f(x)=-3 If lim f (x) = lim f(x) If lim f(x) # lim f(x) If lim £(x) does not exist,

x4

then f(2)=7 then — 3 inrange of f then £ (1) exists lim f(x) doesnotexist | then £(4) does not exist

could be true, but

could be true, but could be true, but could be true, but

hole at ( 2, 7) with hole at ( 5,-3) with hole at hi“ S (x) with TRUE jump atx = 4 with
f2)=1 f3=1 @) # lim f(x) must be true f)=5
could # must could # must could # must

could # must

170. Answer is C.

If £ is a function such that limw

x—>2 X -

=0 which of the following must be true ?

definition of derivative of f(x)=?

lim f(x)- Q) - (evaluated at x =2)
= x=2 fl(x)=2 1
f2)=0 .
_rise _ f(x)— f(2) ,_»"#'
slope of secant = P - , secant
' . [(x)-f(Q2)
fQ@)=lim———7"——"—=0 « fx)-F(2)
o x? asey 7 | 77T
élope of tan;rent atx=2 e ) x-1 Mangent

f'(2)=0 <« horizontal tangentat x =2

171. Answer is C.

. 2-a
lim =

a4 4—¢q
lim 2-va =lim Ja-2 = <« derivative of f(x)=+/x evaluated at x =4

a—4 4—a a—4 a—

I | __ 1
f(x)—Z(X) “olx

=

1
'4 = —— =
@ 2\/Z

£'(4), where f(x)=+/x




172. Answer is D.

. Yx—Ya
lim————=
x—a xX—a
3[,. _3 ,
limM = <« means the derivative of f(x)= Yx =x* evaluated at x=a
X—a x —_ a
, 1 2 1
X)=—x‘*=
f@=3x" =
e L (¥a) [V
3a*\Va ) | 3a
173.
LIMItS| - needed to handle holes, asymptotes, sharp points, endpoints,
Infinity — horizontal asymptotes (divide by the variable with highest exponent in denominator
_ 4x-—5x7 dg_sL 45 0-5 5
lim————= ———F—=1im = = -=
=02xt43x—1 welfipdro L ow2pdol 2400 2
174. Answer is C. D|ff|CU|ty =0.86 K
. 2x-17
lim =
o 4x+3
. 2x-— 21 240 |1
lim = =——=| —
oo dx+3 wowdxyp 3 440 | 2
175. Answer is C. Difficulty = 0.83 U
. 2n' -1
lim T =
n>o  3n
C2-1 . -1 a9 [2
llm 3 = llm 3 = = —_
n—o n n—o 3n’; 3 3
176. Answer is C. Difficulty = 0.82 U
. 6n’—4n
lim— =
n>o 3p” 4+ Sn
6n* —4n o _ 4z 6-0 6
li = nz —=lim =—-=[2
n>o 3n* +5n now Mt S o0 3+0 3




177. Answer is C.

Difficulty = 0.82 U

3x-2

lim
>0 9x+8

3x
X

. 3x-2
lim
o9y +8

=lim

x> 9X
x

178. Answer is A.

-2
x

8
T

W |

2918 910

Difficulty = 0.80 U

lim 4x—5x2
x>0 2x? +3x— 1

4x—5x*
lim

o 2x?+3x—-1

179. Answer is C.

Difficulty =0.79 U

. 5xT+3x-2
o3x"—4x+7

+00

. 5xT+3x-2
lim—;
x>0 3y  —4x+7

180. Answer is C.

= lim

W |

—0+0

Difficulty = 0.76 U

. 5x*+4x-1
llm2—=
o5 x  —3x+2

. SxP+4x-1
lim
x>0 5x? —3x4+2

181. Answer is A.

|Difficulty = 0.73 U

182. Answer is C.

Difficulty =0.73 U

n*+2n-3
im——— =
n>o 53+ 6n

n*+2n-3

n2

3

nl

2n

- 1+2-

+ 1+0-0

)

=lim

im 5
o5 -3pn46n

n—oo

n?
S

3n
— 3y
n? n’

3
n?
6n

S\ | =

3+6 0-0+6

n—>00 5

)
~

n




183. Answer is C.

Difficulty = 0.69 U
-1
limn =
n—»o n
_ n__1 1-1 1-
lim = lim—"* =lim ”=—0=
n—>wo p n—»o % oo ] 1
184. Answer is D. leflCUIty =0.69 U
. 2xt-5x?
lim 3 > =
x>0 3y’ + 8x
2x* —5x? 2 _ 52 2x—32 2x—0
lim = > = lim ~ = lim =
x—)oo3x3+8x2 x_)w%-i_sxi’ X0 3+% x>0 34 ()
185. Answer is B. [Difficulty = 0.69 U
. x+5
lim =
x=0 x 42
x+5 42 1+5 140
lim——=lim=—= =lim L = =1
xoo x 42 xoeXp 2 ase]pl 14
186. Answer is B. Difficulty = 0.62 U
. 2x*+3x+4
lim——=
x>0 2—8x
27 43x+4 BN+ S L 24d4d 04040
li X x3 =lim ——F— =1lim £ X —]im =|I|
X—>0 2—Sx X %_i‘ X—o ;—5 xoo (=5
187. Answer is B. |Difficu|ty =056 U
. 2-n
lim—; =
n>o 3n” +6
2-n? L Z—1 0-0
lim =lim-~5——=Ilim~% =—=
oo 3pt 46 moe 046 0346 340 o]
188. Answer is B.
R |
lim > =
x>0 3—5x
X S-Lo 1-L g0 [
lim 3 = lim - i=llmi = = —
x—)oo3_ X xX—o —25 x—)oox3_5 0-5




189. Answer is C.

6x2+5x—7_

lim > =
odx” —8x+3
_ 6x’+5x-7 . S+%-T  6+3-L 610-0 |3
lim 3 = lim =5 =lim = = =
x>0 4x  —8x+3 x—)w%_%+§ x—>w4_%+% 4—-0+0 2
190. Answer is D.
lim(2x+§)=
X—>© x
. 5 . . 5 5 . .
lim| 2x+— |=lim2x+lim—=2(0w)+—=0+0=0 <« means there is no limit
X—>©0 X X—>00 X0 x (e 0]
191. Answer is C.
Co2x—4x’+3x-1
lim > =
xso  §5_2x" +6x
L 2xX—4x?+3x—1 | odmgd L g 443 L9 040-0 |1
lim 5 -— =lim — ——=1lim = =| =
xoo 52X+ 6x I el oo 5-246 0-0+6 3
192. Answer is C.
. Sx-1
lim =
X—0 2x
. S5x-1 , -1 51 59 5
lim =lim=*—=*=1lim = = —
x>0 2x x>® 27" x>0 ) 2 2
193. Answer is C.
3x1+2x-7
im——— =
x—oS5_3x+2x
3x+2x—=7 . WA -TL 3427 3,0-0 [3
1m 7 = 1 > = 11m = = —
oo 85-3x+2x" e S -3t oeS-242 0-0+2 | 2

194. Answer is D.

1-2x+5x*

im—————=
o34+ 3Ix" —2x

1-2x+5x*
1m 3 3
oo 34 3x? =2x  xow




195. Answer is C.
. 2x-—7
lim =
xsodx 43
_ 2x _ 17 _1 _
lim 2 =lim*—=* =1 . 2-0 11
oodx+3 wowdXipd aowdy3d 440

196. Answer is B.

lim——=
xoo x—1

1 1 0
lim—=lim——=——=
xoo x—1 x—)oof_% 1-0 EI

197. Answer is D.

. x'-5
lim 5 =
oo 2x” +1
2 x5 _5
lim—— > = lim = = |j ! x2=—1_0= 1
x—)oo2x2+ x_)wzxilz-i_é x—)oo2+i2 2+
199. Answer is E.
. x*-5
lim =
oo 2x+1
2 x* 5 5
X2 x—2 -0
lim = XX —j * = =
woedx+] woe2Xil el 24

-X

2 2 lim 27 =2 = 2%

X




201. Answer is C.

. x—5
lim 5 =
oo 2x"+1
-5 ST v~ 0-0
lim =lim~——= x =
x—)oo2x2+ x—)uozxiz.kﬁ x—)oo2+§ +0 IEI
202. Answer is B.
. 100x
lim 5 =
X0 X _1
00x 1 N 0
l_)wxz_l_x_)wxz_12_11_1)21_12_14_0_@
203. Answer is A.
. x'—4x+4
lim————=
x>0 4x"—1
X —dx+4 o S 1-44 4 1040 1
lim————=lim~—————=1im = =| —
X0 4x _1 X0 sz_é X0 _é 4_0 4
204. Answer is A.
1_
lim—x=
o]+ x
1-x 1= 1.1 0-1
Iim——=lim*—*=lim= = =| -1
ooty woelpr woeli] 041 =1
205. Answer is D.
. 4-x'
lim 5 =
x—)oox_l
N T T e S s G (5 |
lim 5y =lim = lim = ==L
206. Answer is B.
. 4 - x*
lim > =
o dx” —x—2
: —x’ L A | 0-1 1
lim—; =li — =lim—= = =| —
x4 x —x—=2 x—)oo"xiz_xfxz_? x—o 4 %_% 4—-0-0




207. Answer is A.

) 5x* +27
lim 7 =
-0 20x " +10x+9

27

S5x

5x+%

5x3

x2 2

X

] 5x +27
lim 5 = >
x> -220x"+10x+9 xﬁ-w—zi’; +t’—;‘+%

208. Answer is E.

= lim
x> =0 20410 4 5
X x

T 204040

. 3xT+27
lim———=
xo0 x7 —27
3x?+27 a2 3+ 040
lim————=lim5—-=lim——-= =
X0 x3_27 X—> L_% X—5®© 1_% 1_0 EI
209. Answer is C.
lim =
x—>wo Q¥
L2 .1 1
fm v =lm !cl_mzjzzz(“’)zlll
210. Answer is B.
. 2xt+1
lim =
0 (2—x)(2+ x)
2x?+1 2x?+1 2y L 2+L 240
lim =1li =lim*——-=1lim = = =2
x—)w(z_x)(2+x) xX—> 4_x2 x—w 4 _ii x—)oo%_ 0-1
211. Answer is C.
. 3x* -4
li > =
o0 -Tx—x
3x?—4 a4 3-4 3-0
lim =lim——*—=1lim X = = -3
o) —Tx — x* x—mi—l—’;—ﬁ x—>°°xzz—l—1 0-0-1 -
212. Answer is C.
. 20x*—13x+5
lim 3 =
x>0 §5—-4x
20x7 -1 R - R
li 0x 3.;C+5=lim R ix . =0 0+0=|1|
X—5® 5—4x X—® ?_? X—>0 x3_4 0—-4




213. Answer is A.

Nx 4 — 4
lm\/7_ = lim -2 ! &=1_0
X0 xowo 4 _3x  xHe 4 -
4-3x o=t £-3 0-3
214. Answer is B.
. x’—4
lim——— =
w24 x—4x
x'—4 L4 1-4 -1
lim———— =lim—*—* = lim——* = = =
we2+x—4x" el A woelil-4 0+0-4
215. Answer is C. Difficulty = 0.82
. X =2x*+3x-4
lim—; > =
oodx” —3x"+2x-1
po X2 43x-4 L S Rod 5 1-0+0-0 [1
e 4xt =37 +2x -1 oedn_dn gl L 1 4-040-0 | 4

216. Answer is D.

) 4n’
o p” +10000n
4n®
. T ) 4 4
lim —~— = lim = = El
Hsc0 :72_'_ 10(:,20n n—wo 1 + 10200 1+0

217. Answer is D.

Difficulty = 0.85

. 3n’-5n
hmﬁ=
noep” =20 +1
3n® _ 5n 5
. 3n’—5n ) =2 3=
lim im—~ 4 =lim 4

218. Answer is B.

3 2 = 3 2
ot —2n 41 mow 2 U e ]2y L
n

. x—4
x>0 2+ x — dx
2 x? 4 4
. x -4 . T ] 1-% . 1
lim ———— =lim————=1im = lim = ——
xo0 24+ x—4x x—)w%_kxixz_xixz x—)ooﬁ.pé_ x>0 ()+0—-4 4




219. Answer is B.

10-2"
1m =
10427
_x _ 9 10_% _
i 10=2° 10220 10- 1020 10
=10+27  ==10+270  —=10+2" 10+ o

220. Answer is A.

. 3x° -4

lim ;=

xoo x—2x
. 3x"-4 -k 3-% 3-0 3
lim =1 —=lim = =| ——
x50 ¥y —2X x—)uoé_zxis x—)ooxi_z 0_2 2

s |
lim - =
o] —2x
2 2 1 1
BTty - 1-0 1
limx 2=l XX = lim X = —=
x>»o]l—-2x x*wi—% x—Mﬁ—Z 0-2 2

222. Answer is B.

6/x+3Yx+4

lim =
x>o 38x —&x —10
1 1
6x3 4 3x8 4 4 3
B N SN L L B 6+x;+x;_6+0+0_
xl—l)lolo-}/s g/_ _xl—l)l:nlo % % _erIoloz_L_ﬂ_z_O_O_
X — x—10 2x3 __ x¢ __ 10 1 1
STA T S
223. Answer is A.
m108x5+106x4+104x2
1 =
010’ x* +10"x° +10°x°
8 5 6 4 4 2 8 6 4
10°x° +10°x* +10% x> e+l e e 04040
m 9 ,.6 7,5 5 3=lmlo96 107 x° 1053=llm 9 , 10’ 105=lm 9 =E|
=210°x"+10°x7 +107x" oo B2 B2 020 woe 107 + I+ 22107 +0+0

224. Answer is D.

—1
lim =
X0 2 x +

2_ 3 6x* _ 3

g X o B 2x0 -1 65 . 6x*-3 % -%

im —2 = lim —2— = lim X = lim ———= lim
2 2 2
X340 2x+é x—)+w% X—>+o0 /2/{ 12x“4+1 x>+ 12x" +1 x—>+w12x7’2€+§

. 6% 6-0 |1
= lim = =| —
x—>+°°12+x‘—2 12+ 0 2




225. Answer is B.
x1-6
lim——— =
x>o ) 4 x — 3x*
2 Lo 1-5 1-0 1
lim > =lim———=lim < —-—
x>0 2 4 x — 3x° xow Ly 3 x—>°°xi+——3 0+0-3

226. Answer is B.

. 3x?+1
lim——=
o (3-x)(3+x)

2 e 3+L
3x*+1 . ot — lim . =3+0=

lim - =Ilim - i
xoo Q_ x x—0w 9 x° x—ow 2 _ 0-1
xz xz xz
227. Answer is D.
1
. X =35
lim ——2 =
X—>+00 Zx_é
1 X _ 1 1_ 1
. X =55 . 2 . 2 1-0 1
lim —2* — %z lim x(X> = =
X—>+mo 2x —ox X400 =X __ 6x(x) —>+®© 2 6x(x) 2 - 0 2

228. Answer is C.

[xz[;_L]}hm{x e 2>H i (e )]
(x-2)(x-3) X X —5x+6

X—»0 x=2 x—-3 X—>00
= - -1
=lim—/——= =lim = = -1
e X _Srp b woe]-24+5 1-040
229. Answer is B.
. o xP—dx+1
oo 2x" =5
X —dx+l . Sl 1-44 L 040 [ 1
llm3——llm3—=11m = = —
e 2x0—5  xow W5 oe 2o 2-0
230. Answer is D.
3
lim —2% -
> \3x? -4
For x<0 — x=-x’
3 3 5

3x
X

}L‘I‘mm‘fi‘llo \/fx‘fi‘f‘w \/i B0 -3

3(V3)

)




231. Answer is C.

tim| x| ————L_]|=
x> x-2 x-3

Hm[xz(;_Lﬂ:Hm{xz[(x—s)—(x—mﬂ=ﬁm[xz(2-_1ﬂ
x> x-2 x-3 x> (x-2)(x-3) x> x"—5x+6
1

232. Answer is A.
. 2x+3
lim ——=
o x?+ x+1
2x+3 ep 3 2+3 2+0 2
lim = lim = = lim = = === -2]
X—»—00 [x2+x+1 X—>-0 Lz+%+% x—)—oo_,l_i_%_'_ﬁ _I1+0+0 -1
233. Answer is C.
. 2x-1
lim =
x>o]4+2x
2x-1 x_ 1 2-1 290
lim = lim =—* = lim = =1
o] 42x o lplr wowlyig (42

234. Answer is A.

. x’+4x-5

lim ———=

x> x —1]

2 x* 4 5 1, 4 5
. X +4x-5 . St Si-5 . —xtats 0+0+0
lim ————— = lim *—*—* = lim ——** = =[0]
R 2 T = T B 1+0
235. Answer is C.

. 4xT+x-7

lim ————— =

x>0 x” —5x—3

2
LA +x-7 L S s-h L 4 - 4-0-0
lim — = lim 52— = |im ——* = =|z|
e x?—5x—3 o NoS_3 owl4S-3 140-0
236. Answer is C.
. 3xP+2x+2
>0 4x° + x+5
2

3T +2x+2 . WHH+L 343+ % 34040 |3
lim 5 = lim =lim = =| —
oo 4xT+x+S5 e dtp L4 S oedt b+ 44040 | 4




237. Answer is E.

. 3x*—5x+4
lim=—————=
oo 6x” +7x—-1
2
l,m3x2—5x+4 R s 1 l,m3—%+j‘z 3-0+0 |1
x—>oo6x2+7x—1 x—>oo6xi22+%_ﬁ x—>w6+%_ﬁ 6+0+0 2
238. Answer is C.
LoA3xT+2x+1
Iim————— =
X x+1
2
C N3 2xHl T EE L (34
lim— =lim—————— =]im =
X—»® x+1 X—»0 i_i_% X—>0 1+%
239. Answer is D.
. 5x'-3x+1
lim—— =
x>0 dx" +2x+5
2
l,me2—3x+1 l,mx—’é—§7+§ fim -3+ 5 5-0+0 |5
1 =11 =11 = =
oo dxt £2x45 oedf i S wowdi 245 44040 | 4
240. Answer is A.
. 2x*+3x-5
x>0 §x —3Fx" —2
2
2x*+3x-5 -5 2+35-5
lim —— Xk = lim *——~—* = lim X =
x>0 Gy —3x2 =2 xotwSr_ 3¢ 2 iS5 32
X X X X

241. Answer is D.

. ox —111x*+3x-2
lim 5 5=
x>0 -2x+22x" +3x

W | =

- x3—111x2+3x—2_i FRr R T
o0 —2x 42207 +3x7 o Loy WP 30 e L2 g 0-0+0+3
242. Answer is C.
3
. 2
lll/anlOS=
x—)O?-FT
3 3x?
. ¥ . o . 3 3 3
lim—~— = lim—~— = lim = =| =
¥o0 2 p 105 0 200 4 105 45024105x 2+ 0 2
X X X




243. Answer is C.

2
1
If lim 6n =—, then k=
n>0 200 —4n+kn® 2
6n’ . oo . 6 6 1
m > =lim - =1lim s —
n>© 200 —4n+ kn Hw%—:—;wk; n—>o +k 0-0+k 2

>
N | =

=~
Il

[y

N

244. Answer is D.

8+ x’
mji3jj——— =
o\ x(x+1)

8+ x 4 /0+
lims—x=lim ¥« _lim 3 —3— f
X—»® x(x+1) X—>00 x x X—»® 1+1 1+0

1 1- -5 -1 0-1
lim S lim r lim 55— = lim = = =
ool ¥ x—1 X—>+0 x(x_l) x>+ X X 1

246. Answer is E.

lim (1 + lj =
X—>0 X

Let y=(1+1)

In(1+1) 0 . .
limln y = hm xIn(1+1)= M = n <« indeterminant form
In(1+1 T ;
limln y = limM = limH—f =lim Sg— = llm— =1 <« L'hopitals rule
X—>00 X—>0 i xX—0 T2 X—>00 1+? & x—)uo

1
limlny=1

X—>

limy=¢'=e¢

X—>00

lim(1+1) = e

X—»00




247. Answer is D.

n+2
1
lim [1 + —) =
n—> n

n+2 n 2
1 1
R
n n
n+2 n 2
j = lim(1+lj xlim(1+lj
n—o0 n n—o n

j =ex(1+0) =[e]

I/
o
+

S | =

n—w

8
VR
[
+

=
=]
—
[
+
S [= x|

n—o0

248. Answer is B.

Vox? +2

What is lim ———— =
oo 4x+3

For lim —» x>0 — x=+x2

X—»00

9x +2 92
\ / +% J9 +2%
lim ————=lim—————=1im \/9 al 0 é
x—>w4x+3 Xy 4+f x> 4+3 4+0 4
249. Answer is B.
limYX =2 _
xoo x—2
*khkkkkhkhkikkhikk aS X _) 0 X = xz *khkkkkhkhkkkikikk
Ny B o S o SR
1 =i = lim = =[0]
X0 X — X—® %_% X—® 1_% 1-0
250. Answer is D. Ay
- - ¥ E..
Which of the following are asymptotes of !
y+xy—-2x=0 E
Lx=-1 ILx=1 I y=2 f ol
[] _].F =2
2x TUTTmATTTTETT N R R S R P
Rearrange » y(1+x)=2x > y=—— !
1+x 1 )
2x b 4 1 4
lim—% —lim—>—=—2__7 yi $ i
o]y x xoelypx o (4] |
2 2-1) -2 :
lim — = lim e =2 undefined i
o114 x  >-114(-1) 0 U B
One horizontal asymptote i
One vertical asymptote at '




251. Answer is E.

. 1—|x|
The horizontal asymptotes of f(x)=—"—
X
are given by
— 1_x —
tm = 222021
X—»00 X X—»0 %

as x> oo then x>0 and x=|x|

lim _| |— llmﬁ=$=

xX—>—® x—>—o

= |=

as x > —oo then x<0 and —x=|x|

.| y=-1, 1 | are the horizontal asymptotes

lim T _t-of_ ® = undefined
x>0 x +0

lim Lo _1-lof —w = undefined
x—0" X —0

. x =0 is a horizontal asymptote

252. Answer is B.

The vertical asymptote and horizontal asymptote

for f(x)=% are

Domain of function is x>0 I
llm——l \/j = \/_
x—)oox+4 x—)oox+4 1+0 EI

as x> then x>0 and x=+/x?

.| y =0 |is a horizontal asymptote

NG

im ——0 <« endpoint ( 0, 0)
x>0" x +4

and NO vertical asymptote

F
04t

03¢

0.21

L 3

01T

2T

04l

49

9

144

152



253. Answer is E.

Difficulty = 0.41

the following statements must be true ?

For x>0 the horizontal line y =2 is an asymptote for the graph of the function f Which of

sin x by

***Must know if lim f(x)=L then L is a horizontal asymptote
X—»00

Consider — lim +2=L

X—»c0 x

f(2) isundefined B

lin}f(x)=oo x

f(0)=2 ® ;
f(x)=2 forall x>0 E /\

All above could be true

\ 2

lim f(x)=2 & be true

> 0

254. Answer is E.
Find the equation of the horizontal asymptote

of _ Sx
Y x—1
S5x
lim—X— —lim—>———>__5
x—)oox_l x—)oof_i 1_0
5 5
lim—>— =2 = undefined
>1x—-1 0

Horizontal asymptote at | y =5

Vertical asymptote at x=1

255. Answer is C.

o112 14 18 18 20

Find the equation of the horizontal asymptote

2x—-1
of x)=
() 4x+1
L 2x—-1 , =1 2 1
lim =lim—=——=—
sondx+] womdi_ 140 2
2x-1_2PH-1_ 3
x-1_20) =-2 = undefined

im =
—3d4x+1  4(H+1

0
Horizontal asymptote at | y = 5

N

Vertical asymptotes at | x = —




256. Answer is D.

The horizontal asymptote of f(x)= Ll IS

=

1
lim—— =lim——=— =1
X0 X — x—)oof_% 1_0

11
lim—>— = lim —— = — = undefined
x> x—1 e I | 0

Horizontal asymptote at | y =1

Vertical asymptotes at x =1

257. Answer is D.

The horizontal asymptote of f(x)= 4 IS
x+1

4 0

. 4 .
lim——=1lim =—=
oo x4+] eyl 14

y =0 |is a horizontal asymptote

4 4
im —— = — =00 = undefined
>-1x+1 0

. x=-1 Iisavertical asymptote

258. Answer is C.

Find the equation of the horizontal asymptote

X ] 1
2 = 1m —
x>0 Qx -2 x—)w%_i 2—0 2

lim—> = 1 = undefined
=>-12(x-1)(x+1) 0

2

1
im— == undefined
=1 2(x=1)(x+1) 0

Horizontal asymptote at | y = %

Vertical asymptotes at x =1




259. Answer is E.

—1)?
f(x)=(x2 ) has

x—
po XAl L G-l 12040
X—>00 xz_l X—»00 fz_x% 1_0

limw = 9 = indefinite form
oi(x=1)(x+1) 0

(hole when x =1 at point ( 1, 0))

lim (x=Dx=1 = 4 = undefined
=>-1(x=-1)(x+1) 0

Horizontal asymptote at

Vertical asymptotes at x=-1
Hole at (1, 0)

260. Answer is A.

How many vertical and horizontal asymptotes
2

are there to the graph of y=

x2-1

lim—m 1 = undefined
=1 (x=1)(x+1) 0

2

lim—> = 1 = undefined
>-1(x=1)(x+1) 0

Horizontal asymptote at | y =1

Vertical asymptotes at m




261. Answer is D. 4

The graph of y=e¢™*+1 has a horizontal
asymptote with equation

1ime-"+1=1imix+1=0+1= po1

X—>®© x—)ooe =
.................. — :
b $ $ .

Horizontal asymptote at | y =1

: £ 3 0 3 B
Should know this graph from memory !!!
(exponential decay)
_3..
4
262. Answer is C.

2)(x— &
An asymptote for y= w 241 Hp
X — 5 ]
x'—5x-14 | _sx_ 1 E
1 =li .
X—>®© X - X— f_% :
x—-5-0 L
= =0 1
1-0 :
lim (x+2)(x=7) = 14 = undefined :
x5 x-5 0 :
Vertical asymptotes at '
No horizontal asymptote '
Do the long division and get :

y= (x+2)(x=7) _ e 14
x-5 x-5
Slant asymptote | y = x




263. Answer is C.

The graph of f(x)=—; has
4
lim =lim 2"2 =L=0
x50 ¢ — x—0o X _ﬁ 1_0
lim; = 4 = undefined
>l(x=1)(x+1) 0
4

Iim — = 4 = undefined
>-1(x—-1)(x+1) 0

One horizontal asymptote at | y =0

Two vertical asymptotes at m

264. Answer is A.

Ay

Which statement below is true about the curve

2x* +4
yY="—"—"3
2+7x—4x
2x*+4 L s
i > =lim -
o2+ Tx—4x" oo L4 I dc
240 __1
0+0-4 2
2(x* +2 12
(x” +2) = — = undefined

im =
2 (2—x)(1+4x) 0
2AxP+2) B
lim 2 5 undefined
ot (2—x)(1+4x) 0

One horizontal asymptote at | y =—7

Two vertical asymptotes at | x =2,—%

¥

—x=12

e 4

e R R R s T iR R R R




265. Answer is C. Difficulty = 0.56

The graph of which of the following equations
has y=1 asan asymptote ?

limIn x = no limit Bl

X—»00

lim sin x = no limit (oscilates between 1 and —1)

X—>

lim = x = =|1
xoox4+]l T4+ 140 L
2 El
lim——=—x=—% _nolimit @
ox—1 *-171-0
lime™ =lim—=0 [X
X—>»00 x—)we
266. Answer is C.
2x*+2x+3
The graph of yzxz—x has
4x° —4x
B4 24040 [ 1
lim > = =| —
o A 4-0 2

2x*+2x+3 7

im = — = undefined
-1 4x(x—-1) 0

2
limM = 3 = undefined
x>0 4x(x—-1) 0

Two vertical asymptotes at

One horizontal asymptote at | y =4

267. Answer is A.



268. Answer is C.

3
X
The graph of the function f(x)= ‘ ‘8
x —
has the following asymptotes:
ST Sy
lim =lim——"——=—-—-=]|1
x—)uox3_ x—)coxi_xi3 1_0
3 3
X s -1
lim =lim——"—=—-—-=| -1
X—>—© x3 — X—® % % 1+0 -

lim > = 3 = undefined
=2 (x=2)(x"+2x+4) 0

Two horizontal asymptotes at | y =1,-1

One vertical asymptote at

269. Answer is E.

Difficulty = 0.48

If the graph of y= ax+b
X+c

then a+c=

has a horizontal asymptote y =2 and a vertical asymptote x =-3

Vertical asymptote x =-3
Horizontal asymptote y =2

ax+b = undefined N w b

lim
>3 x+¢

f_a+0

lim

—3+c=0 a+c=2+3=
c=3

270. Answer is A.

If f(x)=e* which of the following lines is
an asymptote to the graph of f

lim e* = llmi—llmi=l_@

X——00 x>0 e ¥ xoswe

b=lim X X =]im

x+c=0 X0 x4 xoe Xyl xow]4l 140

One horizontal asymptotes at | y =0 ?
Basic exponential growth curve and must '
know from memory.




271. Answer is D.

_ 4
The equation for the horizontal asymptote for the function f(x)= (2x=5)@3x+6)(x+1)

(x-9)°
2x— 1* 4. 4
lim( x—-5)3x+ 66)(x+ ) — lim 6x6 + _lim =
x> (x-9) NG S T b o

No need to fully expand the numerator as it is the same degree as the denominator and the limit is

determined only by the coefficient of the x° term

272. Answer is D.

2
—x-2
The graph of f(x)= d 3 a has a h
2x —x— |
horizontal asymptote which it !
~x-2 5-5-% !
lim "% = lim = !
oo 2x  —x—1 x—)w%_ﬁ_ﬁ |
_1-0-0 [1 1
2-0-0 !
x’-x-2 1 E
X)=—F—_"=7 '
() 2xP—-x-1 2 f
267 —x—1= 24" - 2x-4 '
y= f(x) and its horizontal asymptote cross
when x =-3
273. Answer is C. E*-"
The number of horizontal asymptotes for the
graph of the curve y* = 2 is
x—1
_ 2x  £V2x
y== x-1 x-1
2x
lim Y2X__ SR I IV
X0 [y — 1 X—00 % _ % 1 _ 0
—V2x —E -2
lim = lim == =| -2
x—)—oo‘[x_l X—>—w 5_% 1_0
The graph has horizontal asymptotes sl




274. Answer is B.

The graph of y= 13—x has the following

+[xd

number of vertical and horizontal asymptotes:

as x—>o x>0 and x=|x|

lim—X = lim—%_ — lim

ool +|x]  oeltx Hw1+" E
as x—>-o x<0 and —x=|x|

3x 3x 3x 3
lim —— = lim lim ——=
X—»—0 1+|x| x—>-o ] — xx—)—oo 1_x 0-1

X

The graph has | 2 | - horizontal asymptotes
NO vertical asymptotes (denominator # 0)

275. Answer is D.

The graph of y = 42x

= % = undefined

lim——
=2 (2= x)(2+ x)

2
lim 2 = 3 = undefined
->2(2-x)2+x) O

One horizontal asymptote at | y =-2

Two vertical asymptotes at

276. Answer is B.

i i bRl R R R R R R

The equation of the horizontal asymptote for the graph of f(x)=

2x*—7x*+8x-1

(x=2)4x-3)(x+1)

. 2x3=7x? +8x-1 Co2x .
lim =lim—; =lim
oo (x=2)4x—-3)(x+1) xo=4x 4. x>

.+?
+

2
4

\?*\“
“
:

1

is determined only by the coefficients of the x* terms

No need to fully expand the numerator as it is the same degree as the denominator and the limit




277. Answer is E.

true ?

If y=7 isa horizontal asymptote of a rational function £, then which of the following must be

lim f(x) = oo
Jim f(=-7
lim f(x)=7
lim f(x)=0

lim f(x)=7

278. Answer is E.

B & K &

]

<« vertical asymptote at x =7 (unbounded behavior)
<« horizontal asymptote of y=-7 as x— —o
«either f(0)=7 oraholeat (0, 7)

<« either f(7)=0 oraholeat (7, 0)

<« horizontal asymptote of y=7 as x >

The graph of f(x)=i has
x+1

279. Answer is C.

x—)oox+1 x—)oox+1

) X -1 -1
lim ——= =
x>-tx+1 -1+1

y = undefined

One horizontal asymptote at | y =1

One vertical asymptote at

the graph of y=

The equation of the horizontal asymptote for

1
2—e

1

2+e

is 154

2-¢t 2-¢ 2-1_

lim

=0y 4ev 24" 241
One horizontal asymptote at | y

Domain xeR and x=#0 154

Q| =

Il
[




280. Answer is E.

The graph of y = MY has
X

. sinx oscilates between 1 and —1
lim~—= = =[0]
x—o0o  x 00

. sinx sin0 0
lim = =—
x—0 X 0

sin x

<« indeterminate form

. cosx cos0
=lim =
x=0 1

lim

x=0 x

One horizontal asymptote at

y=1

Domain xeRand x#0
I. a vertical asymptote at x =0 x
II. ahorizontal asymptote at y =0 M
III. an infinite number of zeros M

281. Answer is B.

The graph of f(x)= smx

has
[

. sinx oscilates between 1 and -1
lim = = EI
Yoo | x| 0

. sinx . Ssinx
lim —— = lim ——

=1 <« squeeze theorem
x—>0* x| x>0t Xx

. sinx . Ssinx
lim —=1lim—=
x—>0" |x| x—0" |x|

-1

*_ undefined, jump discontinuity

. sin
lim——
x—0 |x|

Horizontal asymptote y =0 and NO vertical
asymptotes, jump discontinuity x =10

1.5..

d5+

15T

«— hale

=1 (holeat ( 0, 1)) -24 12 U i 24

24 12 0 il 24




282. Answer is E.
Which of the following best describes the E:'} ¥

2
x —2x

behavior of the function f(x)=—; 1
x —_—

at the values not in its domain ?

X
lim ﬂzg < indeterminate
X2 ) (x+2)

) X 2 1
lim —=——=—

= =— <« holeat (2,1) x=-1-
-2 x4+2 242 2

—
=
N
|
Il
= —
= k‘
o [T T
|
[ [l
Il
P
|
[—)
Il
H
L]
1
1
1
1
1
1
1
1
1
P Yty DU [N DU ' R U D S M

lim —— = 2 =_—2=undeﬁned
-2 x4+2 =2+2 0

Hole/discontinuity at (2,2)

Vertical asymptote/discontinuity at x =—2

283. Answer is D.

The graph of which of the following equations
has y =1 asan asymptote ?

lim cos x = no horizontal asymptote

X—>00

lim e¢*=0 asymptote y=0

O e el ke ks Ll e e e

x—>—0 E 3
3 X3
. X . & x
lim — = lim — =——=00
oo x 4] x4 L 140
X X
2 x?
_x o= 1 x=—5-
lim —; = lim —+— =—=
x>0 x _5 x—)wL_? 1_0

<=

lim—- In x = no horizontal asymptote

X—>00




. Answer is C.
284 5'-‘-‘ » A

If f(x)=e"+2 which of the following
lines is an asymptote to the graph of f

3
1 1 =2
limex+2=limj+2=7+2= M{{ ----------- J: -t
X—>—00 x—>—0 g e
Should know this exponential growth | | fl
curve from memory. B -3 0 B
_3..

285. Answer is D.

If the graph of y = ax+b

xX+c
and an x-intercept of 1.5, then a—b+c=

has a horizontal asymptote y = -2, a vertical asymptote x =4,

ax+b “4+t a+0

Horizontal asymptote = lim =lim-=

- = =a=-2
x>0 x4 oxo0 X4l 140

Vertical asymptote :>lim_2x+b=oo = 4+¢c=0 = c=-4
=4 x+c
. =2(1.
An x-intercept of 1.5 :>0=%)+4b = -2(1.5)+b=0 = b=3

Then a—b+c=—2—3—4=

286. Answer is E.

&
4x* -3 617
The function f(x)=—— is
2x°+1
4x7 — 3 40
li =lim~5—= =|2
xo0 x4l w22 L L 24

2 2
X =3_40'-3

21 2000 +1

Sketch graph: symmetry wrt y-axis
4x'-3=0 — zero's x=+%2 3
I. unbounded [l

II. bounded below by y=-3 M

II1. bounded above by y =2

IV. bounded below by y=2 [




287. Answer is A.

F
Let f(x)= 22 1547
x“+4
Which of the following are true ?
075t

—_— 3 = l
x_mi% 4 140 — max(l,;
__ 2 2.1 : . >

lim —
x>-2x" +4

(-2)’+4 8 4 b ? ¥ ¥
I. f(x) has an absolute maximumat x =10
M denominator increases x # 0 0751
II. f(x) has a vertical asymptote at x =—-2
B f(-2)=1%
; SR
III. f(x) has a horizontal asymptote at y = 5
B lim f(x)=0
288. Answer is A. i
o
The equation of the horizontal asymptote of
o=
f( ) |x|+x 1.5
x| x | yor
lim =lim——=—-=| -  [TEmerTeEeaTYrTT ' 7 x
o | x|+ x wa+jj 1+1 |2 ey
3 3 u 3 B
| | 0.9 < indeterminant
gt |x|+x 0+0 0
1 1 15¢
im—=—
-0t 1+1 2
Note: domain of function x>0




289. Answer is E.

_1)\2
If y= M then which of the following must be true ?
X

I. therangeis y>0  II. the y-interceptis1  III. the horizontal asymptote is y =2

2x? —4x+2 Bl 9040 .
lim%zlim = =[2] « horizontal asymptote

X—»a0 X—>00 L.
X 5 1

2(x-1)* 2(x-1)’>0
y=(x—) (x-1) «range y>0

x? x’>0
2
lingu = % = undefined (vertical asymptote)
x— X

I. the rangeis y >0 M « y>0
II. the y-interceptis1 B <« f(0)=1
II1. the horizontal asymptote is y =2

< limf(x)=2 5 0 ; 2

290. Answer is C.

_1)2
Which of the following is true about the function f if f(x)= (zx—l)
2x"—5x+3
I. f iscontinuousat x=1

I1. The graph of f has a vertical asymptote at x =1

III. The graph of f has a horizontal asymptote at y =%

2
L XT=2x+1 . FE
lim ——————=1lim =5
x50 2x" —5x+3  xow 2 5%
X X

(x-Dx~0 0 Ay

1 .
X = =13 <« horizontal asymptote

lim =— <« indeterminate form
=1 (2x=3) (x<T) 0
x—1 0
lim =—=0 < (hole at (1,0 1
lim ——=— (hole at (1,0)) .
I. f is continuous at x =1 X
.]" =7 1
&l <« (holeat (1,0)) < : _h.- ...... : :
II. The graph of f has a vertical £ -3 holz )‘“\: 3 B
asymptoteat x=1 B < lim f(x)# o
III. The graph of f has a horizontal 1
12
asymptoteat y=1 © <« lim f(x)=1 TE=T




291.

Limits

— needed to handle holes, asymptotes, sharp points, endpoints,

Trig — basic

Trig — advanced questions based on basics

— definition of derivative

sin x . 1-cosx
=1 lim———

x—0

lin‘} =0 <« squeeze theorem proof
x—>

X X

292. Answer is B.

t

sin ¢

293. Answer is C.

< indeterminant form

< (geometry squeeze theorem) must know this limit !!!

sin7x _
Tx

lim

x—0

sin 7 x
Tx

lim

x>0

294. Answer is D.

sin7x
Tx

lim = < must know from memory (squeeze theorem)

Tx—>0

. sin7x
lim =

x—0

X

. sin7x
lim

x—0

X

295. Answer is B.

= lim —

7( sin7x

] =7(1)= < must know from memory (squeeze theorem)
X

(

Tx—>0 1

. sinx
lim =
x—0 7x

sin x

lim
x—0 7x

296. Answer is C.

< must know from memory (squeeze theorem)

S Y

. sinx

lim =

X X
. sinx sinz 0 . o
lim = =—=[0] <« direct substitution
X x 7[ ﬂ'




297. Answer is C.

. Ssinx

lim =

=7 X
. sinx sinZ 2 . "
lim =—2=-_== <« direct substitution
=X 5 5 T

298. Answer is D.

. sin2x
lim =
-0 xCoS X

. sin2x . 2\ sin2x 1
lim =lim| —
x>0 xcosx 0\ 1 2x CcoS X

.2 . sin2x \( .. 1
lim— || lim lim
x>0 1 x>0 2x x>0 COS X

- im 2 -4 -[2]

2x—0 cos(

299. Answer is C.

. 1-cosx
lim——=
x—)_% X

1 =

1- 1-cosz 1-1 1 . .
lim— 8% _ €085 - = f =| — « direct substitution
3

z b/ /2
x—)3 X £ ?

300. Answer is A.

sin3x

lim

x>0 Tx

<« direct substitution

2| W

x-0 Tx 3x—07 3x

lim sin3x ~ lim g(sm3x)=§(1)=

301. Answer is B.

. sin0

lim =

00 secO
. sin®@ _  sin® ) .
lim = lim =limsin0cos0 = (0)(1) = @ <« rearrange and direct substitution
050 gecO 00 colsﬂ 0->0

302. Answer is E.

lim(sin* x—1) =

2 2
lim(sin® x—1)=| sinZ | —1=| L | —1=L_4o| L
4 2 2

T
X—>%




303. Answer is C.

. |
limsin—=
x—0 X

N | - g :
limsin — =| does not exist < oscillating behaviour
x

x—0

304. Answer is E.

. 1
lim xsin— =
X—> x

sin
1
X

1 £ . e
lim xsin— = lim—= = < (rearrange first) special limit you must know

X—» X 10

305. Answer is A.

lim sin(7 — x) _

X7 wT—X

. sin(r—x .
lim sin(z —x) = lim
X7 T—-X (r—x)—0 T—-X

sin(z — x . o
sin(z=x) _ « rearrange into special limit !!!

306. Answer is B.

. cosx-—1
lim——=

x—0 X

must know =0

lim cosx—1 ~ lim (—1)(1—c0sxj=(_1)(0)=|1|
X

x—0 X x=>0 1

307. Answer is B.

. sin2x
lim =
x>0 X

must know =1

lim sin2x _ 1113[2) s1121 2x _ ling(zj(sm ZxJ =

x—0 X 1 X 1 2x

308. Answer is C.

sin3x

lim—
x>0 sin4x

must know =1 must know =1
A A

r N\ 7

_sin3x . (12x)sin3x .. (3)(sin3x)( 4x )
lim =lim| — =lim| — =
x»=0sin4x x>0\ 12x /sindx -0\ 4 3x sin4x

AW




309. Answer is E.

. 1-cosx
lim——=
x>0 X

. l-cosx
lim— =|1| « must know from squeeze theorem
x—=0 X

310. Answer is D.

. tanrmx
lim =
x>0 X
. tanzx . #x(sinzx 1
lim =lim— =z()1) =[x |
x>0 x =0 ] TX COSTX
311. Answer is C.
. secx—cosx
lim—————=
x—0 X
S€C X — COS X L _ cos’x 1cos’x sin’ x
lim > = lim ==—=% = lim —— = lim —; =xz(D)(1)=
x—0 X x—0 X x>0 X x—0 x“cosx
] sinx \( sinx 1
=lim =1 =[1]
=0\ x X cos x

312. Answer is B.

lim cos(5+h) _
h—>0 h

lim cos(5+h) _ cos(5+0) _ 0

« indeterminate form

h—0 h 0
Z+h —sin(3+h) —sin(5+0 -
limM =lim sin( +h) _ —sin(z+0) _ « L'hopitals rule
h—0 h h—0 1 1
313. Answer is C.
lim sin(5+h)—-1 _
h—0 h
lim 3G+ m-1_sinG+0)-1_0 « indeterminate form
h—0 h 0 0
in(5+h)—1 Z+h 240 .
lim sin(3 ; )=1_ lim COS(ZI ) _ cos(i )_ [0] « Lhopitals rule



314. Answer is A. Difficulty = 0.62

The graph of the function £ is show in the figure. ¥
The value of lin} sin( f(x)) =

lim sin( f (x)) = sin(lim f (x)) = sin(2) =

315. Answer is E.

1 _ 2
lim cos2 (2x) _
x—0 X
2 e 2 .
lim 1 cos2 (2x) — lim sin (22x) —lim 4( sin(2x) s1n(2x) — 4(1)(1) = E
x—0 X x—0 X x>0 1] 2x

316. Answer is D.

lim xcscx =
x>0

sin x
lim x cscx =lim = - « reciprocal of lim =1

x—0 x—0 su‘l X x>0 x

317. Answer is D.

. sin(x—Z
llmM=
=F x—7

. sin(x—7% . sin(x—7%
hmgz lim sin(x—%) _ < rearrange

—;  x—% (=50 x—Z

318. Answer is C. Difficulty = 0.40

e cos()
lim
00 2sin’0

., 1-cos® . 1-cos0 1-1 0 : .
lim———=lim———= =— < indeterminant form
00 2sin“@ 00 2sin"0 2(0) 0

. 1-cos® ., 1-—cosO ) 100 1 1
lim =lim =lim =lim
050 2sin’@ 00 2(1—cos’) 002 gl/—eo/ﬂ/ )(1+cos0) -0 2(1+ cosO) 21+ 1)

NG




319. Answer is E.

. tanx
lim =

x—0 X

t i 1 . _—
lim 2% _ fim [ Sn xj( J =)= <« rearrange and direct substitution
x—0 X x—0 X cCOoS X

320. Answer is B.

. cosx—1
llmT_
-0 §In” x

. cosx—1 cos0-1 0 . .
lim———=———=— <« indeterminant form
x>0 sin” x sin” 0

_ —(1— —(1= X _ _
U 1=lim (1-cosx) . W 1 1

= 11m = =
x>0 sin*x x>0 1-cos’x 0 (1—eosx)(1+cosx) (1+cos0)

321. Answer is D.

sin3x

im =
x>0 tan 2 x

sin3x _ sin 0 _ 0

im = =— <« indeterminant form
»~o0tan2x tan0 0

lim sin3x _ limg sin3x 2x )\ _ é(l)(l) _
x>0tan2x 02\ 3x tan2x 2

322. Answer is A.

N | W

. —cosx+1-sinx
lim =
x—0 X

. —cosx+1-sinx —cosO+1-sin0 O . .
lim = =— « indeterminant form
x—0 X 0 0

=0-1=| 1]

. l1-cosx—sinx ., 1l-cosx .. sinx
lim =lim———-lim
x—0 X x—0 X

x—0 X

323. Answer is D.

. 2sinxcosx
Iim————=

x—0 2x

. 2sinxcosx 2sin0Ocos0 0 ] )
lim = =— <« indeterminate form
=0 2x 2(0) 0

2si in2 o
lim — 2 CO0 Y gy SREX « trig identity
x>0 2x 2x

x—0




324. Answer is D.

325. Answer is D.

. sin’3x
lim =
x>0 X
« 2 « 2
lim = 23x = sz 0_90 <« indeterminate form
x>0 X 0
. 2 9 o
lim sin 23x  lim 2 sin3x )( sin3x — 9(1)(1) = EI
x—0 X x>0 1] 3x

. sin x cos x —sin x

lim4 > =

x—0 X
lim4smxcosx—smx =4smOcosO—smO 9 < indeterminate form
x—0 x2 02
lim4sinxcosic—sinx =lim4(sinx)( (1- cosx)j 4(1)(0) = EI
x—0 X x—0 X

326. Answer is B.

. cos’x—1

Iim————=

x>0 2xsinx
limcos2 .-x—l =lim—(l—c-os2 x) _ —lim —(sin” x) _ —1l sin x =—_1(1)= -1
x>0 2xsinx x>0 2xsinx x>0 2x§m/ 2 x>0 2

327. Answer is D.

. sin2x
lim =
x>0 X COS X
sin2x 2sin x m sin x
lim =lim =2lim =2(1)= -2
x>0 X COS X x—=0 xm x—0 ( ) -
328. Answer is B.
. 1—cosx
lim - =
x—0 X
1- 1-cosO0 O . . .
lim cgs i czo 7= < indeterminant form (L'hopitals rule)
x—0 X 0
. 1—cosx sinx sin0 0 . . s .
lim —=1lim = — <« indeterminant form (L'hopitals rule again)
x>0 X x>0 2x 2(0) 0
. sinx ., cosx cos0 1
lim = lim = =| =
x—0 2x x—0 2 2




329. Answer is C.

. sin2x-2x
llIIl—3 =
x—0 X
in2x—2 in0—2 . . .
ling — x3 Gl sm003 © =2 « indeterminant form (L'hopitals rule)
X—> x
limw — lim 2% Zf_ 2 2c0s02— 2.0 L (L'hopitals rule again)
x—0 X x>0 3x 3(0) 0
lim 2% zf_ 2 _fim3sin2x _—dsin0 0 (L'hopitals rule again)
x>0 3x x>0 6x 6(0) 0
. —4sin2x ., —-8cos2x —8cos0 —4
lim———— =1lim = = —
x—0 6x x—0 6 6 3

330. Answer is B.

. tanx—1
lim—=
x—% sin x —cos x

tanx—1 tan§ -1 1-1 0 . ) .
lim — =——1 = =— <« indeterminant form (L'hopitals rule)
T sinX—cosx  sinf—cosy 55 0

tanx—1 sec’ x sec’ Z

=[\2

lim — = lim — = —— =
x_,g sin x—cos x x—’% cosx+sinx cosf+sin¥

SIS

331. Answer is B.

lim(sec x —tan x) =
x>%

1-sinx 1-sin%

0 . . .
lim(sec x —tan x) = lim = 0 <« indeterminant form (L'hopitals rule)
x>%

x>7  COSX cos 5

. lI-sinx ., —cosx .. cosx <cosZ 0
lim =lim =lim =—21= =|I|

x>% ¢cosx  >f—sinx ~>fsinx sinf 1

332. Answer is B.

. sinx
lim =
x-z/2 X
. sinx sin% 2
lim | =
x->7/2 X z z /4

2 2

333. Answer is D.

lim sin(x + h)—sin x _

h—0

in(x+ h)—si N
lim sin(x + k) MY _ < means the derivative of f(x)=sinx

h—0 h
f(x)=




334. Answer is B. Difficulty = 0.45

. tan3(x+h)—tan3x
lim =
h—>0 h

t h)—t N
lhi"(} an3(x+ h) an3x = <« means the derivative of f(x)=tan3x

f'(x)=| 3sec’(3x)

335. Answer is C.

lim tan(x + h)—tan x _
x—0 h

ling tan(x + Z) —tanx _

< means the derivative of f(x)=tanx

£(x)=

336. Answer is B.

lim cos(x+h)—cosx _

h—0

lim cos(x+h)—cosx

h—0

= <« means the derivative of f(x)=cosx

f(x)=

337. Answer is D.

lim tan(2(x + h))—tan(2x) _

h—0 h

l,,i“} tan(2(x + h}z )~ tan(2x) = <« means the derivative of f(x)=tan(2x)

f'(x)=| 2sec’(2x)

338. Answer is B.

lim tan(Z + h) —tan(%) _
h—0 h

tan(Z + h)— tan(% o
lhinon an(g ’: an(§) =« means the derivative of f(x)=tanx evaluatedat x=Z2
>

f'(x)=sec’ x

W

() =sec’ (%)=




339. Answer is B.

lim sec(r+ h)—secrw _

h—0

lim sec(w+ h)—secrw _

h—0

<« means the derivative of f(x)=secx evaluatedat x=r

f'(x)=secxtanx

f’(7z)=sec7ztan7:=|1|

340. Answer is C.

sin(z+h)—sinz

lim

h—0

in(z + h)—si - N
lhin(} sin(z h) SM7 _ « definition of derivative for f(x)=sinx when x=7x

f'(x)=cosx

f(m)=cosz =

341. Answer is A.

lim cos(3Z+ h)—cos(3E)
h—>0 h

m cos(3Z + h)—cos(3F) _
h—>0 h

« derivative of f(x)=cosx evaluatedat x =3~

f'(x)=-sinx

f'(38) = —sin(¥) =

342. Answer is C.

sin(§ +Ax)—sin(§)

lim
Ax—0 Ax
in(Z + Ax)—sin(% o
lim sins )=sin@3) _ « derivative of f(x)=sinx evaluatedat x=%
Ax—>0 Ax

f'(x)=cosx

f'(§)=cos(5)=

N9 | -




343. Answer is B.

lim csc(5 + h)—cse(%) _
h—0 h

lim csc(4 + h)—cse(%) _
h—0 h

« derivative of f(x)=cscx evaluated at x =2

f'(x)=—-cscxcotx

f1(Z)=—cse(Z)eot(2)=| =2

344. Answer is B.

. coS(2+h)—cosZ
lim G+h) L=

h—0

2+ h)—cos% R
l,,i“} cos(3 h) €083 =« derivative of f(x)=cosx evaluatedat x==%
—

f'(x)=-sinx

f'@)=-sin3)=

345. Answer is D.

lim sec(5 + h)—sec(%) _
h—>0 h

lim sec(5 + h)—sec(%) _
h—>0 h

« derivative of f(x)=secx evaluated at x=%

f'(x)=secxtanx

f'(®)=sec(Z)tan(Z) =| 243

346. Answer is A.

lim cot(*Z + h) —cot °F _
h—>0 h

cot(*Z + h)— cot % o
lhi“(} & h) &=« derivative of f(x)=cotx evaluated at x =3
-

f'(x)=—csc’ x

f1(E) = —ese?(32) =




347. Answer is D.

lim tan(§ + k)—tan(%) _
k>0 k

lim tan(%4 + k) —tan(%)
k—>0 k

= « derivative of f(x)=tanx evaluatedat x=2%

f'(x)=sec’ x

@) =sec*(=)=[ 2]

348. Answer is D.

lim tan(§ + h)—tan(%) _

h—>0 h

tan(Z + h) — tan(z o
l,,i“} an(; ; an(y) _ « derivative of f(x)=tan(x) evaluated at x =%

£1(x) = sec*(x)
@ =[see]’ =(v2) =

349. Answer is B.

lim cos(% + Z) —cos % _

h—0

cos(5+h)—cos%

lhi—l)lt} = <« derivative of f(x)=cos(x) evaluated at x =2
f'(x)=-sinx
"(zYy = in(Z) = L ﬂ — ﬁ
f(T)__Sln(“)__\/E[\/E}_ 2

350. Answer is A.

. sin(Z+ h)-sinZ
lim G+h) 2 =

h—0

in(5+h)—sinj _
lim sin(3 +m)—sin _ « derivative of f(x)=sin(x) evaluated at x =%
h

£7(x) = cos(x)
f'@=cos(x)=[0]




351. Answer is E.

lim sin(5+h)—-1 _
h—0 h

lim sin(5 +h)—-1 _
h—0 h

352. Answer is C.

« derivative of f(x)=sinx evaluated at x=2

4

f'(x)=cosx

£'@)=cos(3)=[0]
f'(%], where f(x)=sinx

If g(x)=x+cosx then lim
h—0

gx+h)-g(x) _
h

CCLEUR

h—0

353. Answer is B.

< means the derivative of g(x) atany point x

g(x)=x+cosx

g'(x)=[1=sinx |

. 3Ux'-3x
lim——=

xo 2 x? 4 cos X

m3\/x4—3x 3

X 3 1—%_3\/1_0_

X X

N | W

li = lim

x>0 2x? 4 cos x

354. Answer is E.

X—>®© 247 4 cosx
)

=lim
x>0 24 7czs2x

2+0

x2

. Ssinx
lim——=
x—0 |x|
. sinx . sinx
For x>0 lim = lim =+1 <« squeeze theorem
x—=0* x| =0t X
. sinx _  sinx
For x<0 lim lim =-1
x—0" |x| x>0 |x|
] . sinx ., sinx . sinx -
Since lim # lim lim=——— = does not exist |
xo00 X x>0 x x>0 |x|




355.

Continuity

— A function f(x) issaid to be continuous at x =c if

f(c) is defined lim £ (x) exists lim £(x)= £(¢)

If any of these conditions fails to be satisfied, the function is discontinuous at x = ¢

356. Answer is A.

A
The function £ is shown in the graph and ’
defined below: 5
(1-x -1<x<0 /
2x* -2 0<x<1 Hp—= *
f(x)={-x+2 1<x<2 \/ o
1 x=2 LI T / > >
\2x— 4 2<x<3 4
lim )= lim /=0 |/
lim f(x)=[0]
357. Answer is E. Y
The function £ is shown in the graph and i
defined below: 2
(1-x -1<x<0 /
2x* -2 0<x<1 = *
f(x)=1-x+2 1<x<2 \/ "
1 x=2 3 0 / ¥ >
\2x—4 2<x<3 .

The function

There is a value of f for all x values in
the closed interval [-1, 3]

f isdefinedon [-1, 3] 4 /

[a]




358. Answer is C.

The function £ is shown in the graph and
defined below:

(1-x -1<x<0

2x? -2 0<x<1
f(x)=9—x+2 I<x<2

1 x=2
}x—4 2<x<3

F Y4

LAk

M

¥

The function has a removable
discontinuity at x =2
(can be removed by redefining £(2)=0)

359. Answer is B.

The function £ is shown in the graph and
defined below:

(1-x -1<x<0
2x" -2 0<x<1
f(x)=<-x+2 1<x<?2
1 x=2
}x—4 2<x<3

L]

F N4

¥

On which of the following intervals is
f continuous ?
-1<x<0 (x]
jump discontinuity at x=10

0<x<l1
) ™

confinuous
1<x<2 H

jump discontinuity at x=1

removable discontinuity at x =2
2<x<3 &

removable discontinuity at x =2

o



360. Answer is B.

The function £ is shown in the graph and
defined below:
(1-x -1<x<0
2x? -2 0<x<1
f(x)=9—x+2 1<x<2
1 x=2
\2x—4 2<x<3

The function has a jump discontinuity at

| x=0|and | x =1 | which cannot be made
continuous by redefining £(0) or £(1)
Only x =1 was given as a choice to pick from.

361. Answer is B.

For what value(s) of x does f(x)= xz_ 11
X2 —

have a removable discontinuity ?

_ox-1 )x//l 1
f(x)_xz—l_M(x+1)_x+1
1 1
f(l)—m—E

Hole at ( 1, 1) that can be filled by assigning

f()= % (a removable discontinuity at x =1)

362. Answer is A.
363. Answer is C.

364. Answer is E.

&

o

- R

:. _
.,
L
I“‘-ﬂ/.\.<;l
¥

LAA]




365. Answer is D.

If £ is continuous on [ 4, 7 ] how many of the following statements must be true ?
I. f hasamaximum valueon [ 4, 7 ] L. f(7)> f(4)
IL f has a minimum valueon [ 4, 7 | IV. lim f(x)= f(6)

If f iscontinuouson [ 4, 7] <« closed interval includes end points
I f hasamaximumvalueon[4,7] ™
IL. f hasaminimum valueon [ 4,7 ] M

L. f£(7)> f(4) & may be but need not be
IVv. lin; f(x)= f(6) M continuous

366. Answer is C.

If f(x) ={ 227 +3 _ifx 21 , then £ will be continuous at x=1 if g(x)=
2(x) ifx<1
gM)=5
g(x)=x g=1 M
‘ f(x)=2x7+3 _ | g)=cos(x+4)  g()=cos5E
f)=2(1) +3=5 g(x)= g)=5 ©
g(x)=x*+2 g)=3 ©
g(x)=2x*-3 g)=-2 X
367. Answer is B.
Given that f(x)=|x-3|+2, which one = 4
of the following statements is false ? 4
f is continuous at x =3 point ( 3, 2) 4 5
f is differentiable at x=3 B
lim f/(x)=—1]#[lim f'(x)=1 T 1
Y3 Y3t = ¥ x
F®=1 @ ; N
£1(0)=-1 ¥
f2)=f4)=3 M

Dashed line p" has a discontinuity at x =3

368. Answer is B.



369. Answer is A.

Which of the following is a point of
x' -4

discontinuity for = - -
y J () x24+2x-3

x' -4 _(x=2)(x+2)

XxX)=
S(x) X +2x-3 (x+3)(x-1)
Horizontal asymptote y =1
. x'-4 R 1-0
llm 2 = 2 =

Vertical asymptotes x =1,-3
(vertical asymptotes are nonremovable
discontinuities)

370. Answer is B.

371. Answer is C.

has

The graph of y= ;c —

X9 (x+3)(x~<3)  (x+3)

Yo T 39 3

3+3
y(3)=T=2

Hole at ( 3, 2) in the straight line graph

o

on

™ hole




372. Answer is A.

xt
The function f(x)={ x ifx=0
0 if x=0
x2
f(x)=;=x when x #0

Was a hole at ( 0, 0) but was filled by
assigning £(0)=0
Now continuous everywhere

373. Answer is B.

}(x)zw for x #1,2
x =3x+2
Suppose f(x)=< f(1)=-3 then f(x) is continuous
f2)=4
Fy
- 3 ¥
f(x)= 3x(x-1) XM 3x

1

x'—3x+2 _M(x—2)= x—-2

Horizontal asymptote at x =3

on

+ =
. 3x 3x 3

lim = = = 1 | |

x—)oox_2 f_% 3_0 ——t

Vertical asymptote at x =2 - 2 + >
Hole at ( 1,-3) filled by f(1)=-3 T ;

f(2) =4 fills the domain but there is &

still a nonremovable jump discontinuity at x =2

on

———

—

B

374. Answer is D.



375. Answer is D.

x4x
Let f(x)=49 «x
1 if x=0
Which of the following statements, I, 11,
and I1I, are true ?
L. £(0) exists 4
1L lxlI)I(} f(x) exists

if x#0

IIL. £ is continuous at x=0 &

If x#0 then

X +x _x(x+1)

x+1

f(x)=
X

The graph of f(x) istheline y=x+1
with a hole at x=0

376. Answer is B.

Since | f£(0)=1 | fills the hole f(x) continuous

2
X —X

A function f(x) equals for all x

except x =1. In order that the function be

continuous at x =1, the value of f(1) must be

If x=1 then
X
Jx)= x—1  x-1
The graph of f(x) istheline y=x
with a hole at x =1

2—x_ x(x—l)=

If | f(1)=1 | then the function is continuous

"'1’

’_J x
< >
z‘ Y

(fe hoke
X
>

o

[=p]




377. Answer is D.

x? forx<1

If f(x) ={ , then

2x—-1 forx>1

if x<1 then f(x)=x* and f'(x)=2x
S fM=1=1and f'1)=2(1)=2

- f()=2(1)-1=1 and f'(1)=2

and the derivative is also continuous

on

if x>1 then f(x)=2x-1 and f'(x)=2

The piecewise function is continuous at x =1

378. Answer is C.

x? if x<-2
Suppose  f(x)=<4 if —2<x<1
6—x if x>1

Which statement is true ?

There isahole at x=-2 and a jump
discontinuity at x =1

379. Answer is D.

380. Answer is B.

Determine a value of k such that f(x) is

3kx—-5 forx>2
4x -5k forx<2

continuous, where f(x)= {

Continuous at x=2
3kx—-5=4x-5k
3k(2)-5=4(2)-5k
6k—-5=8-5k
11k =13
k=1

11

Assigning f(2)=4 will make f(x) continuous

x
I:I b-
4y

|

\

\
x
m -
. X,
3..
y=4x-%




381. Answer is D.
Find the value of k such that

kx—1 for x<?2
kx?  for x>2
is continuous for all real numbers.

-]

Continuous at x=2
kx—1= kx*
k(2)-1=k(2)*

2k—-1=4k
—-1=2k
—1=k
Assigning f(2)=-1 willmake f(x)
continuous at x =2

382. Answer is E.

383. Answer is C.

2
The function f(x)=Lx+6 has

x' -4

e FEIEHD _ x43 I
(x=2)(x+7) x-2 y=1

¥

-2+3 -1 ; :
_2 - - — - -
f(=2) 5 2" A 31"“‘"-& 3 G
Hole at (=2,—1) removable hole
Vertical asymptote at x =2 nonremovable BT
—x=2

384. Answer is A. ¥ Difficulty = 0.75

The graph of a function £ is shown.
At which value of x is f continuous,
but not differentiable ?

Sharp point a is continuous but : / V4

oy a b il d & =
has no derivative ! / \"/ ‘“/

lim f'(x)# lim f'(x)

Graph of [



385. Answer is B.

V2x+5-/x+7
, for x#2 . . .
If f(x)= x—2 and if f is continuous at x =2, then k =

k , forx=2

V2x+5-+/x+7
x—2

\/2x+5—\/x+7][\/2x+5+\/x+7]

g(x)=

V2x+5+x+7
2x+5—(x+7) x=7 1

8= x-2(V2x+5+x+7) =T (V2x+5+4x+7) Vaxes a7

x—2

g(x)= (

1 1 1 1
J2@)+5+2+7 9+ 3+3 [ 6

If f(x) iscontinuous at x=2, then k =%

82)=

386. Answer is D. Difficulty = 0.55
For which of the following does lin} f(x) exist?

I ¥ m vy
&
/- 1}

0 i t t 4 : - 1 Gl i s 4 i -1 0 ]:: t ;1- + X

Graph of f Graph of f Graph of f
‘ L lin} f(x)=3HM 1L lin} f(x)=4H™ I11. lin} f(x)=does not exist &

387. Answer is C.



388. Answer is E.

The graph of the function £ is shown
in the diagram. Which of the following
statements must be false ?

f(a) exists ™
f(x) is defined for 0<x<a M
f isnot continuous at x=a ™

lim f(x)# f(a)
liin f(x) exists |
lim f(x)=lim f(x)

lim f'(x) exists « false***
xX—a

(derivative has a jump discontinuity)
slope f(x) when x < a is positive whereas
slope f(x) when x > a is negative

389. Answer is D.

390. Answer is E.
At x =3 the function given by

x? for x<3

6x-9, for x>3

fooe]

Continuous at x=3
x’=6x-9
3'=6(3)-9
9=9 M
Differentiable at x =3
2x=6
2(3)=6
6=6 M
f(x)=is continuous and differentiable at x =3

Difficulty = 0.75

7

Graph of f

'y
241

Difficulty = 0.53

y=6x-9

L 3

A2

e

R e e R i o B



391. Answer is C. A

Let f be the function defined by the following
sinx for x<0
x’ for 0<x<1 &
2—-x for 1<x<2

x-3 for x>2 M-\\ A | ::r
For what values of x is f NOT continuous ? b U ./3 i

f(x)=

lim =0 lim =-1

x—2" x—2 a4
lim # lim
x—>2" x—o2F

lin; = undefined (jump discontinuity)

392. Answer is C. |Difficu|ty =0.40 |

393. Answer is B. | Difficulty =0.52 |

If f is continuous for a< x<b and 4y
differentiable for a < x <b, which of
the following could be false ? F

Sketch a graph that fits all conditions but one
(any linear function with a non-zero slope) 4 1=

A
s
o

—
—_
]
L]
EC
o
o



394. Answer is E. | Difficulty = 0.52

&
then ¥ T

It £(x) Inx for 0<x<2
xX)= ,
x’In2 for 2<x<4

li_lg f(x)=

on
T

limlnx=In2
x—27

lim x’In2=41In2
x—2F
5 0

lin; f(x)=does not exist lf
( Limit from the left and the right
are differrent )

v

on

Difficulty = 0.74
.l‘_, -

395. Answer is D.

Let £ be the function given by  f(x)=|x| —_—
Which of the following statements about f are y= |x|
true? 1. f iscontinuousat x=0
II. £ is differentiable at x=10
III. £ has an absolute minimum at x =10 I’ —

on

U
Y

I. fiscontinuousat x=0 f(0)=[0/=0 & _ D _

II. f isdifferentiable at x=0 X =1

(limy'=—1 # limy'=1)

x>0 x>0+

on

III. f has an absolute minimumat x=0 &
See the graph of f(x)=|x]|

Difficulty = 0.61

396. Answer is A.
The graph of a function £ is shown in the diagram.
Which of the following statements about £ is false ?

f iscontinuous at x=a Bl <« hole

f has arelative maximumat x=a X

x =a isinthe domain of f /
lim f(x) isequalto lim f(x) M 0 = -

lim f(x) exists




397. Answer is D.

Let f be defined as follows, where a # 0
x'-a’

for a0
f(x¥)=3 x-a “

0 for x=a

Which of the following are true about f
I. lim f(x) exists

II. f(a) exists

III. f(x) is continuous at x =a

¥

=x+a

B (x+a)M
f(x)= e

Hole at (a, 2a) and f(a)=0

L lim f(x)=2a 4|

IL f(a)=0 o}

III. f(x) iscontinuous atx=a X
lim £ (x) # f (a)

398. Answer is D.

The function shown is defined on
the closed interval —1<x<4 for

| f(2) = undefined

1Z
Y4
i\/‘.,
10 1 2 3 4 x

L ]



399. Answer is C.

x*+8
Let f(x)=7 x+2°
4, if x=-2
Which of the following four
statements are true ?

R (¢ —2x+4)

if x&-2

f(x)= o) =x"-2x+4
X
Hole at (-2, 12)
L. f(x)isdefinedat x=-2 |
f(-2)=4

II. f(x)iscontinuousat x=-2 [
lim f(x)# f(-2)

IIL !1:1_12 f(x) exists M
lim, £ () =12

IV. f(x) is differentiable at x =-2 X

f(x) is NOT continuous at x =-2

400. Answer is C.

For what value of £ is the function
x+k if x<2
] x2+4 ifx22

continuous at x =2

Continuous at x =2

x+k=x"+4

s T
.
1

v




401. Answer is E. 4

o o
. 2x-2 . . 7
The function f(x)= 0 is defined for all
nx
x> 0 except x=1. The value that must be 24
assigned to f(1) to make f(x) continuous at « hole
x=11s x
2x-2 0 5 t i ' o
lim=X"2 ="« indeterminant form
1 Inx 0
.2 2 .
lnLqI:T:z « L'hopitals rule 3
f(@1)=2 will make f(x) continuousat x=1
_E..
402. Answer is C. 24*
If the function defined by
x? if x<2
X)=
A {2x+k if x>2 121

is continuous at x =2, then k=

Continuous at x =2

x=2x+k
2°=202)+k
8=4+k
403. Answer is A. 4
%
-x+1
The function f(x)= € "7 s defined for
In x
all x>0 exceptx=1 The value that must be £ )
assigned to f(1) to make f(x) continuous
at x=11is x
I 4 5 + -
e—x+1 _ 1 e—1+1 _ 1 0 . . -E -3 k{y——‘j/_P
lim = =— <« indeterminant T
1 Inx In1 0 —
_ o xtl _ 1+ I+ hoie
li“} —=———=-1 « Lhopitals rule )
=% 1
Assigning f(1)=-1 makes f(x) continuous
_E..
at x=1




404. Answer is E.

x3—

The function f(x)= 8 is not defined

at x=2 Which of the following expressions

for £(2) can be used to make f(x) continuous
at x=2

QP +2x+4)
f(x)= x\l =x"+2x+4
fR)=x*+2x+4=12
Assigning f(2)=12 makes f(x) continuous
at x=2
I f2)=12 |
II. f(2)=£i_rgf(x) M

1L f(2)=lim f(x) O

405. Answer is D.

What value should be assigned to f(x) = "Ll
e f—
at x=0 tomake f(x) continuousat x=0

= = 6 < indeterminant

1

lim—=—-=1 <« L'hopitals rule
x>0 ¢ 1

f(0)=1 to make f(x) continuous
at x=0

12

— halg
x
$ =
3 &
x
-

12



406. Answer is C.

e +2 for x<0
If x)=
() {ax+b for x>0

differentiable at x =0 then a+b=

r=e"+1
Continuous at x=0

e +2=ax+b

¥

" +2=a(0)+b 3 3
3=b
Differentiable at x=0 EY

_Ell
—-1=a

a+b=-1+3=[2]

407. Answer is B.

Suppose that f is a continuous function defined
for all real numbers x with f(-5)=3 and
f(=1)==2 If f(x)=0 for one and only one
value of x, then which of the following could be x

f(-5)= f(=2)=0 =fC-1)

Pl;;;"f zero n;:;;e )

Function is continuous and to go from a positive
+ 3 to a negative —2 it must have passed through

f(x)=0 somewhere in interval (-5,-1)
0

ey

~5<[-2]<-1 ~7 =2 01 2

¥ =



408. Answer is C.

x2+2 for x<1
2x+1 for x>1

i re-|

then f'(1)=

X +2=2x+1
1’+2=21)+1
3=3 ™

2x=2
21)=2
2=2 ™

=2

409. Answer is C.

Continuous at x=1

Differentiable at x=1

at x=1

L 3

6t vy =5sin(% x)

x2+bx for x<5

f(x)={

Ssin(£x) for x>5

If £ isa continuous function defined by

then b=

Continuous at x=5
x* + bx = 5sin(Z x)
(5)* +b(5) = 5sin(32
25+5bh=5
56 =-20

410. Answer is B.

L 3

Consider the function f(x)= {

the value of & must be

sinx for x =0
kK for x=0
In order for f(x) to be continuous at x =0, 51

X

— hale

. sinx
lim

x=>0 X

Assigning f(x) =1 will make

at x=1 -

411. Answer is E.

=1 < squeeze theorem 1 ) I 5 12

f(x) continuous




412. Answer is D.

. . . 3
Consider the function f defined on %s x< 77[
t .
by f(x)=—2% forall x=z If fis
sin X
continuous at x =z then f(x)=
Continuous at x =7
lim ta_m Y —lim tz_m z_ 9 « indeterminant form
=7z S1INn X x=>7 SIN 7T
. sin x . . . . 1 . 1 1
llmﬁ’i:llm%(m):hm =lim =—=
x> % X X7 COSX X7 COSTT -1
f(m)=-1
413. Answer is D.
If the function £ is continuous for all positive
: Inx* - x1
real numbers and if f(x)=nx—);nx when
x#2 then f(2)=
Continuous at x =2
. Inx’*—xInx . In4-2In2 . Ind4-1n2> 0
lim—— —=1lim =lim
X2 x=2 X2 2-2 X2 2-2 0
2 lxD)+Inx| 2-2(1)- -1-
im [ (xl) ]=2 2(21) In2 _1 111nz=
f2)=0

414. Answer is C.

415. Answer is A.

: x=2x+l 1
Let f be defined by f(x)=< * or x#
k for x=1
Determine the value of k& for which £ is

continuous for all real x

Continuous at x=1

=— <« indeterminant form

lim—M (x—1)

0 ) )
=— <« indeterminant form
x—1 /x,/l 0

liIIllx—1=0
S)=0
If k=0 thenitfillsthe hole at x=1
for f(x)= x2-2x+1

x-1

416. Answer is C.




417. Answer is B.

If £ is continuous at x =2, and if
Vvx+2-+2x
——— forx#2

f(x)= x—=2 then k=
k forx=2

Continuous at x =2

im\/x+2—\/2x _ 0

1 5 « indeterminant form

x—2 x_z
lim\/x+2—\/2x VXx+24++/2x — lim x+2-2x
P x-2 (Jxt24v2x) o (e 2 2 +2)
~lim Cat)] S
HZM Vx+2+42x) Jx+2+42x 4
k=|"1
4
418. Answer is D. E‘-"
Which of the following values for k makes the
function f(x)= In(x+k) for0<x<3
()= cos(kx) forx<0 y=cosiex) 3F y=In(x+¢)
continuous at x=10
Continuous at x=0

L 3

In(x + k) = cos(kx)

In(0+ k) = cos(k(0))
In(k) = cos(0) 3%
In(k)=1

s

419. Answer is C.

420. Answer is B.



421. Answer is D. 4

o
|x|_2 forx#2
If f(x)=9 x-=2 v then the
k forx=2 3t
. . . hale
value of k for which f(x) is continuous for all ¥
real values of x is k= ¢ }x
[, . 4 4 .-
Continuous at x =2 7 : 3 B
x|—2 — ] .
lim| | =lim x—2 = 9 <« indeterminant
x22 x—2 x2 x—2 0 a4
lim—=1
xo2 1
k=1 B
.. ] |x|—2
If k=1 thenisfillsthe holein f(x)= 5
x_
and makes it continuous
422. Answer is D.
What is the liIlIlz g(x) given
() e’ if x>1In2
8(xX)= .
4—¢* if x<In2
Continuous at x =1In2 :
lim 4—¢* = lim e : : ; : g
x—>In2 x—In2 - A o . 3 B
lim 4—¢" = lim ™ '
x—In2~ x—In2* :
4_eln2 :ean 4l E
4-2=2 E
:
lim g(x)=2 .

423. Answer is A.

424. Answer is D.

If lim f(x)=L where L is a real number, which of the following must be true ?

I f(a)=L IL lim f(x)=L L lim f(x)=L

x—a”

lim f(x)=L existsifandonlyif lim f(x)=LM and lim f(x)=L

f(a)=L may be true but need not be

~
must be true




425. Answer is E.

426. Answer is A.

427. Answer is A.

428. Answer is C.

429. Answer is E.

2
A function f(x) isequal to &f;g
x_
forall x>0 except x=3. In order for the
function to be continuous at x =3, what must

the value of f(3) be?

If x#3 then
2_ p— p—
f(x)=x 6x+9=(x 3)(x 3)=x—3
x-3 x—-3

The graph of f(x) isthe line y=x-3
with a hole at x=3

If | £(3)=0 | then the function is continuous

430. Answer is B.

If the function £ is continuous for all real

2x*+x-15
x+3

when x = -3, then f(-3)=

numbers and if f(x)=

If x# -3 then

2xP+x-15 (2x-5)(x+3

Flx)= _(2x-5)(x+3) _
x+3 x+3

The graph of f(x) istheline y=2x-5

with a hole at x=-3

2x-5

If | f£(=3)=-11| then the function is continuous

. 3
Jix)
X
0 : >
b W\..’llr:-.ie_E
& s
54 7
X
R I T
FF(x)
PR
kole —};{;
[ 15




431. Answer is E.

x' -4

A function f(x) is equal to for all

x>0 except x=2. In order for the function
to be continuous at x =2, what must the value

of f(2)=

f(x)= x4 = G=2)(x+2) =
x-2 x\l
f(2)=2+2=4
To be continuous at x =2 the value of

f(Q)=2+2= E must be assigned

x+2

432. Answer is A.

sin2x

A function f(x) isequal to for all

x except x=0. Inorder for the function to be
continuous at x =0, what must the value of
f(0) be?

. sin2x . 2sin2x
lim m

x>0 x 2x>0  2x

assigning f(0)=2

433. Answer is A.

If the function £ is continuous for all

xP=Tx+12

real numbers and if f(x)=
x—4

when x #4, then f(4)=

If x4 then

x2=7x+12 M(x—3)
f(x)= = =
x—4 ,xz/4
The graph of f isthe line y=x-3
withaholeat x=4

x—3

by defining | f(4)=1 | « add the point ( 4, 1)

Hole in f(x) at ( 0, 2) which can be filled by

(= p)

o

L P

To make f(x) continuous we need to fill the hole

(=g




434. Answer is A.

x*+5 if x<2
Tx-5 if x>2 '

for all real numbers x,
which of the following must be true ?

If f(X)={

Continuous at x =2
x'+5=7x-5
2’ +5=7(12)-5
9=9 M
Differentiable at x =2
2x=17
2(2)="7
47 [x
I. f(x) iscontinuous everywhere M
II. f(x) isdifferentiable everywhere [
III. f(x) has alocal minimumat x =2 [

435. X+ 2a, if x<1

Let = If ais
J(x) {ax2+7x—4, if x>1 .
such that f(x) is continuous at x =1, is f(x)

also differentiable at x =1 Justify your answer.

Continuous at x=1
x+2a=ax*+7x—4
M +2a=a)+7(1)-4
a=2
Differentiable at x =1
1=4x+7
1=4(1)+7
111
.. not differentiable at x=1




436.

437.

bx*+7, if x<3

ax*+3, if x>3

f(X)={

Find the values of a and b such that f(x) is differentiable at x =3

continuous
bx’+7=ax*+3 when x=3
b3) +7=a3) +3

27b+7=9a+3
4=9a-27b
4=9a-27b 4=94-27b
- -
0=6a-27b 0=—6a+27b
3x*+5 if x<1
If f(x)=4 x> +2x+5 if 1<x<4
x+c if x>4

for what value of ¢ is f(x) continuous
at x=4

continuous
!

X’ +2x+5=x+c « atx=4
4 +24)+5=4+c
64+8+5=4+c
77=4+c

< differentiable
bx’+7=ax*+3 when x=3
3bx* =2ax <« differentiate
3b(3)* =2a(3)
0=6a—-27b

27b = 6a
27b=8

-8
b_27

Ay

ol
//

L A




438.

For what value of ¢ is the function defined by

-Xx if x<-1
f(x)={ —x*+x+c if -1<x<2
2x-3 if x>2

continuous at x =-1

Continuous at x =-1

—x==-x’+x+c
(1) = ~(-1)* + (D) +¢

439. 2 .
f(x)={cx +5 ifx<l The slope of the

ax+b if x>1
line tangent to the graph of f(x) is —3 at
x=-1 Find the values of a, b and ¢ such
that f'(x) is defined for all real numbers.

From tangent line at x =—1 £ Eﬁ
f(x)=cx*+5
f'(x)=2cx
fl(-1)=2¢(-1)=-3
=1

Differentiable xe®R

3x*+5=ax+b <«atx=1
3x=a

Continuous xeR

3x*+5=3x+b
2+5=3+b <«atx=1

i=b




440. PR Fy
< r o
Given f(x)= = _If x<2 find the % !
bx—6 if x>2 ;
value of a that will make f(x) differentiable %
481 ]
atx=2 1

Continuous at x =2

i

ax’ =bx—6 £ + 0
a(2)’ =b(2)-6
4a=2b-6
Differentiable at x =2
2ax=>b
2a(2)=b 96
4da=>b

a=2and b=6

y=bx—=6

=
I

rajea
et

A8+

441. 3x? —3x
|

The function f(x)= is not defined

at x =+1 What value should be assigned to
f(1) to make f(x) continuous at that point ?

PNy 3x(e<T) _ 3x
-1 (x=D(x+1) (x+1)
_3m 3
f(l)_(1+1) 2
Hole at ( 1, 2) which can be filled by assigning

3

f=p 3




442.

443.

] ax’ +bx+1 if x<1
Given f(x)= )

x*+2 if x>1

the values of @ and b that will make f(x)

differentiable at x =1

find

Continuous at x =1
ax’ +bx+1=x"+2
a3y +b()+1=()’ +2
4t+ri1=1+2
2a+4b+8=1+16
2a+4b=9
Differentiable at x =1

2ax+b=3x"
2a(3)+b=3(2)
a+b=3

a=-3and b=7%

£

ax’ if x<2

The function f(x)= {

differentiable atx=2 Finda and k

IS
2x+k if x>2

Continuous at x=2
ax’ =2x+k
a2y’ =212)+k
8a=4+k
8(H)=4+k
3k
Differentiable at x =2
3ax’ =2
3a(2)’ =2
12a=2

=1
a=s

12..

y=-3x"+%x+1

&
241

3




445.

446.

ex*+2 if x<3
f(x)={

ax+b if x=>3

line tangent to the graph of f(x) at x=-11is1
Find the values of a, b and ¢ such that f'(x)

is defined over the domain of f

The slope of the

Continuous at x=3
ex’+2=ax+b
c(3)’+2=a(3)+b
9c+3=3a+b
9G)+3=3(3)+b
Differentiable at x=-1
f(x)=ex*+2
f(x)=2cx
(=D =2¢(-1)=1

C=T

Differentiable at x=3
2cx=a
2(3H)3)=a

. ax+b
Let £ be defined by f(x)={ s
X +x+1
Find the values of @ and b such that f is

differentiable at x =2

if x<2
if x>2

Continuous at x =2
ax+b=x"+x+1
a)+b=02)+(2)+1

2a+b="17
Differentiable at x =2
a=2x+1
a=22)+1
a=5

la=5and b=-3 |

y=5x-3

A4




447.

448.

What value must be assigned to f(3) if
2x? - . .

f(x)= xZLH is to be continuous at
2x"-9x+4

x=7

f(x)zTZX\Q(xH) _x+3
Qx<D)(x-4) x-4 2

hole at (,—1) and vertical asymptote at x =4

Hole at (,-1) can be filled by making f(3)=-1

and the function is now continuous at x =1

A function is defined for —2<x<2 by
5x*+ax+b if —2<x<0
Qx+4)F  if 0<x<2

Find the values of a and b if f(x)is
differentiable at x =0

f(x)={

Continuous at x=10
5x’+ax+b=(2x+4)
5(0)° + a(0)+ b = (2(0) + 4)
b=32
Differentiable at x=10
10x+a=5Q2x+4)}(2)
10(0) +a = 5(2(0)+4)*(2)
a=40
la=40and b=32 |

¥=(2x+4)

¥

b B i

y=5x" +40x+32

-9E 1

192~




449.

450.

2x

1-e
S =7

f(x)at x=0 tomake f(x) continuous atx =10

What value must be assigned to

1-e* 1-¢"®
=0 1—¢*  1-¢°
_2e2x _2e2(0)

lim

-2

lim —=2

3..

2y A

« fill hale F(0)=2

3

-’ -1 E

T=e)(1+e")
=

when x#2 so f(0)=1+¢" =2

1 e2x

fn=""5

filled by making f(0)=2 and the function is now
continuous at x =10

x—0 _ex

X

1_ 2x
also f(x)= ex = l+e
1—e

has a hole at ( 0, 2) that can be

X

ax+b if x<3
3x*if x21

values of @ and b for which this function is

Given f(x)= { find the

differentiable at x = %

Continuous at x =1

0

2
ax+b=3x’
aH)+b=31)
e+b=1
2a+4b=3
Differentiable at x =1
a=06x
a=6(1)

a=3

a=3and b=-2

Rer

4R~




451. Answer is C. Ay

g T ]
2X=6 .3 . “f®=5
If f(x)=< x-3 , then lim f(x)=
5 x=3 e f=)#3_ |,
= + L b
Piecewise function — domain xgR B ¥ >
_ _ lim £(x)=2 x
2x 6=2(x 3)=2 when x#3 - T » -
x-3 x-3 b 7 ;
f@3)=5
lim f(x)=[2] 3

452. Answer is B. oy
T x+1 x<1
X)=
3+ax? x>1
then f(x) iscontinuous forall x if a= 7 .
Ends must meetat x =1
) : \ x
x+1=3+a.x N | ] L
-E B £

1+1=3+a(1)
2=3+a

If @a=-1 thenends meetat x=1 and 2

function is continuous for all x

453. Answer is C.

If f(x)= ! is not continuous
10—/ x* + 64

at ¢, then c¢=
1
10—+/x* + 64
10-Vx*+64=0
10=+x*+64
100 = x* + 64
36=x’

f(x) has vertical asymptotes at x =6

= % = undefined

o ey ol IS T AN "SR AN RN S P




454. Answer is B.

455, Answer is E.

F 3
A particle moves along a straight line. Its T2t
t for0<¢<2
t+2 fort>2

The distance travelled by the particle in the
interval 1<¢<3 is

velocity is V(t) = {

3

2 3
Distance = I V(t)dt = I £ dt+ I (t+2)dt
1 2

372 2 3
3 1 2 2

8 1 9
=[§_§}+{E+6_(2+4ﬁ qzd

1

456. Answer is E.

For what value of ¢ is f(x) continuous ?
{ -cx+5, x<-1 y==5

f(x)=

3x2+2, x>-1

Continuous at x =-1
—ex+5=3x*+2
—c(-1)+5=3(-1)"+2

29

c+5=5 £ 5

¥



457. Answer is E.

(= p]

2—x? for x>0
2+x forx<0

fx+h) - f(x)
h

Use f(x)={

o

and find lim
h—0

Xx

Domain f(x) is xeR & 2/ 0 \ >
for x>0 y=-x"+2 1 \
for x<0 y=x+2 :

see graph of piecewise function :2 .

[up]
e ot

(=g

Now consider the graphs of derivative
f(x+h)- f(x)
h

f'(x)=lim
f(x)=x+2 f(x)=—x*+2 fix)=1
f'o=1 < f'(x)=-2x <
(=1 £1(0)=0
%,—/

I
Derivative of f(x)at x=0 (from the left) « frix)=—2x-

F0)=tig LSy

1
Derivative of f(x)at x=0 (from the right)
FiO)=lim TEHD=F) _

h—>0* h

o

=B
A

(AR

£

Derivative of f(x)at x=0

f'(0)= lhin(} flx+ hz — () = undefined (different left/right) See derivative graphs above

458. Answer is C.

459. Answer is E.

460. Answer is E.

461. Answer is C.



462. Answer is C.

x’ -1 . . 3
Let f0={ x—1 7 **!
4 if x=1 fh=4>-@
Which of the following statements, 3
I, IT and III are true ? ri‘\.&a&;

I. lim f(x) exists
x—1

II. £(1) exists

L

III. £ iscontinuous at x=1

LAA]

x’ -1 _(x—l)(x+1)_x
x—1 x—1

if x#1 +1

So the graph of f(x)is y=x+1 with a hole

o
(u}

atx =1 and the point f(1)=4—>(1, 4)
L lilIllf(x) exists M lilIllf(x)=2
IL. f(1) exists f(=4
III. £ iscontinuousat x=1 [
lim £ (x)# f(1)

463. Answer is C.

464. Answer is A.

ex——l 0
Let f(x)=4 x ' Which of the

1, x=0
following statements is true ?

ex—l_e°—1_0

lim =— <« indeterminant
x>0 x 0 0
x 0
imE=% =1 « L'hopitals rule
x-0 1 1
hole at ( 0, 1) filled by piecewise function 3
f is continuous at x =0 ol
lim f(x)=0 e
x—0*
lim f(x)>1 £
x—0"
lim f(x)<1 B
x—0"

lim f(x) does not exist X
x—0"




465. Answer is D.
The function £ is given by
In2x, for 0<x<2

f(x)={ 2Inx, for x>2
The limit lin;f(x)=

limIn2x=1In2(2)=In4=1In2’> =2In2 £
x—2"

lim2Inx=2In2

x—-2*

~ lim f(x)=[2In2 ]

466. Answer is E.
The function £ is given by

, Xx#0
f(x)=1 |x]
0, x=0
Which of the following statements are true ?
3 3 i
for x>0 y=x—=x—=x2 g3
<[ x
3 3
for x<0 y=x—=x—=—x2
[ -
for x=0 y=0
M

I. £ is continuous at the point x=10
f@=0 limf(x)=0 lim f(x)=f(0)

II. £ is differentiable at the point x =0 &

y=-x y=x’
y =-2x y'=2x
y'(0)=0 y'(0)=0

III. x =0 is apoint of inflection for a graph of f
At x=0 concavity changes

467. Answer is E.

468. Answer is D.




469. Answer is E.

v

5
If £ is the function given by
2
e’ x, x<0
X)=
/) { cosx+1, x>0 yp=e'x 3§ y=cosx+l
then lim f(x)=
x>0
lim e’x =0 lim cos x+1=2 E Y
x=0" x—=0"
lim e’x # lim cos x + 1
x—0" x—0*
lin% f(x)=does not exist
470. Answer is B. g
&
Determine ¢ so that f(x) is continuous
x—2, x<5 5
everywhere when f(x)=
cx—-3, x>5 4
Functions must meet at x =5 (continuous) 3
left of 5 ct;;tiir;usous right of 5 2
—— ] Py
x—-2 = cx-3 1
5-2=c¢5-3
3+3=5c i 1
i=c 1
2



471. Answer is D.

Let £ be the function given by
x+2 if x<3
f(x)z{ 4x—7 if x>3
Which of the following statements are
true about f
L 933 f(x) exists
II. £ is continuous atx =3
III. £ is differentiable atx =3

I linsnf(x)=5 M exists

II. £ is continuous atx =3 4

472. Answer is B.

Let m and b be real numbers and let the
function f be defined by

1+3bx+2x*  for x<1
f(x)=
mx+b forx>1
If £ is both continuous and differentiable
at x=1 then

Continuous at x=1
1+3bx+2x* =mx+b
14361+ 2(1)* = m(1)+b
3=m-2b
Differentiable at x =1
1+3bx+2x*=mx+b
3b+d4x=m
3b+4(1)=m
4=m-3b

Now solve system of equations —

£

| Difficulty = 0.45

T

f-"{—m=4-

.TH

lim f(x)=lim f(x)=5

x—3" x—3*

lxiLl}f(x)=5= f@3)

IIL. £ is differentiable atx =3 lim f'(x)=> 124 < lim f'(x)
x—3" x—3*"

K

10

3=m-2b
4=m-3b

3

y=1-3x+2x' E y=x-1
N
gl
3=m-2b 3=m-2b
= |=4=—m+3b|=>|3=m—2(-1)
-1=5 1=m




473. Answer is D.

-

L

The function £ is continuous at x =1 2y
Jx+3-3x+1 |
for x=1 7
If f(x)= x-1 * |
k for x=1 e
then k = "
i Vx+3-VBxel V143-3+1_0 T o :
x>l x—1 1-1 0 /Os\/_>
L haly
limJx+3—J3x+1 Vx+3++/3x+1 S
1 x—1 Vx+3+3x+1 !
— lim x+3-3x+1) | E
= -Vt 3+3x+1) :
. 2-2x
=lim
= -Vt 3+3x+1)
=lim _ZM
1 (1) (Ve +3+3x+1)
. -2 -2 1
= lim = = —=
IY14+3+43+1 2+2 2
The function f is continuous at x =1 if k=—§

474. Answer is D.

The function f is defined on all the reals such

*tkx-3 f <1
that f(x) = x"+kx-3 for x
3x+b for x>1

For which of the following values of & and
b will the function be both continuous and

differentiable on its entire domain ?

Continuous at x =1
x*+kx-3=3x+b
1’+k-3=3+b
-5=b-k
Differentiable at x =1
2x+k=3
2+k=3
k=1
|b=—4and k=1

y=x4+x-3




475. Answer is D.

. 4—x* for x<1 .
The function f(x)= . . is
mx+b for x>1
continuous and differentiable for all real numbers.

The values of m and b are

Continuous at x=1
4—x'=mx+b
4-1) =m1)+b
3=m+b
Differentiable at x =1
—2x=m
—2=m

|m=-2and h=5|

476. Answer is D.

The function £ is defined for all real numbers

e +3 forx>0
b xX)=
y ) {ax+b forx<0

If £ is differentiable at x =0, then a+b =

Continuous at x =0
ax+b=e"+3
a(0)+b=e"+3
b=4
Differentiable at x=10

y=-2x4+5

L 2%




477. Answer is C.

Find the values of a and b that assure that
In3-x) ifx<2
f(x)= is

a—bx if x>2

differentiable at x =2

Continuous at x =2
In3—-x)=a—-bx
In(3-2)=a-5(2)
0=a-2b
2b=a
Differentiable at x =2
-1

L
3—x
1,
3-2

[1=b] and [2=4]




478.

Trig derivatives|-

sin x

Trig limits > lim——=1
x—0 X
. 1-cosx
- lim——=90
x—0 X

(squeeze theorem proofs pg 80)

y y'
sinx | cosx
secx | secxtanx
tan x | sec’ x
cosx | —sinx
cscx | —cscxcotx
cotx | —ese’x

479. Answer is E.

Find the derivative of y =sin(x?)

y' = cos(x*)(2x)

y' =| 2xcos(x’

)

480. Answer is A.

If y=In(tanx) then »'=

2 1
T e 1 xm

B 2 _ 2

tanx  Sinx cosi x Ssinx

Cosx

481. Answer is E.

2sin xcos x sin2x

Find the derivative of y=e"sinx

482. Answer is B.

y' =e* cos x +sin xe® =| e*(sin x + cos x)

The derivative of y =tan(x?) is

y =sec’(x*)(2x) =

2xsec’(x?)

483. Answer is E.

If y=-l-&e—ta"2x then y’(%)=

y = (tan x)’

y' =2(tan x)' sec’ x

Y5 =2tan()sec’ (5 =2)(v2) =[4]




484. Answer is D.

Given f(x)=xcosx thesecond derivative of f(x)=

f'(x) = x(—sin x)+ cos x = cos x — xsin x

f”(x)=—sinx—[xcosx+sinx]=| — xcos x—2sin x |

485. Answer is D.

Find the derivative of cos® x

‘ y = (cos x)’

y=2(cos x)' (—sinx) =| —2sinxcosx

486. Answer is E.

|Find the value of the derivative of e*sinx at x=r

Yy =e“cosx+e sinx
y'(r)=¢€" cos7z+g§siﬁ=

487. Answer is D.

The y-intercept of the line tangentto y=xsinx at x=7z is

»y' = xcos x+sinx
y'(7z)=7zc0sn+§in/=—7r <« slope
y(r)=7zsinzr =0 <« point ( z, 0)

Tangent line= % = y=0
1 x-7x

y=-nx+n’

y-intercept of the line tangent —

488. Answer is D.

If f(x)=In(sinx) then f ’(%) =

cos X
f'(x)= =cot x

sin x

f'@)=cotz=[1]

489. Answer is A.

If y=sin2x-—x then y'(%)=

y'=2cos2x-1
Y(Z)=2cos2(%)-1=-2-1=| -3 |




490. Answer is D.

The number of critical points of the function f(x)=—-xsinx on [-6, 6] is

f'(x)=—[xcos x+sinx]=-xcos x—sinx=0

Use graphing calculator to find the number of critical points

Flotl Flokz Flob: WIHOOL
B -RcosCRI—sin|| ¥min= 6 -
L AMax=5 i
wNe= wecl=1 T |
wNa= Ymin=-5 L
“Ny= Ymax=5
o= Y=cl=1
“NE= mres=1

491. Answer is D.

If y=3[tan[§ﬂ then y'(x)=

¥ =3@)[tan%] sec? $(3)=2tan¥sec’ §

y'(m)=2tanZsec* £=2(-/3)(2)* =| 8.3

492. Answer is A.

If f(x)=2sin’5x then f'(x)=

f(x)=2[sin5x]"
f'(x)=2(2)[sin5x] ' (cos 5x)(5)
f'(x)=10(2sin5x cos 5x)

f(x)=

493. Answer is D.

If y=e™>, then b _
dx

r _ _sinx

y'=e""cosx

494. Answer is D.

If g(x)=x"cosx then g'(x)=

g(x)=x"cos x

g'(x) = x*(—sin x) + (cos x)(2x)

g'(x)=| 2xcosx— x*sinx |




495, Answer is C.
If f(x)=cos3x, find all values in the interval ( 0, z) for which f®(x)=0

f'(x) = -3sin3x
f"(x)=-9cos3x
fP(x)=27sin3x=0
sin3x=0
3x=0,7,27x,37, ..

-z 2z
X=73,73

496. Answer is D.

The normal line to y =2sinx atx=% intersects the x-axis at ( x,,0) What is the value of x,
Slope of tangent at (%,\/5) Equation of normal at (%,\/5) x,-intercept (y = 0)
y=2sinx . rise —1 y—+3 0=—x+§+\/§
ope=—=—=
y' =2cosx P run 1 x—-z x=§+\/§
"z = Z — 1 = .4
() =2e0s5=2(})=1 y=3=f-x _[z+3
Slope of normal = -1 y=_x+%+\/§ 1 3

497. Answer is B.

If f(x)=sinx+cosx+e*, then f'(x)=

f'(x)=cosx—sinx+e”

498. Answer is A.

If y=sinu, u=3w, and w=¢"*, then d_y=
dx
w=13w y=sinu
4= 3ot y =sin3e**

P _ cos 3¢ (6e**) = | 6e>* cos3e**
dx




499. Answer is C.
Inthe interval [ 0, 7 ], where are the inflection points for the function p =sin® x—cos® x

y=sin’ x—cos’ x = —[cos2 x —sin’ x] =—cos2x

y' =2sin(2x)

y'=4cos(2x)=0
« Sketch graph of cos2x in the interval [ 0, 7 ]

cos(2x)=0
x=5F

500. Answer is A.

Find ', if y=In(secx + tan x)

2
secxtanx+sec’ x secx(ta €cx)
y'= = =| secx
secx+tan x s an x

501. Answer is D.

(x¢0)

Find CURNT: _y=x2sinl
dx X

y=x"sin—
X

b [ e

1
d_y= 2xsin——cos—

dx X X
502. Answer is A.
Find d_y if y= 1
dx 2sin2x
y= ! = 1csc 2x
2sin2x 2

y' = %[—cchxcot 2x(2()} = | —csc2xcot2x |

503. Answer is A.

Find ﬂ if y=e “cos2x
dx

y' =e *(-sin2x)(2)—e " cos2x=—e *(2sin2x)—e " cos2x

—e *(2sin2x+cos2x)

V=




504. Answer is D.

2
Find Zx—y, if y=sec2\/;=|:secx7]

11 1 1 -1
) =\2\|:secx5:| sec x? tanxz(ixz)

)= sec’ /x tan/x
Jx

505. Answer is B.

If y=asinct+bcosct, where a, b, and ¢ are constants, then

dzy

tl

is

y' =acosct(c)+ b(—sinct)(c) = accos ct — besin ct

y"" = ac(—sin ct)(c)— be cos ct(c) = —ac’ sin ct — bc’ cos ct

!

y'==c*[asinct+bcosct]=| -’y

506. Answer is E.

The equation of the tangent to the curve y = xsinx at the point (%, %j IS

507. Answer is E.

y=Xxsinx
y' = xcos x +sin x Equation of tangent at the point [%,
y'(z) = (F)cos($) +sin(3) Slope — rise . y-%
Y& =E0)+1=1 run x—=
Slope of tangent at [%, %) is1 —3=XxX—7
y=x

2

)

1
If x =0, then the slope of xsin— equals zero whenever
X

y=xsinx™"
y' =xcosx ' (-x?)+sinx"' =0
—Xcos%(x%\)+ sint=0
sint=Lcosl

: 1
s - 1

1
cos +

tanl=1




508. Answer is E.

If f(x)=cosxsin3x then f’(%) -

f'(x) = cos x(cos 3x)(3) + sin 3x(—sin x)
f'(x)=3cos xcos3x—sin xsin3x

['(£)=3cosZcosZ—sinZsinZ

f’(%)=3(§)(0)—(%)(1)= _%

509. Answer is D.

dy
If y=sin*(1-2 then — =
y=sin"(1-2x) I

y=[sin(1-2x)]’
»' =3[sin(1-2x)]” cos(1 - 2x)(-2)

y' =| —6¢cos(1-2x)sin’(1-2x)

510. Answer is D.

%(sin(cos x)) =

chain

% (sin(cos x)) =cos(cos x)(—sinx)=| — (cos(cos x)) sin x

511. Answer is E. Difficulty = 0.77

If y=x"sin2x then @_
dx

y' = x*(2cos2x)+2xsin2x

y' =2xsin2x+2x? cos 2x ={2x(sin 2x + x cos 2.x)

512. Answer is C. Difficulty = 0.79

A particle moves along the x-axis so that at any time ¢ > 0, its velocity is given by
v(t)=3+4.1cos(0.9¢7) What is the acceleration of the particle at time ¢ =4

v(t) =3+4.1co0s(0.9¢7)
v'(t) = —-4.1(.9)sin(0.97)

a(4) = —4.1(.9)sin(0.9(4)) =




513. Answer is D. Difficulty = 0.54

Let £ be the function with derivative given by f’(x)=sin(x*+1) How many relative extrema
does f have onthe interval 2< x<4

‘ function f(x) has a relative extrema whenever its derivative f'(x)=sin(x’ +1) changes sign.

Flokl Flatz Flokz W I HOOL
Y Bsincxe+1 Aamin=2

M= mmax=d '

ng= ﬁE-';r1=12 , r‘/_\'\. J"'r'_\"'-. .
My = min=- Ry N__A
“Neo= Mgx=2 ;ffl 2 HLJE:“ H%
“Ne= Ve l=1
wMe= Ares=1

514. Answer is E. Difficulty = 0.96

dy
If y=sin(3x) then —=
y (3x) I

| »'=3cos(3x)

515. Answer is A.
If f(x)=x+sinx then f'(x)=

| f'(x)=1+cosx

516. Answer is A.

If y=cos’3x then o _
dx

y =(cos3x)’
y' =2(cos 3x)" (—sin3x)(3)

y'=—6sin3xcos3x

517. Answer is C.

If y=cos’x—sin’x then y'=

y =cos(2x)
y' =-sin(2x)(2)=| —2sin(2x)

518. Answer is B. Difficulty = 0.76

If f(x)=sinx, then f’(%):

f'(x)=cos x

|7 V4 1
—|=cos—=| —
r(3)e33




519. Answer is E. Difficulty = 0.73

X d’y
If =2co0s| — then =
Y (2) dx?

r=x(on(3))( 5l
o)) )

520. Answer is E.

Difficulty =0.70

If y=tanx-cotx then d_y=
dx

y' =sec’ x—(—csc’ x)

y”=| sec’ x+csc? x |

521. Answer is D. Difficulty = 0.76

If f(x)=(x- 1)’sinx then f1(0)=

f'(x)=(x—1)*cos x +2(x—1)sin x

£'(0)=(0—1)? cos 0+ 2(0—1)sin 0 = 1(1) — 2(0) =

522. Answer is B. |Difficu|ty =0.71

An equation of the line tangent to the graph of y=x+cosx at the point ( 0, 1) is

y=Xx+cosx Equation of the line tangent at the point ( 0, 1)
y' =1-sinx Slope=rise=1=y_1
Y'(0)=1-sin0=1-0=1 run 1 x-0
Slope of tangent at point ( 0, 1) y-1=x
ism=1 y=x+1

523. Answer is E. Difficulty = 0.56

If f(x)=tan2x, then f'(%) =

f'(x)=sec’ 2x(2) = 2sec’ 2x

| 25 7| _ 2 2 _
f(6j 2sec 2(6) 2sec (3) 2(2)




524. Answer is B.

If f(x)=sin’(3—x) then f'(0)=

f(x)=sin’3-x)=[sin(3-x)]’
f'(x)=2[sin(3 - x)] "cos(3—x)(~1)
f'(x)=-2sin(3—x)cos(3 - x)
£'(0)=| —2sin3cos3 |

525. Answer is A.

If  y=3sinx+4cosx then y'—y=

y'=3cosx—4sinx
y'=-3sinx—4cosx
y'"'—y=-3sinx—4cos x—(3sin x +4cos x)

y"—y=-3sinx—4cosx—3sinx—4cosx=| —6sinx—8cosx |

526. Answer is C.

If  y=sinx+e ™ then y+y'=

y' =cosx—e"
y'=-sinx+e*

y+)y'=sinx+e " +(—sinx+e *x)

y+y"=m+e'x7&i(x+e'xx=

527. Answer is E.

If f(x)=+4sinx+2 then f'(0)=

f(x)=(4sinx+2)

F'(x)=1(4sin x+2)* (4cos x)
oo~ 2cosx

J)= Vasin x +2

2cos0 2 [

10 —_ ¥
o Jasin0+2 2

SIS

]:ﬁ



528. Answer is B.

The equation of the tangent line to the graph of y = cos x+tan(2x) at the point ( 0, 1) is
y=cosx+tan(2x) Equation of the tangent
y' =—sinx+2sec’(2x) 2 y-1
7'(0) = —sin 0+ 2sec?(0) 1 x-0
¥(0)=0+2(1)* =2 y—1=2x
Slope of tangent at point ( 0, 1) y=2x+1

529. Answer is A.

If f(x)=(x—1)>cosx then f'(0)=

f'(x)=—(x—1)"sinx +2cos x(x—1)
£'(0)=—(0-1)’sin0+2cos0(0—1)

£1(0) = —(=1)*(0) + 2(1)(-1) =

530. Answer is C.

o 2
If f(x)= sin” x
1-cosx

then f'(x)=

_(1-cos’x) _ M(l+cosx) B
f(x)= —cosx Tcoss =1+cosx
f'(x)=[ —sinx |

531. Answer is B.

For x # 0 the slope of the tangent to y = xcos x equals zero whenever

' =[x(=sin x)+ cos x|
y =—xsinx+cosx=0

cosx xsinx

COSX COSX
1=xtanx

L =tanx

X

532. Answer is E.

If y=cos’x—sin’x then y'=

y= [cos x] : —[sin x] :

y' =2[cos x| '(=sinx)— 2[sin x] " (cos x)

y'=| —4sinxcosx |




533. Answer is E.

dy
If y=cos’(2x) then —=
y (2x) i

y= [cos(2x)] :
' =2[cos(2x)] ' (=sin(2x))(2)

y' =| —4sin(2x)cos(2x)

534. Answer is B.

A particle moves along the x-axis and its position for time >0 is x(z) = cos(2¢)+sect
When ¢ =z the acceleration of the particle is

Xx(t) = cos(2t) +sect

v(t) = —sin(2¢)(2) +secttant

v(t) = —2sin(2¢)+secttant

a(t)=-2cos(21)(2)+ [sec tsec’ ¢+ tanz(sect tan t)]
a(t) = —4cos(2t) + [sec3 t+secttan’ t]
a(m)=—4cos(2x)+sec’ 7 +secxtan’

a(w)=—-4(1)+ (-1)+(-1)(0)* = E

535. Answer is A.

If g(x)=tan’(e”) then g'(x)=

g(x)=[tan(e)]’
g'(x)= Z[tan(e" )] ' sec’(e*)(e¥)

g'(x)=| 2¢* tan(e*)sec’(e*)

536.

|Mean Value Theorem|—> for derivatives

If f(x) isa function that is continuous on [a,b] and differentiable on (a,b) then there is

fB) - f(a)

at least one number ¢ € (a,b) suchthat |————== | f'(¢c)
E— b - a . H/_J

- _

v s
average rate of change rate of change




537. Answer is C.

How many values of ¢ satisfy the conclusion
of the Mean Value Theorem for f(x)=x’+1
on the interval [-1, 1]

f(x)=x"+1
f(=D= (—1)3 +1=0— point (-1, 0)
fy=1P+1=2 - point(1, 2)

fB)-f@_ 2-0 _

Slope of secant = = =
b-a 1-(-1)

f(x)=x3+1
fl(x)=3x"=1
, 1
xl==

3

x=x=

&‘

1
3

Two values of ¢ ininterval [-1, 1]

538. Answer is A.

The value of ¢ guaranteed by the Mean Value
Theorem for f(x)=i1 on the interval [ 3, 5]
x_
fx)=3}
fR)=>4=1 - point(3,1)
fBG)=4=1 - point(5, 1)
— 1 __
Slope of secant = SO~ f@_ 51 =-1
b—a 5-3
f(x)==2x-1)"
f(x)=2-)(x-D7 = iy
(x-1)*=8
x—1=422
x=1+22
One values of ¢ ininterval [ 3, 5]




539. Answer is D.

Giventhat f(x)=x*-3, find ce(0, 2)

suchthat LATO_ 2
2-0
fx)=x"-3
£(0)=-3 —» point ( 0,-3)

f(@2)=2'-3=13 - point( 2, 13)
f@)-fl@) _13-(3) ¢
b—a 2-0
f(x)=x*-3
fl(x)=4x’=8

x’=2

Slope of secant =

x=13/2

One values of ¢ ininterval [ 0, 2]

540. Answer is E.

Giventhat f(x)=x’, find ¢ such that
fBR)-fM=C3-1)f'(c)

f(x)=x’
f=1>=1 — point (1, 1)
f(3)=3)’ =27 — point (3, 27)

f@-fO)_27-1__,
3-1 3-1

Slope of secant =

f(x)=x’

f'(x)=3x*=13

, 13
E)

X

= |83
X =473

One value of ¢ ininterval [ 1, 3]




541. Answer is A.

If f(x)=2x’—6x, at what point on the interval

0<x<+3,if any, is the tangent to the curve
parallel to the secant line ?

f(x)=2x"-6x

F(0)=0 —> point ( 0, 0)
F(3)=2(/3-6(/3)=0 — point (+/3, 0)
fW3)-fO _0-0_,

Slope of secant =

3o 3-1
f(x)=2x"-6x
f(x)=6x"-6=0

6(x*-1)=0
6(x+1)(x-1)=0
e=-1][e=1]

One value of ¢ ininterval [ 0, \/EJ

542. Answer is B.

Let £ be the function given by f(x)=x’-3x’
What are all values of ¢ that satisfy the
conclusion of the Mean Value Theorem of

differential calculus on the closed interval [ 0, 3]

f(x)=x’-3x’

f(0)=0 — point ( 0, 0)

f(3)=3"-33)’ =0 — point (3, 0)

fR)-f@ _0-0_,

3-0 3-0

f(x)=x'-3x’

fl(x)=3x>—6x=0
3x(x-2)=0

x=0

One value of ¢ ininterval [ 0, 3] that satisfies
MVT of differential calculus
(cannot include endpoints)

Slope of secant =




543. Answer is D.

Find the point on the graph of y = Jx between
(1, 1) and ( 9, 3) at which the tangent to the
graph has the same slope as the line through ( 1, 1)
and (9, 3)

f(x)=+x

f=1 — point (1, 1)
£9)=+/9=3 — point(9, 3)
fO-f@_3-1_

Slope of secant = %

9-1  9-1
f)=x=ux
f0=tx" = =1

2Jx =4
| x=4]

One value of ¢ ininterval [ 1, 9]
or the point ( 4, 4)

544. Answer is D.
If ¢ is the number that satisfies the conclusion

of the Mean Value Theorem for f(x)=x"-2x’
on the interval 0< x<2 then ¢=

f(x)=x'-2x’

f(0)=0 — point ( 0, 0)

f(2)=23—2(2)2 =0 — point (2, 0)

f(z)—f(o)z()—oz0

2-0 2-0

f(x)=x'-2x"

f'(x)=3x"-4x=0
x(3x—-4)=0

Slope of secant =

x=0||x=1%

One value of ¢ ininterval [ 0, 2]



545. Answer is D.

The graph of y = f(x) on the closed interval 4y
[-3, 7 ]is sr.\own. If £ is continuous on [.—3, 7] p= fix)
and differentiable on (-3, 7), then there exist a c, 3 ) e
-3 < ¢ <7 such that (1,2
f(x)= f(x) > X
f(=3)=4 — point (-3, 4)

f(H=2 — point (7, 2)

fD-f(=3)_2-4_ 1
7—(-3) 7+3 5

Slope of secant =

f(x)=f(x)
f'(x)=-1 atsomevalue x=c
fle)=—1

One value of ¢ ininterval [-3, 7]

546. Answer is B

Let £ be the function given by f(x)=x’
What are all values of ¢ that satisfy the conclusion
of the Mean Value Theorem on the closed interval

[-12]

fx)=x°

f(-1)=—1  — point (-1,-1)

f(2)=8 - point (2, 8)

f@)-f(D)_8-(D_,
2—(-1) 2+1

Slope of secant =
f(x)=x’
f'(x)=3x"=3

x'=1
=]

One value of ¢ in interval [-1, 2] (must exclude

endpoint value of x =-1)



547. Answer is B.

At time #> 0 the position of a particle moving
L r

along the x-axis is given by x(z) = ?+ 2t+2

For what value of ¢ in the interval [ 0, 3] will

the instantaneous velocity of the particle equal

the average velocity of the particle from time

t=0 totime t=3

x(t)=5+2t+2
x(0)=2 — point ( 0, 2)
x(3)=9+6+2=17 — point( 3, 17)
x(3)—x(0) 17-2
3-0 3
x(t)=5+2t+2
X'@)=t"+2=5
=3

x=—3 |[x=43

One value of ¢ ininterval [ 0, 3]

5

Slope of secant =

548. Answer is D.
Let f(x) be afunction with a continuous
derivative on the interval ( 1, 3) such that
f@M=2 and f(3)=-4 Which of the
following must be true for some a in (1, 3)
f(x)=f(x)
f(=2 — point (1, 2)
f(3)=-4 — point ( 3,—4)
f@-f)_—4-2_ .

Slope of secant =

3-1 2
f(x)=f(x)
f'(x)=-3 atsome point x=a

f'@)=-3

One value of ¢ ininterval [ 1, 3]




549. Answer is A.

There is a point between P(1,0) and Q(e,1) on
the graph of y =Inx such that the tangent to
the graph at that point is parallel to the line
through points P and Q. The x-coordinate of
this point is

f(x)=Inx

f=0 — point (1, 0)
f(e)=1 — point(e, 1)
fle)-f@)_1-0_ 1

e—1 e—1=e—1

Slope of secant =

x=e—1

One value of ¢ ininterval [ 1, e]

550. Answer is B.

Let £ be a continuous function on the interval
[-1,3] If f(-1)=9 and f(3)=1, thenthe
Mean Value Theorem guarantees that

f(x)=f(x)

f(-)=9  — point(-1, 9)
f3)=1 > point(3,1)
SRS _1-9

Slope of secant = )
3-(-D 4
f(x)=f(x)
f'(x)=-2 atsomepoint x=c

f©)=-2

One value of ¢ ininterval [-1, 3 ]




551. Answer is D.

If f'(x) exists forall xand f(1)=10 and
f(8)=-4 then, for at least one value of ¢ in
the open interval ( 1, 8), which of the following

must be true ?

f(x)= f(x)
f()=10 —> point ( 1, 10)
f(8)=-4 — point ( 8,-4)
Slope of secant = fE-f) _—4-10__,
8-1 7
f(x)= f(x)
f'(x)=-2 atsome point x=c¢
| f©)=-2 |

One value of ¢ ininterval [ 1, 8 ]

552. Answer is E.
f(x) is adifferentiable function with

f@M=-3 and f(5)=4 Which of the
following must be true ?
f(x)= f(x)
f(=-3 — point ( 1,=3)
f(5)=4 — point ( 5, 4)
Slope of secant = fO-SM _4-C3) 7
5-1 4 4

f()=f(x)

f'(x)=1 atsome point x=k
k=1
One value of k ininterval [ 1, 5 ]




553. Answer is B.

Let £ be a continuous function on the interval
[-2,4] If f(-2)=3 and f(4)=-3, then

the Mean Value Theorem guarantees that
f(x)= f(x)
f(=2)=3 — point (-2, 3)
f4)=-3 — point ( 4,-3)
Slope of secant = S@-f(2)_-3-3
4-(-2) 6
f(x)= f(x)
f'(x)=-1 atsome point x=c
f(e)=-1
One value of ¢ ininterval [ -2, 4 ]

=-1

554. Answer is B.

4y A
T V.
| 3|_|
1 | ]
\
2] {
_ ) run=>0 < Hse = —6
\ X
{0 - >
~ /
A
\l
\ V4
T .-('
i\

There is a point between P(-1, 1) and Q( 7, 3)
on the graph of y =+/x+2 such that the line
tangent to the graph at that point is parallel to

the line through P and Q The coordinates of this
point are

f(x)=~+x+2
fD=1 — point (-1, 1)
f(=3 — point ( 7, 3)
Slope of secant = JD-f=) _3-1_1
7-(-1) 8 4

f(x)="x+2=(x+2)

fl=txryt=o=1

One value of ¢ ininterval [ -1, 7 ] orat
the point ( 2, 2)




555. Answer is D.

If £ is a differentiable function where
f(0)=-1 and f(4)=3 then which of
the following must be true ?
I thereexistsa cin [ 0, 4] where f(c)=0
(from sketch) must be true M
I thereexistsa ¢ in [ 0, 4] where f'(c)=0
(from sketch) could be true [
II1. there existsa c in [ 0, 4] where f'(c)=1
(from MVT)  must be true M

f(x)=f(x)
f(0)=-1 — point ( 0,-1)
f@4)=3 — point ( 4, 3)
S@O-fO_3-CD_,
4-0 4
f()=f(x)
f'(x)=1 atsome point x=c
fle)=1

One value of ¢ ininterval [ 0, 4 ]

Slope of secant =




556. Answer is D.
Let £ be a continuous function on the interval
[-1, 9] If f(-1)=2 and f(9)=7, then
which of the following are necessarily true ?
I. f'(c)=1 for some ¢ between —1and 9
must be true MVT M
II. f(c)>0 forall ¢ between —1and 9
could be true X
III. f(c)=5 for some ¢ between —1and 9
must be true sketch M

f(x)= f(x)
f(-1)=2 — point (-1, 2)
f9)=17 — point (9, 7)
Slope of secant = fO-jCE) _7-2_1
9—-(-1) 10 2
f(x)=f(x)
f'(x)=1 atsome point x=c
fl©e=7

One value of ¢ ininterval [ -1, 9]

557. Answer is B.

The point ( ¢, f(c)) on the curve f(x)= Jx
between x=a=0 and x=b=4 that satisfies
fi(x)= S(b)- f(a) is
b—a
f)=+x
f(0)=0 — point ( 0, 0)
f4)=2 — point ( 4, 2)
Slope of secant = SO-/O _2-0_1
4-0 4 2
f)=Vx=x'
fl)=4x"=g-=1
2Jx =2
Jx=1
One value of ¢ ininterval [ 0, 4 ] at point ( 1, 1)




558. Answer is C.

Let f(x) be adifferentiable function defined
only on the interval —2 < x <10 The table gives
the value of f(x) and its derivative f'(x) at
several points of the domain. The line tangent to
the graph of f(x) and parallel to the segment
between the endpoints intersects the y-axis at the

point
f(x)=f(x)
f(-2)=26 — point ( 0, 26)
f(10)=2 — point ( 4, 2)

f@-f(0) _2-26 _
10— (-2) 12
f(x)=f(x)
f'4)=-2 «fromtable
f(4)=23 <« point ( 4, 23) table
rise _ -2 _y-23

Slope=——
run 1 x—4

y—23=-2x+8
y=-2x+31| <« tangent

Slope of secant =

One value of ¢ ininterval [ -2, 10 ]

y-intercept of tangent to £ at point
(4, 23)is (0, 31)




559. Answer is E.

A function £ is continuous for 0< x <5 and

differentiable for 0 < x < 5. Given that

f(0)=-2 and £(5) =3, which of the following

o

statements must be true ?

v

I f'(¢)=1 forsomec suchthat 0<c<5 — £(x)=0
must be true MVT BN
IL f(c)=0 forsome ¢ suchthat 0<c<5 | flx)=-1

sketch graph must be true M

III. f(c)=-1 forsome ¢ suchthat 0<c<5

sketch graph must be true M

f(x)= f(x)
£(0)=-2 — point ( 0,—2)
f(5)=3 — point ( 5, 3)
fO-fO _3-(=2) _,
5-0 5
f(x)= f(x)
f'(x)=1 forsome x=c¢
fo)=1

One value of ¢ ininterval [ 0, 5 ]

Slope of secant =

560. Answer is C.

Consider the function f(x)=+/x-2 On what
intervals are the hypotheses of the Mean Value
Theorem satisfied ?

Domain of function > x>2
.. end points of interval must both be > 2
[0, 2] E
[1,5] =
[2,7] &
none of these




561. Answer is D.
Consider the following graph of f(x)= xsinx

on the domain [—4, 4] How many values of ¢ in

(—4, 4) appear to satisfy the Mean Value Theorem
equation ?

f(x) = xsinx = (—x)sin(—x)
(note symmetry with respect to y-axis)
f(-4)~-3 —> point (—4,-3)
f(@)~-3 — point ( 4,—3)
f@-f(4) _3-(-3) _
4-(—4) 8
f(x)=xsinx
f'(=2)=0 <« fromgraph
f'(0)=0 <« from graph
f'(2)=0 <« fromgraph
|x=-2,0,2|

values of ¢ ininterval [ —4, 4 ]

Slope of secant = 0

562. Answer is A.

The function f(x) is continuous on the closed

interval [-3, 5] and differentiable on the open

interval (-3, 5). If f'(x)> 0 over the interval

and if f(-3)=—-4 and f(5)=12, then f(-1)

cannot equal

f(x)=f(x)

f(-3)=-4 — point (-3,-4)

f(5)=12 — point ( 5, 12)

¥

fG)-f(=3) _12-(-4) _

2

Slope of secant =

5-(=3) 8

f'(x)>0 means f(x) always increasing

f(-1)=-1, 4, 5, 10

f(=1)#-6 | > f(x)is increasing over [—3, 5]

-
(=n]



563. Answer is E. Difficulty = 0.80

The function £ is continuous and differentiable on the
closed interval [ 0, 4] The table gives selected values
of f on this interval. Which of the following statements
must be true ?

Sketch graph of points in table !!!
The minimum value of £ on [ 0, 4] is 2
could be true [
The maximum value of f on [ 0, 4] is 4
could be true [
f(x)>0 for 0<x<4
could be true [
f'(x)<0 for 2<x<4
could be true [
There exists ¢ with 0< ¢ <4 for which f'(c)=0
must be true MVT ™
£(0)=2 —> point ( 0, 2)
f(d)=2 —> point ( 4, 2)
f@-fO)_2-2_
4-0 4
f'(x)=0 foratleastone x=c¢
Mean Value Theorem

At least one value of ¢ ininterval [ 0, 4 ]

Slope of secant =

564.

|Mean Value Theorem| —> for integrals (text page 283)
If f(x) is a function that is continuous on [a,b], there exists a number ¢ [a,b]

such that j ’ f(x)dx=(b-a)f(c) or ﬁj bf(x)dx =|f(c)

of f(x)on
fe]




565. Answer is D.

Find the average value of f(x)=2x-x’
on the interval [ 0, 2 ]

1
(b—a)

Ib f(x)dx =f(c) « average f(x)

2
LJ‘Z(Zx—xz)dx=l xz—x—3
2-0d, 2|t T3,

e

W | N

566. Answer is C.

Find the average value of f(x)= Jx
on the interval [ 1, 4 ]

1
(b—a)

3 4
14 o 12 2p e
L R Y g
4—1.“1 (%) 3[3}1 9[x1

=§[8—1]= —

Ib f(x)dx =f(c) « average f(x)

567. Answer is A.

What is the average value of y =3¢ —¢
over the interval —1<¢<2

L
(b-a)

2 4 372
L j 3t3—t2dt=l|:3i—t—:|
2-(-1)J 4 34 3]

jb f(x)dx=f(c) < average f(x)

o

M

Al

X
b >
,!{.
f \
I \
/ \
111 o i)
b k']
,-,"'].?
et """-?
| s
| R x
] 1 ] r.’
X
2 /T\ >
14 5




568. Answer is B. 'y

The average value of J3x on the closed f,f:-?
- - E .-ﬂ‘"i
interval [ 0, 9] is 5 T
1 [ ‘_,/“
-2 j f(x)dx=f(c) « average f(x) [ * -
—a) ).
1 9 1 2(3 ); 9 5 %%%
1 1 _ X)’
90}, TGV OE= 27[ 3 L ) § %%
= e
= a[27(36 )] 1

1001 2 3 4 85 & 7 o2 3 10 11

569. Answer is A.

What is the average (mean) value of 3¢° —¢?
over the interval —1<¢<2

b
(b—a)

! J‘23t3—t2dx=l|:3—t4—ﬁi|
2-(-1)J 304 3],
_1 (ﬁj)_(i_—_l]
3/l4 3) 4 3
() ()52
3|l 12 12)] 3l12) | 4

The average value of Jx over the interval
0<x<2is

I ’ f(x)dx=f(c) < average f(x)

570. Answer is C.

; j ’ f(x)dx=f(c) « average f(x)
(b—a) a

1 2] 1[Z8] [ 242
mfﬁ"xﬁ[s}o:z{ 3 }

L 3



571. Answer is A.

The average value of f(x)=x’vx*+1 on
the closed interval [ 0, 2] is

1
(b-a)
1
(2-0)

I ’ f(x)dx=f(c) « average f(x)

1

2

=1[2(x3+1)12

2 2
I XX +1 dx=—GM (x* +1)*(3x?) dx
0 0

=%I (D G d

Sl -o]

6 3
0

1 172
=gleen] -
1 26
_5[27—1]_ >

572. Answer is C.

What is the average value of y for the part of
the curve y=3x— x> which is in the first

quadrant ?

1 j ’ f(x)dx =f(c) « average f(x)
(b—a)d .

In the first quadrant?  y=3x—-x>=0

x(3—-x)=0
[0, 3] interval « x=0|3=x
3 2 373
#J‘ 3x—x? dx=l 3x _x
3-0)Jo 3| 2 3],
2 7

Il
Q| =
7~ N\
ST

|
u|N
~—

Il
G | =
1

[\®]
>N
L1

Il
N | W

Difficulty = 0.60




573. Answer is B.

The average value of the function y=+/2x+1 from x=4 to x=12 is

L9 12
1 n , 1] 202x+1)} 1 1 49
[ Trexsnt@a=L| 22D =—|:(2x+1)2] =—[125-27]=| =
12-4J . 6] 3 | Y 12
5“’
- =
.-—-"""__——-_
1 =
LT EE
G e :
1 0 1 2 3 4 5 G 7 a 9 10 11 12 13..-

574. Answer is C.

The average value of the function y = 3x*
over the interval 1<x<3 is

1 j " Fx () «average £(x)
(b - a) a

1

3-1J:

3
1

33 de—l 3
Vv =[]

[27-1)=[3]

575. Answer is D.

The average value of the function
f(x)=3x"—4 from x=2 to x=4 is

L j ’ f(x)dx=f(c) « average f(x)
(b—a) a

1 ! 2 1r 4
E , 3x —4dx=5|:x —4x:|2

%[(64—16)—(8—8)]

~[48]=[24]




576. Answer is C.

The average value of the function
f(x)=4x’—-2x overtheinterval 2<x<3 is

_ I ’ f(x)dx=f(c) < average f(x)
(b—a) a

1 4x3—2xdx=|:x4—x2:|3
3-2J: 2

=[(81-9)-(16-4)]

=[72-12]=[ 60 |

577. Answer is C.

What is the average (mean) value of 2¢° —3¢* + 4
over the interval —1<¢<1

; j ’ f(x)dx =f(c) « average f(x)
(b—a) a

! 1| ¢ 1
I Q-3 +4)dx=—|——1 +4¢
4 2| 2 ,

sl G

21{1_14.4_5—”4}——[6] [3]

212

1-(=1)

578. Answer is E.

1
The average (mean) value of — over the
X

interval 1<x<e is

b )I f(x)dx=f(c) < average f(x)

1 1
1o
e—1J1 x e

|
[y




579. Answer is A.

The average value of f(x)=e**+1 onthe
interval 0<x<7 is

(b— )I f(x)dx=f(c) < average f(x)

2x

I (e (2)+)dx = 2[IZX+x]i
=2[(te+H-(E+0)]=[e]

580. Answer is C.

If f(x)=+/x—1 then the average value
of f overtheinterval 1< x<5 is

I f(x)dx=f(c) < average f(x)

I (e— D) e — [Hx nq
A

1 4
=st0=|5

(b—a)

581. Answer is D.
The average value of (3x+1)* on the interval
-1 tolis

(b— )Ib f(x)dx=f(c) < average f(x)

j Bx+ )dx——(%)j 1(3x+1)2(3)dx

1[@x+? ]
6l 3 |

= [o4--8)]=[4]

1- (n




582. Answer is D.

What is the average value of f(x)=e**

over the interval [ 1, 4 ]

#J‘ ’ f(x)dx=f(c) < average f(x)
(b-a)d.

4 4
L"‘ e dx = 171 I e’ (2) dx
4-1J. 3 2/J

1r ,. 8
=[]

583. Answer is D.

The average value of y=(2x+5)’ over the
interval [ 1, 4 ] is

b%).“ ’ f(x)dx=f(c) < average f(x)

I (2x+5) dx= (M (2x+5)°(2) dx

=13 =74 =[1090]

584. Answer is B.

The average value of the function f(x)=(x-1)*
on the interval from x=1 to x=5 is

L j ’ f(x)dx=f(c) < average f(x)
b—a) a

_[ (x—1)? dx= {(" l)}

1
=—@-0)=| —
7 )

_1j@ex+5' | 1 T
_6{—4 l 24[(2x+5)]1



585. Answer is A.

The average value of e** on the interval
[0, 4] is
1 ’1 3 1 ;.74
—\| 3eB)dx=—|e"
4—0.‘-(,3 ) 12[ ]0
Irn
=§[" -1]
_ e12_1
12

586. Answer is D.

1 .
The average value of — on the closed interval

X
[1, 3] is
1 j " f(x)dv =f(c) < average f(x)
(b—a)d .
1 . | 1 3 1
1l ;dx_E[lnx] ) _E[ln3—ln1]
_| In3
2

587. Answer is C.

b
If I f(x)dx=8, a=2, f iscontinuous,

and the average value of f on [ a, b] is 4,
then b=

_1 I ’ f(x)dx =f(c) « average f(x)
(b-a)d.

1 b
= R
1
8=4(b-2)
2=bH-2

F
175000

150000

125000

100000

75000

50000

25000

=




588. Answer is E.
The average value of a continuous function

f(x) on the closed interval [ 3, 7 ] is 12

7
What is the value of I f(x)dx
3

U f(x)dx=f(c) «average f(x)
(b—a)d .
| Fdx=

f(x)dx =

1
4
l o
4
3 f(x)dx=]48]

589. Answer is E.

The average value of f(x)=x’ over the
interval a<x<b is

1 I ’ f(x)dx=f(c) < average f(x)
(b-a)d.

b 47® 4 4
1 J‘ e 1| x _ b —a
b—a b—a| 4 | |4b-a)

a




590. Answer is B.

If the average value of y = x’ over the interval

[1,b]is ? then the value of b could be

1 b
mj S(x)dx =f(c) <« average f(x)

LJ"&xZalx—L Sl
b-1J1 _b_l 3 1_ 3
L [p 1B

b-13 3| 3

1 [po1] 13

b-1 3 | 3
Tb\Q(b2+b+1)=E
Ao~y 4
b*+b+1=13

b +b-12=0
(b+4)(b-3)=0

b=~-4

591. Answer is C. Difficulty = 0.46

On the closed interval [ 2, 4] which of the
following could be the graph of a function

4
f with the property that ﬁ j f()dt =1
- 2

Average value of the function on interval [ 2, 4]

4
ﬁ I f(t)dt =1 therefore the area under
- 2

4
the curve I f(t)dt =2
2



592. Answer is B. N Ay A
] 3 \
Find the average value of f(x)=x"-2 \ {!
onthe interval [ 0, 2 ] \ z
2 : \ /
LJ' (= 2)de =1 X 2k /
2-0Jo 2 x
0 j -
18 2 HEISEE
=—|—4|=| —— TaTaT
213 3 4
h r
593. Answer is C.
The average value of the function f(x)= e on the closed

interval [-1, 1] is

1 2
Average value = % I e dx=|0.746824

594. Answer is B.

JECxIgx=1 492EYBE

The average value of the function f(x)=1In’ x on the interval [ 2, 4] is
1 b
T j Cfix=£ (@)
[ v ac 1200
b IO Flokl Plokz Plobz
wmmin=a IR CIRCRINE
mmax=5 wHWe=
mecl=1 W=
Ymin=-2 wWy=
Ymax=ga wHe=
Yo l=1 ~ME= |
Aares=1 wa= SECodx=2. 40BE7E

595. Answer is B.

The average value of the function y =e*
on the interval from x=-2 to x=2 is

1 : 15 . 1 )
2—(—z)j_ze dx:z[e ]: =z[e2—e 2]: ~1.8134




596. Answer is B.

597. Answer is B.

Find the average value of f(x)=3/x+3
on the interval [-3,-2]

-2

_2_;(_3)_[:(% 3y dx = %[(H 3]

-3

3 3
= — 1— =| —
4[ 0] 4

598. Answer is B.

What is the average value of the function

f(x)=

= onthe interval [ 0, 2]
x" +1

; I ’ f(x)dx=f(c) < average f(x)
(b—a) a

1 2 1(1 22
I = dx=——j = _dx
2-0J ¢ x"+1 2\ 2 0o Xx“+1
1

- Z[1n(x2 ]

599. Answer is D.

If f(x)=2+|x| find the average value of the
function f on the interval —1<x<3

3 1 geogf‘tric 3
2+4|x|dx==| 13
3—(-1)Jd 4

-1

_ ln5;ln1 ~

o

M

.TH

M

(a5



600. Answer is C.

If the position of a particle on the x-axis at time ¢ is —5¢*, then the average velocity of the
particle for 0<¢<3 is

_ _&42
x(1) =5t Average velocity = L‘.‘3—10t dt = %[—512} : = l[_45] =

v(£)=—10¢ 3-0Jo 3

601. Answer is E.

If £ is the continuous, strictly increasing function ¥y
on the interval a < x < b as shown, which of the ] _ j-U;‘j
following must be true ? -;*f’l; ;:‘“.//
b < R [
[ et | |
L. I f(x)dx < f(b)(b—a) fla)] , i '
d Aol
I dx > b- S -X
[ rwaes r@o-a S
b
111 I f(x)dx = f(c)(b—a) for some
number ¢ suchthat a<c<b

Look at choices carefully and rearrange !!!
(question about MVT for integration/average value)

1
I o). f(x)dx< f(b) ™
1 [ _
IL -l f(x)dx> f(a)
1 [
1L o). f(x)dx=f(c) ™

Mark f(b) and f(a) and approximate f(c)
on the graph and notice all statements are TRUE

602. Answer is B.

4 6
If £(x) isa continuous and even function and I f(x)dx=-5 and I f(x)dx=2 then
0 4

the average value of f(x) over the interval from x=-6 to x=4 is

1 34+(-
Fode =21 _[Hog]

4—(-6)J-¢ 10

603. Answer is C.

I ™™ cos x dx =




604. Answer is B.

J‘(secz x+secxtanx) dx =

J-(seczx+secxtanx) dx=| tanx +secx+C |

605. Answer is E.

b4

4
j tan xsin xcot xcsc x dx =

n
3

V2 (4

e N ES R

1 1 tanx

n
3

606. Answer is C.
I sin7x dx =

Isin7x dx=—%j (—sin7x)(7) dx = —%c0s7x+C

607. Answer is E.

/4
4

I cos’ xsin xsec xdx =
0

| -

}dx=J‘f[sinx]%cosx)dx:[%}g: @_ﬂ =

2
2 2

0

oy 1
cos™ xsin x
-[0 [m

608. Answer is C.

I cos(4x+7) dx =

I cos(4x+7) dx =%J‘ cos(dx+7)(4) dx = %sin(4x +7)+C

609. Answer is D.
j cos3xdx =

1 1
jc0s3xdx=§I cos3x(3)dx = gsin3x+C




610. Answer is A.

j tcos(2t) dt =

1 1
j tcos(2t) dt =§j cos(4¢>)(8t)dt = gsin(4t2)+ C

611. Answer is E.

j sin20d0 =

jsin20d9=—%“‘—sin29(2)d0= —%c0s20+C

612. Answer is D.

J‘ du _
cos’ 3u

I dzu =1“‘sec2 3u(3)du = Lian3u+c
cos"3u 3 3

613. Answer is E.

Itan9d9=
jtanﬂdﬁ:_f s"‘"dﬂ:-j —SI9 4o = —In|cos6]+ C
cosO cos0
614. Answer is C.
e
sin’ 2x
1 1
J‘ d;x =——I —cse’2x(2)dx=| ——cot2x+C
sin” 2x 2 2

615. Answer is B.

I cot2u du =

IcotZudu=I °°Sz”du=1j €05262) 4y =| Linfsin2u]+ €
sin2u 2 sin2u 2

616. Answer is B.

I cos0e™ do =

I ™’ cos0do = m



617. Answer is C.

I e sine®® do =

1 1
J‘ezesinezed(J:—EJ‘ —sine®(2¢**)d0 = —Ecose2°+C

618. Answer is B.

I4sin20d9=

0

¥ 1% 1 ;1 1
I sin20d9=——j —5in20(2)d0 = ——[cos20] = ——| cosZ—cos0 |=——[0—1] =
2 2 © 20 2 2

0 0

619. Answer is D.

SN

I cos’0sin0d0 =

0

_I :[cos 0] * (~sin0)d0 = —%[cos3 9:| : = —%[cos"’ 7 —cos’ 0:| = —%[(—1)3 - (1)3] =

W | N

620. Answer is E.

J"ﬂ’ cos 0 40—

o 1+2sin0

1I Fﬂalﬁ:l[1n|1+2sine]%=l In |1+ 2sin 2|~ In|1 + 2sin 0|

2J 0 1+2sin0 2 o2 6
=%[1n2—1n1]=%[1n2—0]= In2

621. Answer is C.

Ycos2x
I — dx =
= sin” 2x

%J‘Z[Sinzx]_z(coszx)(Z)dx=_%[sm2x]_l=_1{ 1 ]4=_1[L_ 1 }

2| sin2x




622. Answer is A.

j "sin’0cos0 40 =

4

S fsinte]® L (Y|, [3
L[sme] (cose)d9—|: 2 } _4[1 (ﬁj}—“(l 1) = "

623. Answer is E.

I xcos x’dx =

1 1
J‘xcosxzdx=EJ‘ cos x*(2x)dx = Esinx2+C

624. Answer is B.

jzcotxdx=

Y

7 cosx )
I - dx=|:ln|s1nx
= sin x

:|3=[ln

.
sin—|—In
2|

sin%” = {lnl—ln%} = |:0—ln 2“:| =

625. Answer is A.

j cos’ xsin x dx =

3
ICOSZxSinxdx=—I [COSx]z(—sinx)dx= _cos x+C

626. Answer is D.

Difficulty = 0.58

z

4
j sin xdx =
0

wl&

J-OAsinxdxz—J‘OA—sinxdxz—[cosx];‘:=—|:cos%—c0s0:|=—[%—1}= 1-

627. Answer is B.

|Difficulty = 0.65

I x?cos(x’)dx =

j x* cos(x’)dx = %J‘ cos(x*)(3x?)dx = %sin(x3) +C




628. Answer is A.

7Cosx
j - dx =
z sinx

I teosx dx =[ln|sin x|]

= [ln|sin§| - ln|sin%|:| = [0 - ln%:l =-Inf= ln(%)_] =| In\2

ENCISTY

z sin x

629. Answer is D.

I sin(2x + 3)dx =

1 1
j sin(2x +3)dv=—— I —sin(2x+3)(2)dv = ——cos(2x+3)+C

630. Answer is B.

j tan(2x)dx =
j tan(2x)dx=—lIde= ~Linjeos2:]+C
2 cos(2x) 2
631. Answer is D.

_[ "sin(3x) dx =

0

105 . 1 1 1 2
_EL —sin(3x)(3) dx =—§[c0s(3x)] P = —E[cosn—cosﬂ] = —5[—1—1] =3

632. Answer is C.

sin(2x + 3)dx =

sin(2x + 3)dx =— % j —sin(2x+3)(2Q)dx = — %[cos(Zx +3)]+C

633.

Volume Disc V=nI:[R(x)] * dx V=7rjc"[R(y)] > dy

Vv v
horizontal axis of revolution vertical axis of revolution

Volume Washer V =z '[R(x)]* ~[r(x)] dx=z[ [R()] dx~z [ [r(x)] dx
\4 A4 vV %,—J

outer inner disc hole

Volume Cross Section V = j. b[triangle,square, semicircle]dx




634. Answer is C.

An integral for the volume obtained by revolving,
around the x-axis, the region bounded by

y=2x—x* and the x-axis is

y=2x—-x"=0
x(2-x)=0

x=0|2=x

x-intercepts 0,2

2
vOlume=nJ' (2x—x*) dx
0

635. Answer is C.

The region enclosed by the x-axis, the line
x =3, and thecurve y= Jx s rotated
about the x-axis. What is the volume of the
solid generated ?

Volume = nj

636. Answer is C.
What is the volume of the solid generated by

revolving the area bounded by y=¢e"*, x=0
and x =1 about the x-axis.

nj l(ex)zdx=§j le“(Z)dx

2,

=§[e2—1]= %(ez—l)

| Difficulty = 0.58 |

y=yx
e

¥




637. Answer is D.

If the region enclosed by the graphs of y=+/x-1,

x =4 and the x-axis is revolved about the
x-axis, the volume of the solid generated is

4

Volume=7rj ( x—l)zdx

1

4 2 4
Volume=ﬂj (x—l)dx=rr|:x7—x}
1

1

=[B-9-¢-n]=| =%

638. Answer is C.

What is the volume of the solid obtained when

the region bounded by x=4, x=9, y=0,

and y = Jx s rotated about the x-axis ?

9

Volumezzrj

(\/;)2 dx=7zJ‘ 9x dx

4 4

71’ 81 16) | 657
=T\ — = ———|=| —
2 |, 2 2 2

639. Answer is B.

Find the volume of the solid formed by rotating

the graph of x*>+4y* =4 about the x-axis.

4y’ =4-x*
yi=1-%
y=yl-%

T ] : >
AT EN
_E..
&
E..
y=ix
4..
=
2..
U 2 HHE '
b
_4.. -
_E..
% %
5
¥ 1 >

M

oo




640. Answer is D.

Which definite integral represents the volume
of a sphere with radius 5

Circle at ( 0, 0) with radius 5

x*+y*=25
y'=25-x’
y=+25-x"
5 2
Volumeznj (\/25—x2) dx
-5

5
=27zj (25— x?) dx
0

641. Answer is B.
What is the volume of the solid obtined by

rotating the region bounded by y =1-x?
and y =0 about the x-axis ?

1
Volume = nI (1= x*) dx
-1

1
_ 27:_[ (1-2x" + x*) dx
0

i 3 57! r

2 1
=2z x-22+ | =2z1-242
35 35

L Jd0
[15-10+3] | 16z
15 | |15

=2

642. Answer is C.

Which of the following integrals represents the
volume of the solid obtained by rotating the

region bounded by the graph of y = —Jx, the
x-axis and the line x =4 about the x-axis ?

(—\/;)zdx=7rJ‘ v

0

4

Volume = ﬂ'j

0

T
1]

:

al]




643. Answer is A. 4

The region bounded by y = X', x=0, x=1,
and the x-axis is revolved about the x-axis. In ai y=x
terms of cubic units, what is the volume of the R
solid generated ?

1

Volume = nj (x
0

w\-N
I
3
'—‘
=

644. Answer is C.
The region in the first quadrant bounded by

the graph of y =secx, x=% and the

axes is rotated about the x-axis. What is
the volume of the solid generated ?

05 | im

B z
Volume=7£J- seczxdx=n[tanx];
0

= n[tan%— tan 0]

-[z] v

645. Answer is B. | Difficulty = 0.24

The volume of the solid obtained by revolving &

the region enclosed by the ellipse x*+9y* =9
about the x-axis is

x’+9y*=9
9y’ =9—x’
y=1-%
y=yl1-5

3
Volume = 7:_[ (y1-%-) dx
-3

e 3

=2z| 1-1x’dx

=22[3-13(3)]=[4z]



646. Answer is C.

The areabounded by y=e", x=-1, x=1
and the x-axis is revolved about the x-axis.
The volume thus generated is

nj l(e")zdx=§j lez"(Z)dx

27,

647. Answer is C.

What is the volume of the solid generated by
rotating about the x-axis the region enclosed
by the curve y =secx and the lines x =0,
y=0and x=%

E4

3 x
Volume = ﬂ'J‘ sec’ xdx =7r[tan x] .

0

= ﬂ[tanf—tanOJ = ﬂ\/§

648. Answer is C.

Which definite integral represents the volume
of a sphere with radius 2

Circle at ( 0, 0) radius=2

x’+y =4
y2 =4_x2
Radius y= « usedx

4— x*
Volume = nj (
-2

=2ﬂjo(4—x2)dx

X
} } -
-B 3 £
| 3 x
} i - -
—-1n f,--DHESﬂ L Hj{ :ﬁ im
i -21 :
A BN | :
4
o,
)
o %
X
l:l .-

LAE]

f=




649. Answer is A. Ay
The volume of a solid generated by revolving

the area bounded by x=-1, x=1 and y=¢"
about the x-axis is It

% I e de="" I e (“2)dx
- 2 -1 -: -: %\ﬁ—. * > i

it}

_ -7T -2 2 L, _3..
=—|€e —e 1
7o |
ﬂez 2 2 Tl'ez ,II
=— | £ |=| Z—/—(1-L1 '
S5 ]=| 5 a-H v sl
650. Answer is B. 4y
The volume of the solid formed by revolving 11

2
-

the region bounded by the graph of y = (x-3)’
and the coordinate axes about the x-axis is
given by which of the following integrals ?

My = O O

Volume = ﬂj03[(x—3)2]2dx

=

= ﬂIOS(x—S)"dx

I'\!lu.EZIl- L= =T = T I'\_'l':.
-

i I 'Y

651. Answer is D.
What is the volume of the solid generated by E'-'-"-"
revolving the region bounded by the x-axis

and the graph of y=4x—x* about the x-axis ? )
. : I AN
Zeros of function y=4x—x"=0 Filetaltetety
R A
it
x(4-x)=0 Loy
AR
St X
x=0|4=x } + .
6 3 B

o 4
Volume=z| (4x-x*)"dx
Jd 0
e 4
=xz| (16x*-8x’+x*)dx
0

[ 16x° x5i| Y s12z

15

—2x'+—
3 5

=7

0



652. Answer is A.
Let R be the region in the first quadrant 3;'}_1:
bounded by the x-axis and the curve

y=2x—x* The volume produced when
R is revolved about the x-axis is

Limits of integration 2x—x*=0
x(2—-x)=0

x=0|x=2

2
Volume = ﬂj 2x—x*)dx
0

2
= ﬂ'j (4x* —4x* + x*)dx

4x’ iy x°
V4 X' +—
3 5

_[32_ 6,32 162
3 5] [ 15

653. Answer is A.

The region in the first quadrant between the
x-axis from x=0 to x=3, and the graph
y = x, isrotated about the x-axis. The
volume of the resulting solid of revolution is
given by

3 3
V0|Ume=ﬂ'j (x)zdx=J‘ wx’dx
0




654. Answer is B.

Find the volume of the solid formed by
revolving the region bounded by y = x?,
y=1, and x =2 about the x-axis.

Volume = ”I IZ(R)2 —(r)dx =

2 2
ﬂj )Y -Mdx=n| x°-1ldx
1 J 1

= 5-x],

=7 (G-2-(-1]
=g[B-2-1+1]

7

= gl122 _ 1= 120
—7r|:7 1:|—77r

655. Answer is E.

Find the volume of the solid formed by
revolving the region bounded by the graphs
of y=—x"+4 and y=0 about the x-axis.

2
Volume = nj (4-x*)dx
-2
2
= z;zj (16—8x+ x*)dx
0

=2z[16x-4x* + 2]
=27[32-16+%]
=27[16+%]=18 7

5

fas)

F
12..

hole

L 2

il




656. Answer is C.

2 2 1‘ ¥
. X ¥y ] 4
The ellipse 7+? =1 isrevolved around
the y-axis. The number of cubic units in the -
resulting solid is a
9x’+2y’ =18 g
2 2 X
9x"=18-2y 1 - = llr
x'=2-1y° I :. g
x=,/2-%y* k

f)=\2-2y" « y-axis =

y-intercepts are y =13

3 2
Volume=ﬂj_3(w/2—%y2) dy « y-axis

E. N

3 217 3
=2nj0(2—%y2)dy=2n[2y— zﬂ ~[8z]
0

657. Answer is B.

The region R in the first quadrant is enclosed 8?_1?
by the lines x=0 and y =35 and the graph

y=x"+1
of y=x’+1 The volume of the solid generated &1
when R is revolved about the y-axis is

Ak
b
Il
LY ]

y=x"+1
y—1=x’

,[y—l:x X
s £ 5432391 >
Volumezzrj Wy-1D'dy <« y-axis
1

5 X 5 _2.-
=ﬂ'J‘ y—ldy=7r|:y7—y]
1 1

_4.-
=7[(3-9-G-1]=[82]




658. Answer is A.
If the region enclosed by the y-axis, the line

y=2 andthecurve y= Jx is revolved about
the y-axis, the volume of the solid generated is

y=x

Volume=z| (y*)dy <« y-axis
0

659. Answer is C.

The volume of the solid generated by
revolving about the y-axis the region bounded

by the graph of y = x*, the line y=1 and
the y-axis is

Jy=x

1 2 1 5 .
VO|Ume=ﬂ'J‘ (%/;) dy=7rJ‘ yidy <« y-axis
0 0
sl
3 3
5 . 5

660. Answer is A.
What is the volume of the solid obtained by

rotating the region under the graph y=+/x’ +1
between x=1 and x =2, around the x-axis ?

2 2
VOIume=ﬂI (\/x3+1) dx=7rj
1

2
x+1dx

1

Difficulty = 0.30




661. Answer is D.

662.

A solid is generated when the region in the first
quadrant enclosed by the graph of y=(x*+1)°,
the line x =1, the x-axis, and the y-axis is
revolved about the x-axis. Its volume is found by
evaluating which of the following integrals ?

Volume=z| ((x*+1°) dx=7 1(x2+1)6dx-
J (@ e) iw=af

1
0

Let R be the region in the first quadrant that

is enclosed by the graph of y = tan x, the

x-axis, and the line x=%

a) Find the area of R

b) Find the volume of the solid formed by
revolving R about the x-axis.

5 5 —sinx
a) Area=j tanxdx=—j dx
0 0 COSX

= —|:ln|c0s x|:| f
= —|:ln|c0s§| - ln|c0s 0|:|

=—|:ln%—ln1:|=

b) Volume=ﬂj‘ Stanzxdx=7rJ‘ " sec? x—1dx
0

0

=7z[tanx—x]§= n[\/g—ﬂ

[
M2

(=]

E: N

X
s | b _.ﬂllj_ >
L:IJ 12 E:.r’
A 4 i‘
f 5
]
/ :
IS § :
' x
-
6 'J_ 0. m
/L)
AL,
/ L4
Wl =
¥ = ¥



663. Answer is C.

A
F/a

The volume generated by revolving y = x’
around the y-axisis (-1<x<1)

y=x’
r=x <« 1

1

Volume = an (y
0

ol

2
) dy <« y-axis

1
=2z ‘[ yidy

0

s1
=2z 3) = L
5 )

0

|

il

r'H

e

Mo




664. Let R be the region bounded by the x-axis, the graph of y= Jx, and the line x =4

a) Find the area of the region R

b) Find the value of A such that the vertical line x=h divides the region R into two regions
of equal area.

¢) Find the volume of the solid generated when R is revolved about the x-axis.

d) The vertical line x =k divides the region R into two regions such that when these two
regions are revolved about the x-axis, they generate solids with equal volumes. Find the

value of &
(a) Y
4
. A =f vrdr
2 0
I:  answer
_ b g8 1 gk 4
il [ Vrder =— | ’[ Vrdr = )f Vrdr l:  equation in h
Jo 3 0 Jo Ih 2
. - ur ) 6 2 1:  answer
Zp32_ 8 PoSpye_ 28 Zpap
3 3 o3 3 3
h=+V16 or 2,520 or 2.519
. . . N xr=
c) V=m [ (T dr = ?r? = B I:  limits and constant
J0
" 3 1:  integrand
or 25,133 or 25,132 1:  answer
_ k | k- 1
(d) = [ (V) de =47 | ?rf (vT)de =m [ (x)? de 11 equation in &
0 ! ] Tk 2
or l:  answer
L2 A i L2 k2
T— =4dm | T— =BT —T—
2 i 2 2
k=v8 or 2828



665.

and y-axis.

Let R be the region in the first quadrant bounded by the graph of y=8-x

a) Find the area of the region R

b) Find the volume of the solid generated when R is revolved about the x-axis.

¢) The vertical line x = k divides the region R into two regions such that when these two
regions are revolved about the x-axis, they generate solids with equal volumes. Find the

3
2

the x-axis and

value of &

() i 2 integeal

A8

L: integrand

i 3

i 1: limit=

J p=H=g

| l: answer

1

1|

|

| (2,0]

(]| 1 1 1 » . g

1 .-'
A =f l:E ) dr
o
D ~elf i Y
= s — e =3l =
d i A -
4 L
(b] V=s / (8 — =¥2)" dz 2 integral
: i 3 1: intugrand
i 576 = 1162 = 361911 L limiss and ronstant
1: mnswer
115.2m Y . S

(2] e L: integral with k in lmits

ri oD
o (2 .'.'.‘!-""] A =
o 2

or

H_Jf;l' (3 E.I,"?}“ Pt [: [g_ II.-'H}i 2

r.l‘:ll

J'ﬂ:n I‘

rh 5 :
FACEST 2k + &) ds = 5.6
d

2
H= ;1':”‘] dr = 576

e
TINELLIL T, B ¢
i 1

k=089 or 0994

3 ¢ 1 pquabes volumes

1: answer

Moie: 0fL for answer in each part if no
setup points earned




666.

Let £ be the function given by f(x)=4x"-x’,
and let ¢ betheline y=18-3x, where € is
tangent to the graph of f. Let R be the region

bounded by the graph of f and the x-axis, and let

S be the region bounded by the graph of £, the
line ¢, and the x-axis, as shown on the right.

a) Show that € is tangent to the graph of
y=f(x) atthepointx=3
b) Find the area of S

£ix)

L B

¢) Find the volume of the solid generated when R is revolved about the x-axis

(a) flz)=8z—3z%; f(3)=24—27T =-3
i) =36-2T=19
Tangent line at # = 3 is
y=—3z—-3+9=—-13r+ 1§

which is the equation of line £,

ib) flr)=0atz=4

The line intersects the paxis at ¢ = 6.
L Sy ay

Area EI:RJI:QJ — fi (4 —z” )dr
= 7.916 or 7.0917

(R

Area — f‘.jfw — 32)— (40 — 2 ))dz
53

[ | =

+ —(2)(18 —12)

= T7.916 or 7.917

i 4, . -
(c) Volume = Eﬁl (40° —2* ) dx

= 1560387 or 400208

| E%]

%]

: finds f(3) and £(3)

finds equation of tangent line

ar

shows (3,9) is on both the

graph of f and line £

¢ integral for non-triangular region

1 : limits

1: integrand

: area of triangular region

- ANSWEer

: limits and constant
: integrand

L ANSWEer



667. Answer is E. Ay

Find the volume of the solid formed by rotating 5 ol -
. ) y=+x+1
about the x-axis the region enclosed by the graph 4,
—
of y= Jx +1, the x-axis, the y-axis and the line
x=4 %
4 X
Vqume=nI (Vx+1)dx = T 0 —
0
Ans#mn AL
rl.209518685
Floktl Flokz Flekz I T HOO
R = LR R o B Arin=g
~Ne= AMER=D
~ha= Ascl=1
~hy= Ymin= -2
whe= Ymax=1H6
~NE= Y=o l=1
~Ne= Ares=l1 FECdx=Z2 6EBEIY
668. Answer is B. Yy
Find the volume of the solid generated when | . ! .lf _,,I= gL
¥y= 1
the region bounded by the y-axis, y=e", L = % "{ =
and y =2 isrotated around the y-axis. =
y=e* )
—_—
Iny=x —] .

L=
for
—

Iny=f(y)

Volume = nj 12[f(y)] *dy < y-axis

2
=ﬂ'I (In y)’dy =| 0.5916
1

(enter integral using the letter x to evaluate)

Mo

LAA]




669. Answer is C.

Find the volume of the solid formed by rotating

the region bounded by the graph of y = Jx +1
the y-axis and the line y =3 about the y-axis.

on

y=x/;+1

y—1=vx

(y-1'=x

y-1D*=f(»)

Volume=ﬂj 3[(y—1)2]2dy

3
=,,j (y—1)*dy =[ 20.106 |
1

¥

on

Arns*m

28. 185819298

Flakl Flokz Flob:
~WMiECE-1 24
~Ner=
W E=
wWy=
wNE=
~WE=
wNe=

W I HOOL
amln=H
Aamax=o
Ascl=1
Ymin= -2
Ymax=2H
Y=cl=1
mres=1

JFCEdx=a.4




670. Answer is B.

-

The area bounded by the curve y=e¢™* and
the lines y=0, x=0 and x=
about the x-axis. Which of the following is
the best approximation for the volume of the
solid of revolution so generated ?

-
="

10 is rotated

—X

10

_x2
V0|Ume=ﬂ'IO [e ] dy

3
1

12374 5 6 7 8 3 1

b &3

Flakl FPlokz Flotz LITHOOL

~MiBe™ —2ED mmin= -2

M= amax=12

~ha= Ascl=1

~Ny= Ymin=-1

“Ne= Ymax=2

“NE= Y=cl=1

“No= mres=1 FFCxIdR=.E
Aris+n

1.3Vave324




671. Answer is C.

The region in the first quadrant bounded above
by the graph of y = Jx and below by the x-axis
on the interval [ 0, 4] is revolved about the

x-axis. Ifa plane perpendicular to the x-axis at
the point where x = k divides the solid into parts

of equal volume, then & =

4 2

(\/Z)de= r{"?} " 87

0

Total volume = ﬂ'j

0

k

2 k
Halfofvolumeznj xdx:”[x_} =4

0 2 .
2
i =4
2
k=8
k=|2.8284

672. Answer is C.

The region bounded by y=¢*, y=1, and
x =2 isrotated about the x-axis. The volume

of the solid generated is given by the integral:

Volume =z [ 2(R)2 —(r)’dx
. (e*)’ —(1)*dx

(e* 1) dx

J 0

a7

&
23y A
y=e
E..
=1
ad X
| hol [+
- iJ‘lJ ) Ll
_E.- “

2+



673. Answer is D.

Let R be the region in the first quadrant enclosed
by the lines x=0 and y=2 and the graph of
y=e* The volume of the solid generated when
R is revolved about the x-axis is given by

o

LY Fd

e

674. Answer is D.

Limits of integration e* =2

Ine* =In2
x=0 and x=In2
In2
Volume = ﬂ'-“ (R)* —(r)’dx
0

_ ﬂ.“‘ 0anI:(z)z _ (ex)z]dx

4—e)dx

The volume of the solid generated by rotating
about the x-axis the region enclosed between

the curve y =3x? and the line y = 6x is given by

Limits of integration

Volume = nj 2(R)2 —(r)’dx
= j :[(6x)2 —(3x7) Jdx

2
=n_[ (36x% —9x*)dx
0

3x’ =6x
3x’—6x=0
3x(x—-2)=0

x=0 and x=2

.

rp

holz

LREET

—n

rf

[AN]

rTH



675. Answer is E.

revolution is

If the region bounded between y = x* and
the horizontal line y =1 is rotated about the
x-axis, the volume of the resulting solid of

Intersection poi

= 27r|:x

676. Answer is D.

ns y=x’
xi=1
x==1

1=y

5 1 1
2 =27z(1——)
5], 5

_[3=
5

Volume = nj'_ll [(RY - (r)* |dx = an OI[RZ —r’|a

= nJ'_l][(l)2 —(x?)’ |dx = Zﬂj:(l—x")dx

about the x-axis

IS represented by

The volume of revolution formed by rotating the
region bounded by y=x’, y=x, x=0, x=1

® 1
Volume=rx
Jd 0
o
=7

J o

X
=7

top bottom
= =

(x)' = (x* ) dx

1
(x* =x%) dx

C X (11
3 7], 37

):

PTH

r



677. Answer is E.

Let R be the region between the graphs of
y=1 and y=sinx fromx=0 t0x=§.

The volume of the solid obtained by revolving
R about the x-axis is given by

Volume = nj %[(R)z —(r)* ] ax

nh S

=7zj0 [(1)2 —(sinx)z:ldx

=7rj %[l—sinz x]dx
0

678. [Find the volume of the solid generated by
rotating the area bounded by y = x* and

x = y* about the x-axis.

x*=+/x
x'=x
x'-x=0
x(x*-1)=0

x=0| x=1 <« intersection points
1
(V) — ()=

Volume = ﬂ'j

0

X
ﬂj x—xdx=ng|—-"—
2 5

1
0 0
1 1 kY3
=7zl —|=| —
10

R




679. Answer is A.

3t ¥ A
Let R be the region in the first quadrant enclosed
by the lines x=In3 and y =1 and the graph of 1 »=¢ %»""'7
y=e* The volume of the solid generated when e——/
R is revolved about the line y =-11is b : ' hole —|-...x
45 | a5 0 15
® In3
VOlume=7Z' Rz—rzdx I . __y=_]_——
. 2 hote
=z| (¢ =1 -(1-(-D)d BRI Gt i R S
o~ I
® In3 T L
=x| (e +1)*-(2)’dx=]5.1282 T xcmis| T
J 0
5l y
Flokl Flobz Flet: Ars+TT
HE1EiE“iHHE}+1}E o. 128238178
=
=
why=
~Ne= -
~ME= JFCxIdx=1.aZ2=B6AY
680. Answer is D. : 2._1_.._1, y=In(x+1)
Let R be the region in the first quadrant that is : /
enclosed by the graph of f(x)=In(x+1), i
the x-axis and the line x =e What is the . e
volume of the solid generated when R is rotated | £ + : o
about the line y=-1

Volume =7z [ e(R)Z —(r)’dx
) e(ln(x+1)—(—1))2 —(0-1)*dx
- “(InCe+1)+1) ~ 1dv ~[ 20.1462 |
Flakl Flatz Flak [
hT1Eﬂ1niH+1h+133 [
wMa= | |
W= [
~Ny= -
wWe= [
M= JFCx3dx=6.41z7cH

Ars+n
28, 14627352




681. Answer is D. i

&
. 1 1
If the region bounded between y =— and the T yr= "
X a4
x-axis between the vertical lines x=1 and 1
X
x =e IS rotated about the line y =-2, the ! i = : 3 -
volume of the resulting solid of revolution is 1 hole
represented by I e -_]-’=—2- I
3 hale —x=2
Volume=r« (R)Z—(r)zdx [P D 111'”]]_1:_'_'.'::.'::::::
J o 54+ o
X4 1 2 5 Bk S |
=z| | == | ~(0-2)dx N
J o\ X I|
_E.. 1
® ¢ 1 2
= —+2 | —4dx
J o\ X

682. Answer is B.

What is the approximate volume of the solid
obtained by revolving about the x-axis the
region in the first quadrant enclosed by the

curves y=x" and y=sinx

Limits of integration  x* =sinx
x=0 and x=0.9286 <« calculator

0.9286
Volume = nj (sinx)’ = (x*)*dx

0

0.9286
= 7[_[ (sin® x — x%)dx ~| 0.4380
0

Flatl Flotz Flot:

“Me=Et3

“MreEsindaEn [
§¥3Eﬂ51nﬂH}h3—H“
~hy=

W ES Inkersgckion
~ME= n=9zB6Z6=1 Y=.H007979E JFCxdx= 19y 70




683. Answer is C.

What is the volume of the solid obtained by
rotating the region between y= 6 and
x+1
y=4—x around the x-axis ?
: 6
Intersections ——=4-x
x+1
6=(4-x)(x+1)
6=4+3x-x’
x’=3x+2=0
(x-1)(x-2)=0
x=1|x=2
Volume = nj (R)2 —(r)ldx =
0
2 2
=7 (4—x)2—[—6 ) dx =
1 x+1

684. Answer is B.

Let R be the region between the curves

y=+x*+1 and y=x+1, forwhich x
is positive. What is the volume of the solid
obtained by rotating R around the x-axis ?

Intersections m =x+1
X +l1=x"+2x+1
x’=x'-2x=0
x(x*-x-2)=0
x(x+1)(x-2)=0

x=0‘x=—1‘x=2

o 2

Volume =z (R)2 —(r)'dx

—x ‘:(x+1)2—(M)2dx

e 2
=7 (—x3+x2+2xyh
Jd 0




685. Answer is B.

generated solid ?

The region enclosed by the graphs of y =e*™"
and y=-—x and the vertical lines x=0 and

x =2 isrotated about the line y =-3

Which of the following gives the volume of the

2

Volume = nI

0

686. Answer is C.

(R)' —(r)'dx=
—x j (=~ x- CId -

= nj 2(e"'1 +3) —(—x+3)’dx =

Find the volume of the solid formed by rotating

the region bounded by the graph of y = Jx +1,
the y-axis and the line y =3 about the line y=5

2

Volume=7rj

0

(R)' —(r)dx =
nj4(5—cl§+1ﬂ2—(5—3fdx
n'j 4(4—\/;)2—4dx=

1pd
[]. ‘].'l""l- -—
5 hole /LI
=3 4 hole —
_ -:'""_F ’;i
{: W
2 y=+x+1
X
>
4 > i 4 : A

M

Aris+n
41.337723246

Flakl Flatz Flotbs LT HOOL
wWiBCd =T - amin=a
we= AMax=0
= Aecl=1
~y= Ymin=-2
wHMe= Ymax=12
~NME= Ve 1=1
R alres=1

JECx =12 23z 0E




687. Answer is E. N
¥

on

The region S in the diagram is bounded by
y=secx and y=4 What is the volume

_—
-
Il
-
=
Il

of the solid formed when S is rotated about | %m m ? [
the x-axis ? ] % mw |
secx=4 B hale B

cosx =14 hole
x =+1.318116 | T T~ | |

2
Volume = nj R*—ridx =

-1

Y N I . T T T I T MY T T
L B

i s Tl el et i) il aledl el el

1.318116
= IZ'I 4’ — (sec x)’dx

-1.318116

1318116
= Zﬂj 16—sec’ x dx =| 108.1768

0

on

Flakl FPlokz Flotz
;¥1Elﬁ—lficasiHh

M=
M=
“Ny=
“Ne=
“NE= FECxdx=17.212919

Ars+sn
182, 1519599

688. Answer is E.

The region enclosed by the line x+ y=1 and the
coordinate axes is rotated about the line y = -1
What is the volume of the solid generated ?

Volume = nj 1(R)2 —(r)’dx

:7[.0k—x+1)—(—D]2—[0—(—D]2dx

e 1

=x| (-x+2)’-(1)*dx

1 L]
=r| (x*-4x+3)dx -
0

. .
=zl —2xt +3x =7{1—2+3]= il
3 K




689. Answer is D.

The region in the first quadrant enclosed by
the graphs of y=x and y=2sinx is
revolved about the x-axis. The volume of

the solid generated is

Intersections x =0, 1.8954943 <« calculator

1.8954943

Volumeznj
0

0

~[6.67773 |

(R) - (r)dx =

1.8954943
7 j (2sin x)* — (x)*dx

Inkerseckinn
n=1.89548Y:  ¥=1 B8E4O4:

Flatl Flotz Flots
;¥1Ei251nﬂH}}3—H

~NzBE
e
~Ny=
~Ne=
~MNeE=

JECx =2 12EEl7 7

I T HO

amiln=H

mmax=6, 2831853
Ascl=1

Ymin= -3

Ymax=3

Yecl=1

mres=]

Ars+n
(= S e




690. Answer is A.

The volume of the solid generated by revolving about the y-axis the region bounded by the
graphs of y = Jx and y=x1is

y=x Jx=y

right > y=x x=)’ "

y=y
0=p' -y 1T
0=y(y-1

S
y=x
(washer) y=0| y=1 <« intersection points
1 1 £ ’ 1 T
Volume = ;zj R*—rldy = ;zj )’ -0 dy
0 0
1
Volume = IZ'J‘ O =yHady
0

3 51!
B A R 2
3 5 15

0

¥

iy

691. Answer is E.

What is the volume of the solid obtained by :
revolving about the y-axis the region enclosed ]
by the graphs of x = y* and x=9

y'=9

y =13 <« intersection points

3
f(»)=y* (washer) —>I 3Rz—rzaly

Volume = 7:_[ _3 |:(9)2 - (y2)2:|dy
=2 “®1- 34y

v’ [1944z 5
=2z | 8ly——| =
5|, 5




692. Answer is D.
Identify the definite integral that computes the
volume of the solid generated by revolving the

region bounded by the graph of y = x* and the
line y = x between x=0 and x =1, about the

y-axis.

Intersections x=0, 1
1

Volume = ;zj (R)' —(r)dy =

=n_[0 @Wp) -y dy

1
= nj (v = yH)dy
0

693. Answer is A. 4y A

The region enclosed by the graph of y = x?, 64 y=x
the line x =2, and the x-axis is revolved about
the y-axis. The volume of the solid generated is

Volume=7rj 422 —(\/;)2 dy=7r“‘ 44—ydy
0 0

2 4
:,{@_Jﬂ = 7(16-8)=[ 87 |

0

694. Answer is E. Difficulty = 0.64

The region enclosed by the graph of y = x?,
the line x =2, and the x-axis is revolved about
the y-axis. The volume of the solid generated is

Volume = ﬂ'j 4(R)2 ~(r)dy =

0

Volume=ﬂj 4(2)2 —(\/;)2 dy=7rj 44—ydy
0 0

2 4
=z{4y—ﬂ = 7(16-8)=[ 87 |

0

A




695. Answer is C.

The region in the first quadrant enclosed by the

y-axis and the graph of y=cosx and y=x
is rotated about the x-axis. The volume of the
solid generated is

Intersection cosx=x
calculator x =0.73908

73908 2
Volume=7rj (R) —(r)dx

0

0.73908
= nj (cos x)* —(x)*dx
0

0.73908
ﬂ'j cos’ x — x’dx ~| 1.5202

0

| | NSt copomsad
. n

.Irlttl"s'zcti':lrl

n=7OnAEi=: Y= FzOgaci: TFedx=4A=H955H

696. [Let R denote the region enclosed between the graph of y = x* and the graph of y=2x

a) Find the area of region R
b) Find the volume of the solid obtained by revolving the region R about the y-axis.

Tntersection: ¥ = 2x when ¥ =0 and x=2 v
-

-] 3 . S

(a) Atea =| (2x—x")dx 44 (2.4)
12
X 2 4
3 . 3 3
or
Area = WL Ei
[} = ]’_ =
- — X
_213-3 ¥ _15 4__—1 2

3 . 3 3

Diskes:
¥ - X B I' ﬂ.

- u-;.: B’ A\ | "1'. =
Volume =mn| || 1.']"*} —|= i \dy =m| | 1_-_J_ dv

S A e B ER U R B

(y2 [, 64) 8

- :I'[l — . =T _ — T
| 2 12 ) 1 12) 3




697. v
In the figure, the shaded region R is bounded
by the graphs of xy=1,x=1,x=2andy=0
a) Find the volume of the solid generated by
revolving the region R about the x-axis.
b) Find the volume of the solid generated by
revolving the region R about the linex =3

1y 1

(a) Volume =m [ ;_].'2 dx =T — | dr=—-T—
1 x)

(b) ‘n.-"-:rlmne=2.‘ILL{3—I}J'&’1=2KJ {3—1‘}1.:1’J.'=2Rj -'1—15;.:?&
-1 1 : 1 hx )

X

=21(3Inx —x)|] =27((3ln2-2)— (1)) = 27(3ln2 - 1)

698.
Let R be the region bounded by the curves f(x)= 4 and g(x)=(x-3)
X

a) Find the area of R
b) Find the volume of the solid generated by revolving R about the x-axis.

1976 AB3/BC2
Solution v

Intersection points occur when

2 - (x-3)?

0=x*—6x" +9x—4=(x—4)(x-1)°

Thus the intersection points are at (1.4) and (4.1).
4 . 4

(a) Area =.j ‘——(.\'—3)" dx
18X /

-

2

. 4
- 3 | 4
=| 41m—ﬁ4 =4In4-3

‘I

~ 3 S Y
Ay ) \
r:’ |— ‘ —(x=3)* |dx

« 1

[ 16 (x-3)° )

(b} Volume =

-32)

5 1)

=7 ——- -[l._w'-.___'”l__?_,l -[‘:.-15_

4
X .




699.

Let R be the shaded region bounded by the graph y =Inx and
the line y = x—2, as shown on the right

a) Find the area of R

b) Find the volume of the solid generated when R is rotated

about the horizontal line y =-3 0
¢) Write, but do not evaluate, an integral expression that can
be used to find the volume of the solid generated when R
is rotated about the y-axis y
Infx) = x —2 when x = 0.15839 and 3.14619.
Let § =0.15859 and T = 3.14619
r...
(a) Areacf R = L (mlx)—{x—2))dr =1.040 i' 1: integrand
) 34 1 limits
l 1 answer
T . . L1
(b} Volume = T[ ((ln{x)+3) —(x—2+3) ) dx 3 {2 : infegrand
It ) : g
| 1: limits, constant, and answer

=34.198 or 34.199

T-1, T
() WVolume =,-‘rf (v+2)" =[]} |dv . {

5-2 |

= b

s integrand

- limits and constant




700.

Let £ be the function given by

3 2
X X

X
=———-——+3
f(x) 1 3 2 €oS X

Let R be the shaded region in the second
quadrant bounded by the graph of £, and

let S be the shaded region bounded by the
graph of £ and the line £, the line tangent
to the graph of f at x =0, as shown.

a) Find the area of R

b) Find the volume of the solid generated when R is rotated about the horizontal line y =-2
¢) Write, but do not evaluate, an integral expression that can be used to find the area of S

a) x-intercept left of 0 at P =-1.373122

2

0 3
Areasz %—%—§+ 3cos xdx = | 2.903
P

Flakl Flokz Flok:
R 1 = A B
A2HICOS D

me= — o

wMr=
~hy=
wMWe=
~NE=

ST

CeFn
n=-1l.z7zlee Y=1.2E-1=

——

JECx M=, Bnznayy

b) y=-2 (washer) —» ﬂj

P

'Nfx* x* «x
B L [T_?_E

0

R —r* >dx=

Volume=ﬂj 0[(f(x)+2)2 —(2)2]dx=

2
+3cosx+zJ —4]dx=

Flokl Flotz Floks
e - D s
§32+3ca5iH3+2}3—

wNe=
wWr=
w~Ny=
~Ne=

JROdx=18.888 522

Aris+n
59, 36140558

3 2

3

3xY 2x 1
4 3

1
2

f'x)=

1
> l=——x
2

f'0=-

2
x3 X X

4 3

x> x° x
c xX)=—————+3cosx
) f(x) 1 5

—————-3sinx
2

+3

—————+3cosx+%x—3=0

Intersection of ¢ and f(x) —» x=3.389677

3.389677 3 2
AreaS=I 3oL X X 3cosx |ax
0 2 4 3 2

| ';Eﬂ;jé

o] ]
n=z.zB38677 V=0




701.

Consider the closed curve in the xy-plane given by x> +2x+ y* +4y=5

dy —(x+1)

dx 2y +1)

b) Write an equation for the line tangent to the curve at the point (-2, 1)

¢) Find the coordinates of the two points on the curve where the line tangent to the curve is vertical.
d) ls it possible for this curve to have a horizontal tangent at points where it intersects the x-axis ?

a) Show that

Explain your reasoning.

(]

@ w+2+47 L g g [ 1 : implicit differentiation
. b ’ 1 : verification
(4)° + 4) g =-2x-2

d  2x+1)  —(x+1)

a4y +1) 20y +1)

(=241
®) dy = ’f =+ 1' =1 ~ . [1:slope
dxf o 2(1+1) 4 2:4 . : _
1 : tangent line equation
Tangent line: y =1+ %{:x +2)
(c) Vertical tangent lines occur at points on the curve where fl:y=-1
¥ +1=0(or y=—1)and x # —1. , . | 1:substitutes y = -1 into the
. 7 equation of the curve
On the curve, y = -1 mmplies that x~ +2x+1-4 =35, | 1:answer

so x=-4 orx=2.

Vertical tangent lines occur at the points (—4. —1) and

(2.-1).

(d) Horizontal tangents occur at points on the curve where
x=-1and y -1

[

l:workswithx=-lor y =0
1 - answer with reason

The curve crosses the x-axis where y = 0.
(-1 +2(-1)+ 0" +4.025

No, the curve cannot have a horizontal tangent where it
crosses the x-axis.




702.

Let " be a functicn defined on the closed interval -3 = x = 35

with (1) = 3. The graph of f". the derivative of f, consists

of two semicircles and two line segments, as shown above.

(a) For =5 < x < 3, find all values x atwhich f has a
relative maximum. Jostify vour answer.

(b) For =5 < x < 3, find all values x at which the graph of f
has a point of inflection. Justify vour answer.

(c) Find all intervals on which the graph of [ is concave up
and alse has positive slope. Explain your reasoning.

£

-5

3

Giraph of '

{d) Find the absolute minimum value of f(x) over the closed interval -5 = x = 5. Explain your reasoning.

() fix)=0atx=-3 14
f' changes from positive to negative at —3 and 4.

Thus, [ has a relative maximum at x = -3 and at x = 4.

(b) " changes from increasing to decreasing, or vice versa, at

x=—4, -1 and 2 Thus, the graph of [ has points of
inflection when x = -4, -1, and 2.

{c) The graph of f iz concave up with positive slope where [

iz increasing and posttive: -5 < x < —4 and 1 < x < 2.

(d) Candidates for the absolute minimum are where [
changes from negative to positive (at x = 1) and at the
endpoints (x = -5, 3).

f(=5)=3+ _F]_jf'l:x} dc=3-F+2r>3
fl1)=3
32

fiR =3+ a3+ 22

W

3

The absolute minimum value of fon [-5. 5] is (1) = 3.

:x-values
- justification

:x-values
- justification

:intervals
: explanation

:identifies x = 1 as a candidate
- considers endpoints
s value and explanation



703.

Let R be the region bounded by the graph of v = e and the
hetizontal line ¥ = 2, and let 5 be the region bounded by the graph of

v =¢""" and the horizontal lines ¥ =1 and y = 2. as shown above.

(a) Find the area of R.
(b) Find the area of 5.

(c) Write, but do not evaluate, an integral expression that gives the
volume of the solid generated when R is rotated about the
horizontal line ¥ = 1.

s
P

-1 @ 1 3
&% = 7 when x = 0.446057,1.553043
Let P= 0446057 and 0 =1.533943
o, . _ 1: integrand
(a) AJ'EanR=f ‘elx_r—l|a‘x=ﬂ_514 3:4 1 limits
i ' 1 : answer
b} & =1when x=10, 2 1: integrand
3:4 1 limits
1: answer

Areaof § = [ (¥ —1)dx - Areaof R
o0

= 206016 — Area of R =1.546
OR

Pi a0 20 . a2
f Caa —1:|.:;r_1-—f_Q—Pj|-1+f [e¥F — 1) dx
g g _g K,

= 0.219064 + 1.107886 + 0.219064 = 1.546

Q.fl_ - \ 2 2.]
(¢) Volume =x| |[777 -1) —(2-1)7 dx
e L\ / )

.| 2:ntegrand
| 1 - constant and limits



704. Ta particle moves along the x-axis so that its velocity v attime ¢ for 0<z<5 isgiven by

v(t) =In(¢* —3¢+3) The particle is at position x=8 attime =0

a) Find the acceleration of the particle at time 7 =4

b) Find all times ¢ in the open interval 0<¢ <5 at which the particle changes direction.
During which time intervals, for 0<¢ <5, does the particle travel to the left ?

¢) Find the position of the particle at time ¢z=2

d) Find the average speed of the particle over the interval 0<¢<2

{a) al4)=+14)= ; 1 - answer
(k) wit)=0 [1:setzvir) =0
P23 r3=1 3:4 1:direction changeatt =1 2

2 1 : interval with reason
" -3+2=0 L

(r=2){r=1)=10
r=172

Vit =0 for 0=t <1
vir)= 0 forl<r<2

Vil =0for 2=t<3

The particle changes direction when f =1 and = 2.

-~

The particle travels to the left when 1 < < 2.

r »

1: .[n_]n(!!: —3u+ 3]| du

(c) s(t)=s(0)+ Lh [:u2 = 3u + 3] du

2 . 3 - 9 - 5 H vt o
s(2) =8+ [ Lﬂ{ﬂ] N ‘] i { 1 : handles initial condition

s
.
o )

= 8.368 or 5.369

1 : answer

(d) %i:hff”d" = 0370 or 0.371 5 1 : integral

-
|
i
L

1 : answer




705. Answer is A.

The base of a solid is the region enclosed by

y=sinx and the x-axis on the interval

[ 0, # ] Cross sections perpendicular to the
x-axis are semicircles with diameter in the

plane of the base. Write an integral that

represents the volume of the solid.

Circle —» A=ar> Semicircle > A=Zy?
Radius of semicircle r =2

V4 . 2
Vqume=£I S x dx
2Jdo 2

= EJ‘ (sin x)*dx
8Jo

706. Answer is B.

The base of a solid is the region enclosed by
the graph of x=1-y* and the y-axis. If
all plane cross-sections perpendicular to the
x-axis are semicircles with diameters parallel
to the y-axis, then the volume is:

Circle > A=zr’ Semicircle > A =2y

Radius of semicircle r=+1-—x

Volume = %J‘ 01(\/:)2 dx

Il
SRR
1
=
|
N|><~
L 1
Il

(SRR
1
P
|
N | =
L1
1]
&N

«— Crass seciion

X
4 He
1.5m m
&
151 F
\ €— Cross section
hHH\
Ty,
o
05+ P
i Y
3
. | ﬁ
i o5 | O rooks 2
. !’
RIRSR .
Fa
o
/‘i#,#
£ 451




707. Answer is B.
Let the first quadrant region enclosed by the

graph of y=l and the lines x=1 and
X

x =4 be the base of a solid. If cross sections
perpendicular to the x-axis are semicircles, the
volume of the solid is

Circle > A=zr’ Semicircle > A =2y
Radius of semicircle r=1(1) =4

4 4
Volume =I f(r)zdx - fj (r)dx 11

=—j = -1'5"
2x 14x

[ e[ 1 “_ 1.4

8J1 8 x|, 84 4

__ 7| _3|_| 3
8 4 32

708. Answer is A. 4y

The base of a solid is the region in the first {—Icralss s:em'lan
quadrant bounded by the line x+2y =4

and the coordinate axes. What is the volume

i,

(4]

of the solid if every cross section perpendicular ™
to the x-axis is a semicircle ? .
x+2y=4 ) ",
2y=—x+4 1 N
y=—1x+2 — Radius=1(-1x+2) T/ x
A=zr’=m(-%+1)> — Semicircle=Z(1-%) ’ ' i 3
T 4
Volume=zj (1-%)’dx 1
0

T4 2
-2 - sea

V4 4 5
—mjo(l6—8x+x )dx

3 4
=Z | 16x—ax*+
32 3

0

=3—”2{M—ﬁ4+%}= 2

3




709. Answer is C.

The base of a solid is the region enclosed by the
ellipse 4x*+ y* =1 If all plane cross sections

perpendicular to the x-axis are semicircles, then
its volume is

[T 1T 1
— CHass SocHon -

4x’+y* =1
y=+V1-4x" — Radius=+/1-4x’
2
A=zxr’ =7r(\/1—4x2)

2
Semicircle:%(\/1—4x2)
1 2
Volumezgj (\/1—4x2) dx

% 4 3 %
=7:I (1—4x2)dx=7z|:x— x}
0

=,,[1_ﬁ}=,,[1_1}= 2
2 3 2 6 3

710. Answer is B.

¥

o

T TR

The base of a solid is a region enclosed by the
circle x*+y* =4 What is the approximate
volume of the solid if the cross sections of the
solid perpendicular to the x-axis are semicircles ?

[T T 1
— Crass section

x’+y'=4
Radius —» y =v4-x’
2
Area circle = zr’ =7r(\/4—x2) =7(4—x")

Area semicircle = %(4 -x%)

2 2
Volume=%j (4—x2)dx=ﬂ'j (4—x*)dx
-2 0

3 2
—z|4x-2- =7r[8—§}= L2
31, 3 3

"*s\

Y

LY i

¥




711. Answer is C.

The base of a solid is the region in the first
quadrant bounded by the curve y = Jsinx

for 0 < x <z If each cross section of the

solid perpendicular to the x-axis is a semicircle,
the volume of the solid is

Circle > A=zr’ Semicircle—> A=%r’

Radius of semicircle r = sinx

T . 2
Vqume=£I (—“2‘”‘) dx
2Jd0
=1I (=sin x) dx

8 Jo

- T -
= ?[cos x] = ?[cosn— cos 0]

/2 /4
= — —1—1 = —
8 [ ] 4

712. Answer is C.

The base of a solid is a region in the first quadrant
bounded by the x-axis, the y-axis, and the line
x+2y =8, asshown in the figure on the right.

If cross sections of the solid perpendicular to the
x-axis are semicircles, what is the volume of the
solid ?

x+2y=8 — x-intercept=8

y=—1ix+4 - Radius = -1 x+2

8
Volume =%J' (-1 x+2)dx =] 16.755161
0

1T divide by 2 because of semicircle

15 e y r
€— CrOSS SECiion
Y
LY
LY
1
g B ke
g
1
x
i | == St J -
25T L 025n | Oan | 0757 in 1.257
=5
-] =
Difficulty = 0.19
o

— Crass seciion

JECxddx=16.755161




713. Answer is B. 4y A
The base of a solid is the region in the first € cross seciion /
quadrant bounded by the x-axis, y-axis, and [ /
the lines y=2x+1 and x =3, as shown in ) r=1x+1 4
the diagram. If cross-sections of the solid 5+ #,-"’
perpendicular to the x-axis are semicircles,
what is the volume of the solid ?

Radius y=2l=x+1

il

. .. r
Circle=zr* Semicircle =

\ B

Volume = %j 3’(x+%)2‘lx
_ . Ans*m-2
=14.25(%) ~[ 22.383 | 27 . I2ID4TEL

Flokl Flokz Flokz WIHOOL
WWABRCE+LAZ20E Aniln=
“He= ARNSHE=D
“Mr= macl=1
~hy= Yrin= -4
~He= Yrmax=15
e = Yacol=1
wHe= Ares=] FEeadn=ih. 28
714. Answer is C. ry N
4+ F ¥y=£
The base of a solid is the region enclosed by
y=e", the x-axis, the y-axis and the line o1 | cross section
x=1In3 Cross sections perpendicular to the 1 /
x-axis are squares. Write an integral that SR | b =In3
represents the volume of the solid.
In3
Volume =j (e*) dx
0
1 In3 2 1 2 In3 X
=— e (2dx=—| e ' +
2Io @e =[], R R >
_ 1 2In3 0] _ 1 _
= [ -e']=[9-1]=[4] N




715. Answer is A.

The base of a solid is a region in the first
quadrant bounded by the x-axis, the y-axis,
and the graph of y=1—x, as shown in

the diagram. If cross-sections of the solid
perpendicular to the x-axis are semicircles,
what is the volume of the solid ?

«— Crass seciion

r=l-x

h

1-x°
2

Radius y=

~

. .. r
Circle=zr* Semicircle =

r’ .
Volumezgj (=) dx
0

b

L 2%

ol
-

-1

=0.1607(%) ~[ 0.2524 |

A=+

£
- 2224434837

Flokl Flokz Flot:
SR 1= LU R B g

~We=
W=
~Wy=
~Ne=
~NeE=

I IR0
amiln=H
A=
Aecl=1
Ymin=-
Ymax=.
Y=cl=1
ares=1

IS
2

JROdi= 16071428




716.

Let £ and g be the functions given by f(x)=1+sin(2x)

and g(x)=e* Let R be the shaded region in the first

quadrant enclosed by the graphs of f and g as shown in the

diagram.

a) Find the area of R

b) Find the volume of the solid generated when R is revolved
about the x-axis.

¢) The region R is the base of a solid. For this solid, the cross
sections perpendicular to the x-axis are semicircles with

diameters extending from y = f(x) to y= g(x). Find the

O
volume of this solid.
The graphs of fand g intersect in the first quadrant at 1 - correct limits in an integral in {(a). (),
(5.T) = (113569, 1.76446). ot (c)
a N i
(a) Area = |D {fix)—glx))dx 5. | 1 : integrand
:S. _ © 11 :answer
=| (1+sm{2x) - e'r-‘f‘] dx
= 0420
(b) Volume =7 [: [-I:_.I'"I:_I:I:I: - I’gi_l"l“lj dx " 2 - integrand
) JE . {—1} each error
= ﬂ'j [fl +sinl2x))" - [a'r"l‘ ]_J dx 3 {: Note: 0f2 if integral not of form
0 / : 4
B, s .
= 4.266 or 4.267 o[ (R(x) = (x))dx
Jat .
11 answer
o _.-flrt:l_ﬂl:r'ulx_:
{c) Volume =J %| +| dx ;. {’E - integrand
v ) ' "1 answer
LR o 2
_ Fr'1+sini_2.1':l—e'tj‘ 1 i
-| 3 2 -
= 0077 or 0.078




717.

,j
Let R be the region in the first and second quadrants bounded above by the graph of y = 20

below by the honizontal line y = 2.

(a) Find the area of R

-
1+ x

(b) Find the volume of the solid generated when R 1s rotated about the x-axis.

{c) Theregion R is the base of a solid. For this solid, the cross sections perpendicular to the

x-axs are serucircles. Find the volume of this solid.

and

20 — =2 when x =43
1+x~

3 9 A
(a) Area =f (22— 2] dx =37.961 or 37.962
il 4x

3, 3

; f(_20 Y
(b) ‘»,-ulun‘.LE:EI I |

5
-3 L '\.1 + X

—2° | dx =1871.190

PP
(c) ‘»;'q:nluine:é :% ‘D: —_|: dx
=Javshl+x ,
3 - 2
:E‘ (20 5| ax =174.268
RS P y

1 : correct limits 1n an integral 1n

(a). (b). or (c)

7 { 1 : integrand
1 : answer

3. {2 - integrand
| 1 answer

3 - {2 : integrand
| 1: answer



718. Answer is B.

The base of a solid is the region enclosed by
y=e* and thelines y=1 and x=1n3
Cross sections perpendicular to the y-axis
are squares. Write an integral that represents
the volume of the solid.

3
vmume=j (In3—1In y)*dy
1

719. Answer is E.

A solid has as its base the region bounded by

y= Jx, the x-axis, and the vertical line x = 4.
Each cross-section of the solid perpendicular

to the y-axis is a square. Which one of the
following expressions represents the volume

of the solid ?

y=x

y=x
Cross section perpendicular to y-axis — Idy

Side of square = 4— y*
Area of square = (4— y*)

2
Volumez_[ -y 'dy
0

&
41y A
y=e
3..
2..
EFOSS SeCiion
]
—x=In3
Xx
4 ==
1 a 2 3 4
_‘I S
&
E..
4..
y=vx
,) #"__’_,.—f’?
Crass seciian ——1 e =T
4 $ -
3 0 3 3
_2..
_4..
_E..




720. Answer is B.

is given by

The base of a solid is the region in the first
quadrant enclosed by the graph of

y=2-x" and the coordinate axes. If every
cross section of the solid perpendicular to

the y-axis is a square, the volume of the solid

y=2-x'
x’=2-y
xX=42-y

2

O(Jfr;YJV

=_[0 2= y)dy

Volume =j

721. Answer is D.

solid ?

The base of a solid is a region in the first
quadrant bounded by the x-axis, the y-axis,
the graph of y = x*+1, and the vertical line
x =2 If cross sections perpendicular to the
x-axis are squares, what is the volume of the

Side of square = x* +1 Area square = (x* +1)°

2
Volume =I (x* +1)’dx ~| 13.733
0

Difficulty = 0.34

¥=

y=x"+1

41 — Crass sSctian

¥

Flotl Flokz Flobz W IO

AR CHE+F]L D E amiln=H

W= AaMmax=a

P wecl=1

wy= Ymin=-"5

W= Ymax=38

wWE= Y=rcl=1

“Me= ares=1 FRCdx=13. 733333




722. Answer is E. by
T I I I |
The base of a solid is the region enclosed by the «cross srtcﬁlan
graph of y=3(x—2)? and the coordinate axes. - J', _ :,.',{x '_2}27“?
If every cross section perpendicular to the x-axis i 1 /
is a square, then the volume of the solid is q "-.LII /
Side of square = 3(x—2)’ . /
) /
Area of square = [S(x —~ 2)2] =9(x-2)* . ) /
2
Volume=j 9(x—2)'dx = 2 v,
0 1 X
Used calculator to evaluate 0 -~ il
Flokl Flotz Flobs WTI KOO
~MURFICR-207d Amin=H
“MNe= AMaX=3
wNr= Ascl=1
~hy= Ymin= -2
~Ne= Ymax=15H
~“NE= Y=cl=1
S Ares=1 FECEIX=E7.6
723. Answer is C.
The base of a solid is the region in the first < cross section
quadrant bounded by the x-axis, the y-axis,
and the graph of y =(3—x)e™™ as shown in
the diagram. If cross sections of the solid
perpendicular to the x-axis are squares, _
. . y={F-x)~
what is the volume of the solid ?
Side of square = (3—x)e™™ 2 ‘T- - | | ﬁ
Area of square = [(3 - x)e'x] ¢ ¥ 1

Volume =I 3[(3— x)e™ ] dx
0




724. Answer is D.

The base of a solid is the region enclosed by

the graph of x*+4y* =4 Cross sections of
the solid perpendicular to the x-axis are squares.
Find the volume of the solid.

x'+4y* =4
4y’ =4-x*
y=y1-%

o 2 2
Volume =2 (2 —x—z) dx
0

.2 372
=8| 1-Zdr=8|x-—

J 0 12 0
_gl2-3 || 2

BEVINE

725. Answer is E.

The base of a solid is the region bounded by
the parabola y*> =4x and the line x=2.
Each plane section perpendicular to the x-axis
is a square. The volume of the solid is

y' =4x
y=+4x

Side of square = 2J/ax
2
Volume =I (2«/&)2 dx
(1}

2

2 xZ
=4I 4xdx=16|:7i| =|32]

0 0

&
-'.1."
— Crass sEciion
3..
2..
F
L‘ x
I:l F ) t :b'
1 Fu 3 4
_2..
_3..
_4..
=7
«— CFOSS Sociion
f
J'l‘j
X
o — e
‘\'\
!
¥ =4x



7126.

Let R be the region in the first quadrant under the graph of y = 1 for 4<x<9

a) Find the area of R

Ix

b) If the line x = k divides the region R into two regions of equal area, what is the value of &
¢) Find the volume of the solid whose base is the region R and whose cross sections cut by
planes perpendicular to the x-axis are squares.

a) Find the area of R
j4 %dx=_“4 x_%dx=[2\/;Jj
=|:2J§—2JZ]=[6—4]=

b) Value of k=
k1 ko k
J‘4ﬁdx=“‘4x2dx=[2\/;}4
=[ 2k -2v4]=[1]

¢) Find the volume

VqumeI

727. Answer is A.

.\‘

h

The base of a solid is the region enclosed by
the graph of y=e™", the coordinate axes,
and the line x =3. If all plane cross sections
perpendicular to the x-axis are squares, then
its volume is

3
Volumezj (e ") dx

0

1 3

-1 j () (=2)dx
2J o

R T E RS NP
__El:e :Io__il:e _e:lo

1r
==yl

:(%T e j:idx =[Inx];=[In9-n4]=

In2~0.811

e 2%/
— Crass seciian
]
= E'_x
e Y
i D SRR
1 L 2 3 3




728. Answer is D. i

\ 2%

Ty
The base of a solid is the region in the first e CFOSS mgm
quadrant enclosed by the parabola y = 4x?, 41 4
the line x =1, and the x-axis. Each plane y=dx' |
section of the solid perpendicular to the o ;f
x-axis is a square. The volume of the solid is 5] /|
1 ,.ff
Volume =I (4x?) dx 1 /
) i
1 1 _[16 M
=16I xdx=16|—| =| = L. il
0 5 0 5 0 1




729. Let R be the region bounded by the graphs of y =sin(zx) and y = x* —4x as shown in the diagram.
a) Find the area of R

AreaR = j z[sin(izx) —(x" -4x)]dx=[4]

Flokl Flatz Flok:
SR Cs1RcmRI—-ATS
+d#

M=
L
~Ny=
~Ne=
~NE= TECxadx=Y

b) The horizontal line y =-2 splits the region R into two parts. Write, but do not evaluate,
an integral expression for the area of the part of R that is below this horizontal line.

1.6751309
[ -0 -am]ac=

0.53918887

Intgrseckion [ Interseckion
n=.Lx01BEEF Y=-Z JFCxadx=.8114:EH a=Ll.B/E108 Y=-Z

¢) The region R is the base of a solid. For this solid, each cross section perpendicular to the
x-axis is a square. Find the volume of this solid.

I 2[sin(zzx) ~(x* —4x) | dx=

0

Flatkl Flotz Flot: 2
~HBRCsincmEr =23
+qda
“We=
W=
~Wy=
~We=
“MNE= FFCxIdx=9.9783441

d) The region R models the surface of a small pond. At all points in R at a distance x from the
y-axis, the depth of the water is given by A(x)=3—x. Find the volume of water in the pond.

j 2 (3- x)[ sin(zx) - (x* — 4x) |dx =

Flokl Flatz Flokz [
SR CE-RaCsinimA||f
T=E R R [
M=
wHe=
wHy=
wHe=
~ME= FECdx=0.3599531




730.

Let R be the region in the first quadrant bounded by the graphs of y = Jx and y=%

a) Find the area of R

b) Find the volume of the solid generated when R is rotated about the vertical line x =-1

¢) The region R is the base of a solid. For this solid, the cross sections perpendicular to the
y-axis are squares. Find the volume of this solid.

The graphs of y = and y =% intersect at the points
(0, 0) and (9. 3).

@ j'fﬁ_%']dr:i_j [ 1: limuts
y ok 34 1:integrand
OFR [ 1:answer

3 LI 121 . .
(k) ;'IJ. [(By+1) (¥ +1) |4 [ 1:constant and lmits

”',!ﬂ,l ' 4: 4 2:imtegrand

== 130.061 or 130.062 |. 1 - answer

5

]

_ [ 1 : integrand

o [Fla - dv =81 !
(c) _|.;.L. y-yo) dy=8 1 - limits and answer




731.

Definite Integrals (exact)

) s74 YERZ [0.4] A
j xzdx=|:x—} _ 80T | exacr [ /
0 3 0 3
Riemann Sums (approximations)
— increasing/decreasing functions F:Iﬁ'ﬁ_éu'n:'zd
— concavity/number of partitions
Partitions | 4 | 10 100 @Eﬁ%ﬂ
Left(under) | 14 | 18.24 | 21.0144 sLEFT _SLM
: S REIGHT SUM
Right(over) | 30 | 24.64 | 21.6544 d:MIODPOIMNT SUM
Midpoint | 21 | 21.28 | 21.3328 2: TREAPEZOID SLIM
: e:0DEF. IMTEGEAL
Trapezoid | 22 | 21.44 | 21.3344 FUAUIT
RIEWANN SUKS CETTIHGS Y=HZ [0.4] JE
FINDS AREA UNDER Fewaon | [F G2 2 K E ]
A GIYEN INTERYAL USING LOWER EQOUMO: A
RIEMANN SUN:. InCRERING | [UPPER _BOUHD: 4
THE NUHEEFR OF FARTITION: | |PARTITIOMS: 4
GINVES EETTER ESTIMATES.
FREZS: ENTEFR ,
FROHM THEWINDOF HIKE: 200z t Fress Enkgr

732. Answer is B.

The lower sum of f(x)=+/x on the interval [ 0, 1] with four equal subintervals is

SETTIHGS (VRS [0add :
FowasTom —_
LOWER EBEOUHD: @ —
LIPFER EOLUHD:1

FARTITIOHS: 4

LEFT $UN:.518z8

733. Answer is B.

The left-hand sum for f(x)= x> on the interval [—1, 1 ] using four equal subintervals is

GhieR BAUMD: -1 [[ABCERT SoF
IIPFERE EBOLMHD: 1 ?EIEHT SLM N S
FARTITIOHS: 4 GiMIOPOIHT SUIM

S:TRAPEZOID SUM

&:0EF. IHMTEGEAL

FeRUIT LEFT SLN:-.E




734. Answer is A.

4
Use a Riemann sum and four inscribed rectangles to approximate I x*+1dx=
0

SETTIMGS W i [YERz+L [04] :
Fimaime+] : [

LOWEE BOUMO: & [

LFFEFE_BOUHDE 4 : [

FARTITIOMS: 4 :

EFT =LUNH:18

735. Answer is B.

2
If j (4+1In x)dx is approximated by a midpoint Riemann sum with four subintervals of
1

equal length, then the value is

SETTIHGS |y [1021
Firaid+lnCsa g

LOWER EBQUHD: 1 :
IUFFEE_BQUHD: 2

PARTITIONS: 4

MIDFOINT tLM:4.zBFED

736. Answer is B.

5
When j Vx® — x+1dx is approximated by using the mid-points of 3 rectangles of equal
-1

width, then the approximation is nearest to

SETTIMGS f|v=Tonpz-Hedd [-1.51 :
FLmnai JOE™3—H+12 [ /
LOWER BOUHO: -1 [
UPPER_BOUMDES : L
PARTITIONS: 3 ]

MIDFOINT LUM:2z2.91z

737. Answer is C.

.
If I In xdx is approximated by 3 circumscribed rectangles of equal width on the x-axis,
1

then the approximation is

EE;'{ITE%HD Hlv=1nidy [1.71 :
= 1HF1 -

LOWER  EOUAD: 1 ~
OFFER EOOHO: 7

PRRTITIONS: 3

RIGHT ZUNW:B.z078z




738. Answer is C.

2

An approximation for I e 3 Vx  using a right-hand Riemann sum with three equal
-1

subdivisions is nearest to

SETTIMGS
FEFHH-“"ﬂE-ihﬂI.SH
LOWER EOUMO: -1
UFFEE_EOUMD: 2
FARTITIOMS: 3

f|Y=eisiniLER-100 [-1.21

FiIliHT LLN: I-I EEHH

739. Answer is C.

2
The midpoint-sum approximation for j x*dx using three subintervals of equal length is

SETTIHGS NPT

Hﬁ?mlﬁ

MIDFOINT :UM:22 |

740. Answer is C.
SETTINGS Y=zl [123] llw=nzel 1431

TREAFEZOID SUNW:10.75 DEF. INTEGKAL:10.66667

3
If the definite integral j (x* +1)dx is approximated by using the Trapezoid Rule with n = 4,
1

the error is

Error=103-102=2-£=| L

12 12




741. Answer is D.

Use the trapezoid rule with n =4 to approximate the area between the curve y=x’—-x* and
the x-axis from, x=3 to x=4

SETTIMGS

Finiin3—x
LOWER EQLH
LFFER_EQLH
FARTITIOHS

. ;.':H"‘3-Hl [=Z.4]
O:3
O:4
P4

TEAFEZDID SUNW:=1. 51553

742. Answer is E.

3

If the trapezoidal rule is applied to ‘[ x* dx with sz%, the approximate value for the integral is

2

SETTIMGS W i r=n3 [2a3] E
Fimatn™a : :

LOWER EOUHD: 2 :

UFPER_EBOUHD: 5

FARTITIONS: 2

TRAFEZOID tlUM:16.5625

743. Answer is A.

If the Trapezoidal Rule is used with n =15, thenj lfxz is equal, to three decimal places, to
0 X
SETTIMGS W f[vELACL+REY [0.1]
Fomasls01+K20 : T
LOWERE EBQUHD: A 2 LEFT 5SLIM [
IUIPPEE_EBOLHD: 1 SJTRIGHT SUM
FARTITIOMS:S 4iMIDFOINT SLUIM
FTEHF‘EEDID SUM
:0EF. IMTEGREAL |
raRIIT TRAFEZOID SUN:.7B37E

744. Answer is B.

1
If M(4) is used to approximate I \J1+ x? dx , then the definite integral is equal, to two
0

decimal places, to

SETTIMHGS W i [YErod+n~E) [0a1] E
Fomatdol+a™30 : [ ——
LOWER BOUHD: A : -
LUFPER_BOUHD: 1

FARTITIOHS: 4

MIDFOINT tLM:1.10867




745. Answer is D.

3
Use a right-hand Riemann sum with 4 equal subdivisions to approximate the integral j |2x—3|dx
-1

SETTIHGS zabsizE-31 [-1.3%1]

Frxaiabhs(28-30 :

LOWER EDUHD: -1

UFPEE_EOOHD: 3 -

PARTITIOHS: 4 f;f
| A T s
FIGHT :LN:B

746. Answer is D.

Let R be the region in the first quadrant enclosed by the x-axis and the graph of y =1Inx from
x=1 to x=4 If the Trapezoid Rule with 3 subdivisions is used to approximate the area of R,
the approximation is

SET':II'IriIES W f [¥=ncEy T1a4]

r-l L |

B O:1 ZLEFT 5SLM

B EI g ZiRIGHT SUM

I I G:iMIDOPOIWT SUM
TRAFEZOIO SIM
s0EF. IMTEGREAL || ¢ .. ). . . .| ...

FRREUIT TEAFEZOID SUM:z.4B491

m=rm

&
L
L
H

[ P
UT]E]EHJ

i

QLEF:
FFER
ARTIT

747. Answer is C.

L and R are the left-hand and right-hand Riemann sums, respectively, of f(x)=3x-x* on

[ 1,3 ] divided into 4 subintervals of equal length. Which of the following statements is true ?

J¥=Fd-nE [1.2]

|

sHLEFT SO : o
SETTINGS RadT U :
SETTINGS, | 3:MIOPOINT s ||

: _ St TRAPEZOIO SUM
ke gy R L L
PARTITIONS: 4

Ilv=zu-nz [1.3]
!

™

IS

RIGHT SLUMN:Z.7E A

|

=

L |
mo-

ZTOZTINC
o=
1y

HM=H L0
mO
ol

Az
==
r=

“JUWLHJhEEFJ
aO-4=Ar-

CMA=HM
=TI D0

—Il




748. Answer is D.

If we approximate the area of the shaded region
by M (20) (that is, the midpoint sum with 20
subintervals), then the difference

M(20)—I 6f(x)alx is equal to

6
M(20)- I f(x)dx=36.045-36=| 0.045
0

SETTIMGS

R
LOWER EQOUMD: @
LUFFEE_EOUMD: &
FAETITIOMS: 28

¥=

6x—x?

E LEFT SLIM
SeRIGHT SUM
?HIDF‘DIHT SLIM
TRAFPEZOID SUM
Gi0EF. INTEGRAL |[_ALILI)IL .
FRRUIT HIDFOINT SUM:Z6.045

I |vkER-H [0a51

F. INTEGRAL:Z6

749. Answer is E.

The area of the following shaded region is equal
exactly to In 3. If we approximate In 3 using
L(2) and R(2), which of the inequalities follows ?

3
R(2)=0.83333 = % < j In xdx < % =1.5=L(2)

1

r=1dn [1.%1

LEFT tLH:1.k

“|[RTEHT uN: 53333




750. Answer is B.

6
If j (x* —2x+2)dx is approximated by three
0

inscribed rectangles of equal width on the x-axis,
then the approximation is

f(x)=x"=2x+2

f(0)=2

f)=1)>-2(1)+2= < minimum point
f@)=@2r-22)+2=

f@)=() -2(4)+2=

£(6)=(6)* —2(6)+2=26

Approximate area = 2(1) +2(2)+2(10) =

751. Answer is E.
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subintervals ?

Which of the following is true for f(x)=cosx on the interval {—%, % } using four equal

Frriicosix
LOWER BOUHD: -m-~2
LIPFER EBOUHD: -2
FARTITIOHS: 4

T

SETTIHGS Yocomd) [ -HAzamez]

Iv=cosidy [-Hrzamiz]

LEFT 5LM:1.8961Z

RIGHT tlH:1.B861z

X

752. Answer is D.
The function £ is continuous in the closed

interval [ 1, 5 ] and has values that are given

in the table. If two subintervals of equal
length are used, what is the midpoint Riemann

f(x)|15(10|9(6 |5
Area by midpoint method graphically

_[ fode~ 20)+(12)=[32]

5
sum approximation of I f(x)dx = 104
1

x | 1]2(3(4]|5 6 4

&
20

12

v



753. Answer is D.

The function £ is continuous on the closed
interval [ 2, 14 ] and has values as shown
in the table. Using the subintervals [ 2, 5],
[ 5,10 ] and [ 10, 14 ] what is the

14
approximation of I f(x)dx found by
2

using a right Riemann sum ?

x [2]5[10]14
f(x)|12]28[3430

Area by right Riemann method graphically
14

_[ £ (x)dx = (84)+(170) +(120) =
2

*** Note different interval widths

754. Answer is B.

A table of values for a continuous function
f is shown. If four equal subintervals of
[ 0, 2 ] are used, which of the following is

2
the trapezoidal approximation of I f(x) dx
0

x |00]05[1.0[15]20
fx 335813

Area by trapezoidal method graphically

sz(x)dxz(3+%+4)+(%+%+%)=

34 -

30 1
28 1

Difficulty = 0.62

13

F
154 ¥

Difficulty = 0.47

3
2

L 3%




755. Answer is C.

The function £ is continuous on the closed
interval [ 2, 8 | and has values that are given

ED..

Difficulty = 0.46

a0t
in the table. Using the subintervals [ 2, 5], | _ |
[ 5,7 ] and [ 7, 8 ] what is the trapezoidal s04
8
approximation of I f(x)dx 107 .
2 L L
0 e
X 2 (578
f(x)[10]30]40]20
Area by trapezoidal method graphically
8
I f(x)dx ~60+70+30=
2
756. Answer is D.
For the function whose values are given
) x 1 [ 23] 4756
in the table, J‘ f(x)dx is approximated £(x) 0251 0.48 | 0.68 | 0.84 | 0.95
0

by a Riemann Sum using the value at the midpoint of each of three intervals of width 2
The approximation is

X

0 1

2

3

f(x)

0/0.25

0.48

0.68

0.84

0.95

0—2 —> area = 2(0.25) = 0.5
2—4 - area = 2(0.68) = 1.36
4—6—> area=2(0.95)=1.9

[ rac=[316]

nat

1.4¢

121

Ly =fix)

095 __.»

068 - %

_//

¥

-

(R}
.




757. Answer is E.

The function £ is continuous on the closed
interval [ 5, 12 ] and differentiable on the

open interval ( 5, 12) and £ has the values
given the the table. Using the subintervals

[56].[69].[911] and[11,12],
what is the right-hand Riemann sum

12
approximation to I f(x)dx
5

x | 5]e6]9 1112
fol1ol7[1]12]8

Area=1(7)+3(11)+2(12)+1(8)
Area=7+33+24+8=72

[  fed

758. Answer is E.

The graph of f over the interval [ 1, 9 ] is
shown in the figure. Using the data in the
figure, find a midpoint approximation with

9
4 equal subdivisions forj f(x)dx
1

Area = 2(2)+ 2(4)+ 2(3) + 2(3) = 24

jl f(x)dx ~[24]

Midpoint approximation
— value of f(x) at interval midpoints

759. Answer is B.

Consider the function f whose graph is
shown at the right. Use the Trapezoid
Rule with n=4 to estimate the value

of I 9 f(x)dx

Trapezoid = w(#)

2 2

_[gf(x)dxz

Area = 2[“;3’ + D 8D (2;5)] =22

Y
14"'}’
y=Ffix)
12-- :
10¢. \'\ \
a4 \ -y
E.
/ 33 24
ER 5
2..
\ }
T §
5 6 h) 11 12
&
51 T
) y=F_
i N
2 b1
NNN w ;
1 4
0 : >
2 3 4 5 g
P
N s /
3
2 - 5 '
: 455
1 x
! -
I 2 3 4 5 8 9




760. Answer is C. Ay

The following table lists the known values
of a function f If the Trapezoid Rule is used

181

5
to approximate I f(x)dx theresultis
1

x [1]2]3]4]s
foylolta|14]12]15

Trapezoid = w("';"’)

Area = ll:(o+21.1) + (1.1;1.4) + (1.4;1.2) + (1.2;1.5):| — 4.45

24 055

_[lsf(x)dxz .

761. Answer is B.

¥

The table contains values of a continuous 0.6 l

function f at several values of x. Estimate
f 05 p=Fx)

5
dx usi t idal
,[2 f(x)dx using a trapezoida Ny /

approximation with three equal subintervals. ' Aé/
0.3

x |1 | 2]3] 471576 .
f(x)]0.14 [ 0.21]0.28 | 0.36 | 0.44 | 0.54 '/\
ne

L 3%

. h +h
Trapezoid = WM * 24513244
01
0.21+0.28 0.28+0.36 0.36+0.44
Area = + +
2 2 2
0 1 2 3 4 5

Area=.245+.32+ .4 =0.965

[ rwac=[0965]




762. Answer is C.  NO calculator Ay

Use the Trapezoid Rule with n=3 /
to approximate the area under y = x
from x=1 to x=4

/
Trapezoid = w@ %A
%

2

i
[ap]

o

_ (1+4) (4+9) (9+16)
A—1|: St 5t :|

4
1 43 T
A=—[5+13+25]=| = N
1513+ 28] 5 \ 1 \ 7
2 A 0 1 z 3 4 5
763. Answer is C. N
Ay
The graph of f is shown at the right. | ] i
. 3 _ —y=f(x) 4
Approximate I f(x)dx using the
-3 "
Trapezoid Rule with 3 equal subdivisions. ff/’;, \
*}__:\ e .-")/’1)
2
Trapezoid = w(hLzhz) ”/ff’ N & f’
2 M 3 x
Area=2[(2+0)+(0+3)+(3+1)}=9 -4 B F R ] 4.r
2 2 2 )
3 T
_[ fx)dx=[9]
-3

764. Answer is E.

The table shows the velocity readings of a car taken every 30 seconds of a five-minute interval.

Time (sec) | 0 |30 ] 60|90 [ 120 [ 150 [ 180 | 210 | 240 [ 270 | 300
Velocity (mph) [ 60 [55]50]45] 40 | 45 [ 50 | 60 | 30 | 40 | 45

What is the approximate distance (in miles) traveled by the car during this five-minute interval,
using a midpoint Riemann sum with 60-second subintervals ?

D=nrt &
704t

Area=[55+45+2§+60+40]=4.083 miles B0 ¢
B 4= ,’:,’212 , \,\\
SN 772 NN I
40 Ai \12
3'3'/% 455145 60 404
2042 60 2460 2 60 224 g0 2 6o A
10

X
O 30 60 30 120 150 180 210 240 270 300




765. Answer is D.

Water drains continuously from a tank. The
rate (in gallons per second) at which the water

F
20

[ 4, 6 ], what is the trapezoidal approximation

of _[ : f(x)dx

x [0]2] 4 | 6
f(x)lo]1]225]6.25

(h, +h,)

Trapezoid = w

Area=2

[(0+1) L (1+2.25)  (2.25+6.25)
2 2 2
Area=1+3.25+8.5=12.75

® 6
f(x)dx~[12.75 ]
0

18
drains out is measured at the times (in seconds) 18
given in the table. What is the trapezoidal 144
approximation, based on all of the data in the 12
table, for the total amount of water that has i
drained from the tank in the first ten seconds ? ; Tl

-
Time(sec) [0 | 3 (8|10 g N
Rate (gal/sec) |16 {10 |6 | 5 4 3 %
40
. h +h
V =rt Trapezoid= w@ ; x
-
2 3 4 5 B 10
Ared = 3(16+10)+5(10+6)+2(6J2r5)
Area=39+40+11=]| 90 gallons
766. Answer is B.
F 3

Let f be a continuous functionon [ 0, 6 | and at?
have the selected values as shown in the table. 7
If you use the subintervals [ 0, 2 ], [ 2, 4 ] and . y=F(x)

L




767. Answer is D.

Let f be a continuous function on [ 4, 10 ] and | &y

has selected values as shown in the table. Using y=Ff(x)
three right endpoint rectangles of equal length, | 2t

[ reoas

Approximation by right endpoint rectangles

768. Answer is B.
The function £ is continuous on the

F Y
124F
closed interval [ 4, 6 ] and has values

that are given in the table. Using four
equal subintervals, what is the trapezoidal

6
approximationtoj f(x)dx
4

x |4]45]5]55] 6
f(x)|e6| 4 8] 6 [10

(h, +h,)

Trapezoid = w

1
A= _|:(6-;—4) + (4-;—8) + (812-6) + (6+210):| -13

2 4 45 5 53 ]

[ reoax<[13]

L 3

10
what istheapproximatevalueof_[ f(x)dx=| .|
4
x |4 6 | 8 |10 11 48 456 164
f(x)[2]24]28]32
X
Area = 2(2.4)+2(2.8) + 2(3.2) =16.8 T * T : R



769. Answer is D.

The function £ is continuous on the closed
interval [ 0, 10 ] and has the values given

in the table. Using the subintervals [ 0, 1 ],
[1,3].[3,7] [7 10 ] whatis the left

10
Riemann sum estimate for J- f(x)dx =
0

X 0

1

3

7

10

f() |1

-1

4

2

3

770. Answer is B.

Area by left Riemann method graphically
10
[ reac=+2+a6+6)-
0

The function £ is continuous on the closed
interval [ 0, 3 ] and has values that are given
in the table. Using the subintervals [ 0, 1 ],
[1, 2] and [ 2, 3 ], what is the trapezoidal

3
approximation to f(x)dx
J 0
X 0|1(2]|3
f(x)|2]5]4]|3

Avrea by trapezoidal method graphically

[ roa=@rprarprery-

11

1
2

¥+

¥




771. Answer is B.

The table gives values for the velocity of a
particle at certain times ¢ between ¢#=10
and =60 The approximation of the total
distance traveled by the particle during the
time period 0 <¢ < 60, computed using a
right-hand Riemann sum with four equal
subintervals, is

time
0|15[30|45 |60
(seconds)
Joci
ety el s |74
(feet per second)

If(t)dt = amount

Estimate by right Riemann sum
60
I v(t)dx =~ 15(10)+15(8)

0
+15(7) +15(4) =

772. Answer is C.

The function £ is continuous on the interval
[ 0, 8] and has values that are given in the
table. Using the subintervals [ 0, 3 |,

[ 3, 4], [ 4, 8], whatis the trapezoidal

8
approximation of I f(x)dx
0

x [0[3[4]8
fx)l4le]2]12

Area by trapezoidal method graphically

10

dVelocity

N
/

N

N

_[ sf(x)dxz(12+3)+(2+2)+(8+20)=

RS ESRS RS

¥=



773. Answer is B. This is a NO calculator question

Use the trapezoidal method with 4 divisions Ay A
to approximate the area of the region .
bounded by the graph of y=2i, the lines net
X
x=1 and x =3, and the x-axis o |
06t
Trapezoid = wM 05t
04t
_1[;+;+;+:+:+;+;+z} |
2 2 2 2 2 '
0zt
15, 7.9 1
_2{12 24" 40 60] "1
_1{50+35+27+22]_1{£g1 C
2 120 "~ 2[120
_[ &
120
SETTIHGS ﬁw Hlr=1cizdy [143]
[ GigR BOAND: 1 |[ZECERT S0 '
UPPER_EOOMHD: 2 TIRIGHT SUM
PARTITIOMS: 4 4:MIOPOINT SLUM
TRAFEZOIO SLIM
:0EF. IMTEGEAL
FiEUIT

774. Answer is B.

What is the approximation of the area under the graph of f(x)=+1+x" using the trapezoidal
sum with all the points in the partition { 1, £, 2, 3 }

Trapezoid = w—(h1 th)
Al V244145 ]+§[ 1+%° +3]+1|:3+\/ﬁ:|
4 2 4 2 2

A:%_ﬁ+\/1+§3}+§[\/1+§3 +3}+%[3+\/§:|

A =0.391584931+1.769424707 + 4.145751311 ~ |6.306760949




775. Answer is C. *J,

7

If the definite integralj Inxdx is

1
approximated by 3 circumscribed rectangles

of equal width on the x-axis, then the
approximation is

L increasin
Sketch graph of situation f(x)— d 1 ﬁ 2In7
concave down

2In3
circumscribed rectangles A

right-hand Reimann sum 'I u z 3 4 i G 7 B
A=2[In3+In5+In7]

¥

776. Answer is D.
4y

The graph of f is shown at the right.
Which of the following statements must
be true ?

L f'3)> f'()
1L I 2 f(x)dx>f'(3.5) T 1N

o

R

fix)

ury

L 3

-
=

111 I 0 f(x)dx = j 3 f(x)dx

L £'3)> f'(1) ® False f'3)=-1 f'1)=1

1L I 2 f(x)dx>f'(3.5) M True I 2 f(x)dx=0 f'(3.5)=-1

1

1L Jof(x)dx=J 3f(x)dx M True Iof(x)dx=5 J'3f(x)dx=%




777. Answer is C. 4y
The graph of a function f whose domain is the
interval [—4, 4 ] is shown in the figure. Which

of the following statements are true ?
I. The average rate of change of f over the '\

interval fromx=-2tox=31is %

I1. The slope of the tangent line at the point
where x=2 is 0 R N

3
III. The left-sum approximation of I f(t)dt
-1

with 4 equal subdivisions is 4 o 2

I. The average rate of change of f over the interval fromx=-2tox=3is % B False
2—-(-1)
3-(=2)

II. The slope of the tangent line at the point where x=2 is0 f'(2)=0 True

Points (-2,—1) and ( 3, 2) Average slope = %

3
III. The left-sum approximation ofj f(t)dt with 4 equal subdivisions is 4
-1

3
If(t)dt=—1+0+2+3=4 M True
-1

778. Answer is B. Y
W3

Use the Trapezoid Rule with n=4
¥=Ff(x)

5
to approximate the integral I f(x)dx
1

for the function f whose graph is shown
on the right.

Trapezoid = wM

— 1+3 3+1 1+2 243
A=1[12+34t2g 20 ]

A=§[1+3+3+1+1+2+2+3]=8

[ reoa=[s]




779. Answer is E. 3‘1’
A graph of the function is shown on the right.
Which of the following statements are true ? 25 /,,-r \
L f()> f'(3) 2 £x) % \ ;
2
IL j f(x)dx> f'(3.5) 15 / \\__,,:
1
1
n im LGN -/@ _ f25- /()
i h 25-2 05
L f)> f'3) Trug x
f=1 f'(3) = negative 1 2 3 4
? 2
I1. I f(x)dx> f'(3.5) M True J‘ f(x)dx~6 £(3.5)=0
! 1

HL i fCHD- @) f25)- (@)
h—>0 h 2.5-2

fQ25)-f(2) _25-225_025

M True slope is decreasing over interval ( 2, 2.5)

1

iy LEED=S@)

h—0

f'@)=1

25-2 25-2 05 2

-
instantaneous slope at x=2

780. Answer is C.

-
average slope over interval ( 2, 2.5)

4y

The region shaded in the figure on the right
is rotated about the x-axis. Using the
Trapezoid Rule with 5 equal subdivisions,

£

id is

the approximate volume of the resulting sol
Trapezoid = wM
6 2
Sok
2

2 2
Volumezn[(2;3) +(3+4j +(

2
T
zz[25+49+49+25+9]z

h +h
Volumezzrj 1

1

4+3
2

1577~

L 2%

O

3+2
2

)+

~122~[ 127 |



781. Answer is A. Difficulty = 0.46

If a trapezoidal sum overapproximates 41
4
j f(x)dx and a right Riemann sum y= 1
0 x
4 .
underapproximates I f(x)dx, which 1 concave up and decreasing
0
of the following could be the graph of
y=f(x) 5}
Any graph that is concave up and *"\,:_ trapezoidal sum everapproximaies
decreasing has this behavior right Riemann underapproximaies

¥=

782. Answer is D. Difficulty = 0.10 |

2
If the definite integral j e* dx is ok
0

first approximated by using two inscribed
rectangles of equal width and then

approximated by using the trapezoidal rule a0
with »=2, the difference between the two

A
approximations is !l f\
»
N
TS,

a0

Y2\l

y= e® <« solid black curve -0 A&
Hatched left «— 2 inscribed rectangles &
(under approximates value of integral) 10
Rectangles area =1(1)+1(e) =1+¢ ’&
Hatched right < extra added by trapezoid T:r-'" ]
(over approximates value of integral)

Trapezoid area = 1(1£2) + 1(£4) = Lt2ete”
Difference of approximations is

1+2e+¢*
%—(l+e)z 26.799

[
¥




783.

Distance from the river's edge (feet) | 0 | 8 | 14 | 22 | 24
Depth of the water (feet) 078210

A scientist measures the depth of the Doe River at Picnic Point. The river is 24 feet wide at this
location. The measurements are taken in a straight line perpendicular to the edge of the river.
The data are shown in the table above. The velocity of the water at Picnic Point, in feet per

minute, is modeled by v(t)=16+2sin(x/t+10) for 0<¢<120 minutes.

a) Use a trapezoidal sum with the four subintervals indicated by the data in the table to
approximate the area of the cross section of the river at Picnic Point, in square feet. Show
the computations that lead to your answer.

b) The volumetric flow at a location along the river is the product of the cross-sectional area
and the velocity of the water at that location. Use you approximation from part (a) to
estimate the average value of the volumetric flow at Picnic Point, in cubic feet per minute,
from t=0 to =120 minutes.

¢) The scientist proposes the function £, given by f(x)=8sin (%) as a model for the

depth of the water, in feet, at Picnic Point x feet from the river's edge. Find the area of the
cross section of the river at Picnic Point based on this model.

d) Recall that the volumetric flow is the product of the cross-sectional area and the velocity
of the water at a location. To prevent flooding, water must be diverted if the average
value of the volumetric flow at Picnic Point exceeds 2100 cubic feet per minute for a
20-minute period. Using your answer from part (¢), find the average value of the
volumetric flow during the time interval 40 <# < 60 minutes. Does this value indicate
that the water mnust be diverted ?

(0+7) (7+8)

(8+2) (2+0) .
(2) - 8+-— 6+—-8+——:2 1 : frapezoidal approximation
=115 f°
1 120 . .
() ﬁl ) 115vir) dr 1 - limits and average value
o e 3 .. | constant
=1807.169 or 1807.170 f£°/ min IS,
1 : integrand
| 1:answer
22 ) nn ~ng ol 1 :integral
(@ [ 8sin(57|dr=1222300r 122231 & )| °
Jo \ 24 ) | 1: answer
(d) Let C bethec lar fr " 1:vol ] s intesr
(d) Let C be the cross-sectional area approxmmation from | 1 : vohmetnic flow integral
part (c). The average volumetric flow 1s 3- 1 1: average volumettic flow
- &0 = 101 O Y —
% | 4o © o v(t)dr = 2181912 or 2181.913 ft*/ mun. | 1 : answer with reason
LU

Yes, water must be diverted since the average volumetric flow
for this 20-minute period exceeds 2100 ft°/ min.




784.

F
180T

------------IF-

1441 ! !
1024
724 332
61 ! !
: : x
0 + + + + + . + + =
1 2 3 4 4] [ 7 a 3 10
t (howrs) 0 1 3 4 7 3 g
Lit) {people) | 120 154 174 124 150 80 0

Concert tickets went on sale at noon (¢ = ) and were sold cut withm 9 hours. The number of pecple waitmz in

Imea to purchaze fickets at fime r 13 modeled by a fwice-differentiable Smetion L for 0= ¢ =29 Values of Lir) at

wark

ous fimes ¢ arve shown m the table above.

(a) Usethe data in the table to estimate the rate at which the mumber of pecple warting 1 lme was changing at
530BM. (= 55). Show the computations that lead to vour answer. Indicate umts of measure.

tha first 4 hours that tickets were on sale.

| Use a trapezoidal sum with three subintervals fo estimate the average number of people warting m line during

J For 0= ¢ =%, what 15 the fewest mumber of times at which L'{¢) mmst equal O 7 Give a reason for vour answer.

The rate at which tickets were sold for 0 £+ £ 9 iz medeled by rli) = 55'3'!-5_'-"': tickets par hour. Based on the

model, how many tickes: ware sold by 3 PM. (r = 3], to the nearest whole mumber”?

{c)

(d

P
L85 =

I _,I: il'-h = 130 ;126 = § people per hour

| The average number of peopls warting m line durng the first 4 hoars 12

approximately
|"I_I:E]+I_I:1:|I. I+ L%

a1y, LI3)+L(4)
] + |

11-0)+ (3-1) 5 _4—3];

1
41
= 13525 pecple
L 1z diffeventiable on [0, 9] =0 the Mean Value Theorem implies
L) =0 forsomea rin (L 3) and some ¢ m (4, 7). Similarly,
L0 forsome fin (3 4) and some ¢ m (7, 8). Then, since I 1=
contimons on [0, 9], the Intermediate Valie Theoram implies that
L'(#) = 0 fou at least thiee values of ¢ m [0, 9].

OF.
The contivmty of L on [1, 4] meplies that I attams a maximmm value
there. Smee Li3) = Lil) and L(3) = Li4}), this maximmm ocoms on
(L 4. Smuilarly, L attains 2 minimum on (3, 7)) and 3 maximum on
(4 B). L is diffarentiable, so L't} = 0 at each relative extremes point
on (0, 9). Therefore L'(z) = 0 for at least three values of ¢ in [0,9].

[Note: There is a fimction L that ratigfies the given conditions with
L'it) = 0 for exacty three valuss of ]

[ “rie)dr =972.784

There ware approximately 973 tickets sold b 3 PAL

I

[1

M
11

s astirnate

: units
: rapezoidal sum

- ADSNWEL

: considers change m

sigm of L'

: analysis

: concluzion

: considers relative extrema

of L on (0, 9)

: analysis

: conclusion

1 : integrand
: Lots and answer



785.

#

{zaconds)

W)

14 22 i)

[
Lan

a0 | 44 | 47 | 49

i

{feet per zecond)

Focket 4 has positrve velocity i) after bamng launched vpward from an initial height of 0 feet at time r = 0
seconds. The velocity of the rocket 1= recordad for salected values of ¢ over the mterval 0 = ¢ £ 30 zeconds, as
shown in the table above.

i

(a) Find the average accelaration of rocket 4 over the tme misrval 0 = ¢ = 80 seconds. Indicate umits of
IEEITE.

(&) Usmg comect wnits, explam the meanmg of |.1.-"":'+:' dr intermes of the rocket’s flight. Tse a midpomt
w LU

Faemann sum with 2 submtarvals of soual length fo approximate vie)dr.
1 g P 0

(c) Bocket B 15 launched upward with an acceleration of alf) = = feet per sacond per second. Af time
Jr+1

t = 0 saconds, the mitial height of the rocket 1s 0 feet, and the mitial velocity 1s 2 fest per second. Which of

the o rockets 15 raveling faster at ime ¢ = 20 ssconds? Explain vour answer,

(2] Average acceleration of rocket 4 1= 1 : answer

WEBO)—w(0) 495

= % ftl."ls.e::

ED-0 &0
7 . .
(k) Since the velocity 1s positrve, J wir) di vepresents the | 1 : explanation
° 300 1 cuses w20, w400, v(60)
diztance, in feat, raveled by rocket 4 from ¢ = 10 zsconds ] o o
to r = 70 seconds. L1 :value
A mudpoint Fiemann sum 15
20w 200 4 w400 + v 60]]
=222 +35+ M) =020 &
(e} Let vyir) bethe velocity of rocket B at time 7. (1641
o 3 T 1 : constant of mtegration
1-.I.l|_|+_|= I:":-"= 5 T+ +C ‘ =
h .J. Jr+l 44 1 :uses initial condition
T=wy(l) =640 1 - finds vy, (80), comparas to v(B0),

vulti= 6+ 1 -4
v (807 = 50 = 49 = {80

and draws a conclusion

Rocket B iz traveling faster at time ¢ = 30 seconds.

Unats of ﬁJI'IS-E{!:- m {a) and £t m (k) L umtz m (z) and (b)



786. Answer is B.

4
NN
=
Which equation has the slope IR A A
field shown on the right ? [ O T T N S A N B
I A S T
S R SR N P A A R A O
RN P

y=x+1 »y'=1 [ constant positive slope
In each Vertical column slopes = same !!!

(y does not affect the derivative)

y=x'+2 y' =2x M slope negative if x <0
y=x"-2 y'=3x* B positive slope only

% = f(x) y=In(x+1) y'=- [ positive slope only
x=0 slope is horizontal y=2e" y' =2e* [ positive slope only

787. Answer is B

Which function could be a particular
solution of the differential equation
whose slope field is shown on the

right ?
y= y' =3x" B <« always positive
_ . 2x , 2-2x7 odd function
In each vertical column r=ea v (x> +1) horizontal asymptote

slopes = same !l , )
(y does not affect the derivative )| y = % Y=Y E <« yz0at x==+1
+

T (1)
dy
E=f(x) y=sikx  y'=cosx B <« y'#0at x==+1
2 .
At x=+1 — d_y=0 y=>< y=- )f Bl <« always negative for x>0
dx g




788. Answer is A.

Which equation has the slope
field shown on the right ?

—
-
-
-
7
£

B
™,
R
.
-
-
—

e e !

have y-intercept (0, 1) [ trueonlyif C=1
have a positive y-intercept Xl true onlyif C >0
have a horizontal asymptote M always true y = 0
are even functions [xI false, no symmetry
are odd functions [ false, no symmetry

In each horizontal row slopes = same !!! Zx—y=X %= Zx—y=>|{ <21
(x does not affect the derivative) dy
;Jx_y=f(y) E=5y Bl <« y=0 slope=0
¥ =0 slope is vertical (undefined) %=% ] (_{;O:;tir—mvertical slope undefined
789. Answer is C. :'37.:
oo £ 11
that the solutions to the differential | / / / / / / /7 /W /7 /77 /77 7/
A LARas SRR
NSNS SN
EE R R
AP S AR R R R R R IR SRR RN
y=e™ = Ce*



790. Answer is B.

&
¥
e N e A e e N
equation E=f(x,y) IS given e e e e e T e e e e,

) ) ) —_— N . e
in the diagram. The slope field — f,m P mx - f.

corresponds to which of the ﬂ_//,:,/,gax&x _//,/,#ax\x

following differential equations ? =~ "+ " ==l e T T e
B e Lo L
e S N

The slope field for a differential

. d
At x=0 slope=0 and concave up and no vertical asymptotes Ey # tan xsec x

y=-cosx+C y#secx
»y' =—(—sin x)=sinx

ﬂ=sinx %]
dx

791. Answer is C.

. . . ly

The SIOpe field for a differential \l\. \"-. \'-., \'\. \'\. \'\. \'\. \l\. %\l\. \'\. \'\. \'\. \l\. \'\. \'\. \'\. \'\. \'\.

. dy o AR TR N AT T T T U L S W

equation d—=f(an’)|59'Ve” R N T T T T e
| | dx _ \\x\\\\\\\%Q;;}\\\\\x
in the diagram. The slope field a;;;;;;;;;;ﬁfﬁ;;i;;a .

corresponds to which of the f:ﬁ,ﬁ,ﬁ,fﬁ,fﬁ,ﬁ,ﬁ_ﬁ,ﬁ,fffﬁ,fﬁ,f”ﬁf

following differential equations? / / / / / / /. /2 /2 S22 /727 72727077

LAV AV AV VAV VNN VAV SV N AV A A

IV A A A A AV A VA B B A A A A A

In each horizontal row slopes = same 1t | ¥ _ Ky @ > P _ Ty « LU )
- dx dx dx dx
(x does not affect the derivative) P
)y 2 .
d —=y" K <« slope always positive
=10 dx
Asymptote at y =0 d 0 x-term
ymp y= d_y =—y <« < negative slope above y=10
A

positive slope below y =0



792. Answer is D.

The slope field for a differential

equation Zx—y= f(x,y) isgiven

in the diagram. Which of the
following statements are true ?

I. A solution curve that contains
the point ( 0, 2) also contains
the point (-2, 0)

II. As y approaches 1, the rate of change of y approaces zero.

II1. All solution curves for the differential equation have the same slope for a given value of y

dy
Each horizontal row has constant slope e =y-1
(x does not affect the derivative ) dy
| dx
u J3%5-]
=10 y-1
X In |y - 1| =x+C
Asymptote y=1 e
Above =1 (0,2) — p=e"+1 [y=1l=e
Below y=1 (=2, 0) > p=—e*?+1 y=Ke'+1 (asymptotey =1)

I. A solution curve that contains the point ( 0, 2) also contains the point (-2, 0) & impossible
I1. As y approaches 1, the rate of change of y approaces zero. M true
III. All solution curves for the differential equation have the same slope for a given value of y M

793. Answer is A.
On the positive y-axis, the slope
_

t=0
field for the differential equation

|
-
-

|
)

P S
et e e e
_,_,—I-’_,_,_:—’_,_:—_,_:—_.._-\_\_-\_\_"—\.\_\_'\—\_\_\_

d 2
v_r has
dt y

Ly a1

2
dh_0_,
dd y
(horizontal tangents/segments)

e —_— e e | e, e, "
.,-o-'-’.,-o-'-’-o—"-o—"—"—'\—\—“—h‘-h—.‘-‘-\-..
o e e e
e i

s RN
G|

A NN
—_———— e -
——— e r— ———
¥

.
—_———— -

TR




794. Answer is D.

The slope field for a differential NN NN ;{ NN NN N
equation E=f(xa,1’) IS given o [ e
in the diagram. The slope field ?/;/;/;/?’;’;/;’;?’;’;’;’;?’;/; :.r;
corresponds to which of the NN NN TN ENE:
following differential equations ? f/{ i f/F ? ? f/( 5 f/( r’/{i ;,( 5 ; 5 ? f/,’ 5 f/(
A A B 1 VA A A A A
Each horizontal row has constantstope | ¥~ o>ty P o 3=eF Yo Y 1)
(x does not affect the derivative ) ‘:; dx dx dx
—=y-2y* B «if y<0slope negative
%=f(y) dx y—2ay <1y Ppe neg
Asvimotote v 2 asymptote aty =2
ymprote y= Zy—Z y M { negative slope above y =2
o positive slope below y =2
795. Answer is A.
The slope field for a differential 3*"’

P VANNS— S
equation d—yzf(x,y)isgiven VAN NSN— Y S
ok | VAANNNSN—=T /S
in the diagram. The slope field e S A TN
corresponds to which of the Eil Vvbv v s — S S ] J.E
following differential equations? | | \ \ \ \ N L ~— . /S /S [ |

RN NN

dy dy 17 dy dy

_— _— — —_— = (—_7& )
dx A dx M dx X RRaRACEY
d

d
o= f(xy) ,
p E=x2+y2 B <« graphs slope always > 0
Line y =—-x makes Eyz() P p
—y=x+y <——y=0along line y=-x

dx dx

796. Answer is E.

797. Answer is B.



798. Answer is D.

=¥ 3

e e N,
T
e e
—_— e e ]
——— e e ™
———— e /,.
—— e
e e N,
—— e e ]
T

O
.// e e —

' e —
e e —
[, e e
et e
./ T e —
-, e —
S e e
[, e e e —

e e

[nx] rJIr..rI.,.r.r,.rK. A
—_—— e
———e e e ™
—_——— e ]
e e
——e e /,.
—_— e
——— e e ™
———e e e N

—_——— /

Which of the following differential

equations could be represented by

this slope field ?

Sr a——.
' e ——
", et e
o, e —
S, e e
./ e e e
s e ——
et e
e, e e

/ e e —

+ o

(5]
2 2
- G =
+ m %
I 2 o
) =
8 2 £ &
oot = M
-~ 2«
Il 25
Il —
gl ® \
=
_ |
M 2y
S\ f
Il ] I
+[E &% g%
|n_|-w
=
3

In each horizontal row slopes

(x does not affect the derivative )

dy _

dx

=f()

799. Answer is A.

¥

————— e fn..x_. e

——— e e T f.

———e e AT e —

—e Y

el ™ .._F____ o

LN | N g gy
O | T
RSN TR VAV AP APy
NN INRENE
of ST T ULV v
P AV A B AR TN NN
P LN
T e

e

e h__..__, e e e

| (NG,

e e .xn...f. T —

Which of the following differential
equations corresponds to the slope
field shown in the diagram ?

dx

=0 makes d—y=0

Asymptote y

0 makes d—y= 0
dx

When x

Obvious only one that fits !!

Xy

2

dy

dx




800. Answer is C.

dx x

dy 1

L AR always positive

dx X’

d L
IV m y does not affect derivative
dx x

dy 1

4 _Y & x cannot be negative

dx x

dy sinx

[xI slope is never undefined

e
FRR
AT A AR A LN S
- BRI A
- - = -
The graph is a slope field R R RN Pt A I .
for which of the following T T N X Dl A S S
. . . RN R R
differential equations ? ‘ ‘ ‘ ‘ ! } } }Q :f{ § § f ! ‘ ‘
— & 0! [
RS
I R I i 2 2 B R O
dy
Asymptote y =2 makes — =10
dx
dy
When x=1 makes —=0
dx
dy . .
I =({1—-x)(y—2) Obvious only one that fits !!!
801. Answer is E.
802. Answer is A.
The slope field matches which SN i 4
differential equation ? TR %ﬁ PRt aatan
—_—— e M e e
—— e W S e
e e e Y P - - —
dy |HTH|H?H|HJ\:I" "I: ‘{f.”ﬁ’r’ﬁuﬁfﬁx
— = undefined when x=0 — 3ttt
dx ﬂ—_ﬂ—_ﬂ—hmamx\‘-ﬁ _,n" A e
Hhhmmmm\‘-&__f R e
Value of y does not affect derivative T ﬁ RSttt
d ﬂ—_ﬂ—_ﬂ—hmamx\‘i--;" e
D _1 & oy, undefined at x=0, chang =TT RN ST o oo
k!




803. Answer is C.

e
b

Which of the following equations
has the slope field shown ?

L ]

ot
N e |

R, e g
e |
LR NGNS B
R Rl
WA AN
IR PN
IRRERERS YN NNy
N RARET FEREEEE
I Rrrs AR EREN
FEF7 77 Ny
I LN
P s Y

Pl e
P e [ NN
e Y
el R NN

I AR

d d d
Slope changes along rows/columns Ey =25 Ey = }y( « d_y # f(x,y)
A
(slope depends on both x and y)

gng(&y)m

y=0 < vertical slope (undefined)

dy dy ] .
= = - = & <« y =0 not vertical slope (undefined
Lo LY g, pe (undefined)

% _| 2= M <« y=0 vertical slope (undefined)
y

804. Answer is A.

Which of the following differential
equations generates the slope field
shown in the diagram ?

[N}
L

~—

.

ety elar
Py mite
| =
. N
=

ﬂ= f(x,p) d_y=0 when x =0
dx dx

S RANE™ NSV

I

e
e Ny | e
e
<

i LR NN
e F ], T e
e T e e e
e B
—_———e e e e

e e e
e el LN NS e

—_——r—r—re | ——————
—r— - | t—————

Horizontal asymptote y =0 ] ]

d—y=xy | ﬂ=0 when x =0, Q=0 when y=10
dx dx dx

d—y=x X no y variable

dx

d_y=y B no x variable

dx

Yory®Eifp=othen Y=o forall x
» dx

y
dx

d .
—=x* B noy variable




805. Answer is A.

[N}
L
-
v
-
|
-..-.l’o!

N
e e o, T e e e )

The slope field for the differential

. d
equation D ox
dx

L1 s

Vo

L 2%

dy = xdx

[y = [ xas

y=%*+C

—_—— e
el el el
—_ ]
)
B
P A S P

VAV AV AN S Ve AV A ey
NSNS Y
P T T T T T T
B s i S
e e T T T T T T T T
e e e
—_—— e e

of 14k
RN

has line segments symmetric to the y-axis ® true

shows that the solutions to the differential equation are odd functions I false, even functions
shows that the solutions to the differential are straight lines B false, parabolas

shows that the solutions to the differential equation are decreasing for increasing x B only if x <0
shows that there is a horizontal asymptote & false, parabolas do not have asymptotes

806. Answer is E. |Difficulty = 0.45 |

4y
VNS~
ih:)(;/:cn |nt:.e:|a]?[smf|s”asl?pe R | I N
1eld Tor wnicn ot the 1oliowing : 4 4 4 4 T 4 4 4 4 —
differential equations ? E| ]| l‘;—..—;’f || ] | |E
I R R TN — e AN B B B
I O N Y Rt A A B

Pick critical points and check each of possible solutions
(1, 1) m=1 - fits all equations

3 3
’x_,x_z but not }{,X
yy
3
=x—2 but not R
Jy

(=1, 1) m=—1 —fits

< | &

(-1,-1) m =-1 — fits

B




807. Answer is C.

| Difficulty = 0.38 |

Shown on the right is a slope
field for which of the following

differential equations ?

4y
VAN SN—
VA NN ~—F S
VA ANNNSNS— S ST
Ell "il ".ll: 1'1:\‘,\:\“1" T ‘.’f’r:f"":j"' :ll.Jl i" J.’;:ap
O T O T N A A A B
L O T T T N A A A
IR N SN

Slope changes along rows/columns

(slope depends on both x and y) dx
dy dy x
—= )™ — == Bl <« slope=0along y=—
e f(x,9) iy P gy=-x
Line y=—x <«slope=0 dy o | 04l
Check slopes at ( 1,=1), ( 2,-2), ... | ax Y < slope=0along y=-x
808. Answer is D.
F 3
. 1y
N
Which of the following equations §
can be a solution of the differential !

equation whose slope field is shown
on the right.

AR
ey — S
,f — RN
i - Wy

y =*1.41x lines asymptotes

»y =0 undefined slopes

x =0 zero slopes

Fits a hyperbola with center ( 0, 0)

2xy=1 B < nota hyperbola of form y =
2x+y=1 B <« nota straight line

2x*+y*=1 B <« notan ellipse

2x*—y*=1 M <« ahyperbola opening sideways
y=2x"+1 B <« nota parabola




809. Answer is C.

The slope field for the differential

. d
equation . = x?
dx

dy = x*dx

Jar=] a

_—+C

810. Answer is E.

-

ul’d

shows that the graphs of the solutions are decreasing for increasing x M false y =

shows that there are solutions that have a horizontal asymptote Xl false y =

TR U TR SR NN AN A
TR TR RN I NN
TRV TR RN I NN
TRV SRR NN NN
IR IRERRER
TR RN B EREL
TRV RN I NN
TR TR SRR I NN
TR SRR I NN
TR SRR R s

has line segments symmetric to the y-axis [l careful they are same slope but net symmetric wrt y-axis
shows that the solutions to the differential equation are even functions B no, not symmetric wrt y-axis

shows that the graphs of the solutions are increasing for increasing x M true y = "T3+ C are increasing

= +C are increasing

= +C has no asymptotes

Shown on the right is the slope
field for which differential

—_— e el el el el el el el e

—_— i ——_—

equation ?

(x does not affect the derivative )

dy
— = < no x-terms
I S

Asymptote at y=1

811. Answer is B.

In each horizontal row slopes = same !!!

no x-term
%=1—y M« < negative slope above y=1
positive slope below y=1
4y
s =N S s — N -
S = NN e S — NN
A e N N I I N N
~ S R P S e
c NGNS
JZ AN AN
N VN
N B I W
B N e T U
N N




812. Answer is C.

- - - - k\ 3*-" /) y=e%
This slope field is for whichofthe | | 4 1 1 4V VWS~ A8 705 11 1|
following differential equations ? { { { { { { :: :': ‘\::'j,f J’; J’j J{; ﬁ ﬁ ﬁ ; ;
I R RS NN
d_y= f(x,y) ‘\\.\&‘\H“‘f‘h‘:ﬂ“—h’”f‘f.f/.//f.ffﬁ
dx ’ g /S B e SO N NN R
dy I A A B B A S N T TR R
—~ =0 when x=00r y=0 T A R R A e N I T U |
dx A R
— |+ A RN
Quadrants slope .
_ oy b _ iti
dx_x +y [x] dx—always positive
Doxx-y B Y- noyterm d_y=xy
dx ax Y 3"
Y _
d—y=xy B Y- hasall characteristics T_xdx
dx 2
d—y=i [x] d—y=undeﬁned when y=0 ln|y|=7+zC
dx 22y dx y=CexT
d—y=y £3] @ no x term
dx dx
813. Answer is E.
The slope field for the differential equation L = 3y will have vertical segments when
dx xy+5x
vertical segments — undefined slope — ﬂ= 3y = undefined
xy+5x
xy+5x=0
x(y+5)=0
x=0 ‘ y=-5




814. Answer is C. 3._&},

—— . ~—s STl
ThesI(_)pefl_eId|sf(_)rwh|ch_ofthe \Nm— s SRR T
following differential equations ? (NN S S A [ S N N N N N B A
. NN~ GANHITE
9 _ L b N S — e S Sl
ax” T | RSN S iy VYA I g

ly : T T AT TR TR TN A A A
——=0 when y=—7x T T R T R SO U SR AP
PR VRN N AN
%:y—z B noxvariable ' bbb R LT L PV AV A NS
ﬂ:x—z Bl no y variable
dx
d—y=x+2y=x+2(—§x)=0 Q=0 when y=—21x forall values of x
X
Q=xy=x(—%x)=—§x2 & slope is always negative
ﬂ:x+y=x+(—%x)=%x ] Q;&O when y=—-1x
815. Answer is E. 4y
This is a slope field for which of the] % % ™ % NENENE: LA
o , : VAN SN s S S
following differential equations ? I R R T N e A A A N A Y B
d AN AP
y _ . L W N g J 1 ,
PR ACR) 3 I A Y A A AN S T R N R B M
d T N A B A e N L U T S B
2 —1 when y=x L B B R A T
L i e T T N )
dy At NN NE NN VAN
—=-1 when y=-x
ﬂ=undeﬁned when y=0
dx
ﬂ=xy=x(x)=x2¢1 ] d—y;tl when y=x
dx dx
ﬂ:'x—z:x—z:x;ﬁl [ ﬂil when y=x
dx y x dx
ﬂ=x2y=x2(x)=x3;tl 3] d—y;tl when y=x
dx
ﬂ=l=£=1 (x d—y;tundeﬁned when y=0
dx x Xx dx
ﬂ=£=£=1 M d—y;t() when y=-1x and d—y=undeﬁned when y=0
dx y x dx




816. Answer is E.

This is a slope field for which of the
following differential equations ?

Zx—y= Fx,p)
dy

+ |+
Quadrants slope

dy 2

—=x [
dx y

dy

—=X 3]
dx 1

dy _x o
dx 'y
w2
dx y

dy 2

—=x ™M
dx Yy

817. Answer is E.

=0 when x=0o0r y=0

dy ]

—— =wrong sign quadrant I1
I gsignq

dy ]
— = wrong sign quadrant II

dy

— = undefined when y=0
fi y

dy

— = undefined when y =0

Ey = sign correct all quadrants

dy 2

— =X

dx y

d_y= 2dx

y
ln|y|="73+C

y=Ce%

The slope field for the differential equation

3x+y

dy _ xX*y+y'x

will have horizontal segments when

horizontal segments — slope=0—

d_y_ x2y+y2x _
dx 3x+y

0

xX’y+y’x=0
xp(x+y)=0

=0]]

y=0‘

y=-x




818.

Consider the differential equation % =x*(y-1)

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated.

b) While the slope field in part (a) is drawn at only
twelve points, it is defined at every point in the
xy-plane. Describe all points in the xy-plane for
which the slopes are positive.

¢) Find the particular solution y = f(x) to the
given differential equation with the initial condition

x
f(0)=3 * 1 . -
1 1
(a) 2
/ - f (1 : zero slope at each pomt (x, y)
where x=0or y =1
VA o 4 | .
- ! [ positive slope at each poimnt (x, y)
I where x #0and v > 1
el 1:4
| negative slope at each pont (x, )
~ . N : | | where x #0and y <1

(b) Slopes are positive at points (x. V)

(c)

where x 20 and y > 1.

[

Note: max 3/6 [1-2-0-0-0] if no constant of

- description

: separates variables

- antidenivatives

- constant of integration
- uses initial condition

- solves for y

i i e S R

0/1 if y 1s not exponential

mtegration

Note: 0/6 1f no separation of variables




819.

Consider the differential equation % =x'(y-2)

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve

points indicated.

b) While the slope field in part (a) is drawn at only
twelve points, it is defined at every point in the
xy-plane. Describe all points in the xy-plane for

which the slopes are negative.

¢) Find the particular solution y = f(x) to the
given differential equation with the initial conditior

X
> e >
f£(0)=0 1 DT 1
(a) ; 1 : zero slope at each point (x, v)
V' -1-.— i where y =001 y =12
. positive slope at each point (x, v)
- = - - where x # Qand y = 2
1:
negative slope at each point (x, ¥)
\, e . g P P Lx ¥
~where x # 0and y < 2
LY LY
_N 7] ™

(L) Slopes are negative at points (x, ¥)
where x = 0 and ¥ < 2.

(e)

y—2=FKe _ K=+
2=FK" =K

N
y=23-2g’

1 - description

: separates variables
: antiderivatives
: constant of integration

s uses initial condition

[EEPp S O -

: solves for ¥

041 if ¥ 15 not exponential

Note: max 3 /6 [1-2-0-0-0] if no
constant of integration
Note: 06 if no separation of variables




820.

Consider the differential equation o

dy __2x
y

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated.

b) Let y= f(x) be the particular solution to the
differential equation with the initial condition
f(1)=-1 Write an equation for the line tangent

to the graph of f at ( 1,—1) and use it to
approximate f( 1.1)
¢) Find the particular solution y = f(x) to the

given differential equation with the initial condition

f=-1

L 2%

(a)

(b) The line tangent to fat (1, 1) is p+1=2(x -1).

+ -\

/
s
T

/

Thus, f{1.1) is approximately —0.8.

4 _ _2x

a !

yav = —2xdx

; =—x*+C

1 . 3
j= —1+ f_. C =T
}'3 = -2x" +3

Since the particular solution goes through (1, —1),

v must be negative.

Thus the particular solution is ¥ = —4f 3 — 237,

[E=]

. [ 1 : zero slopes

1 : nonzero slopes

| 1:equation of the tangent line

[
e

1 - approximation for (1.1}

: separates variables

: antiderivatives

: constant of integration
- uses inifial condition

M
e
bt b b ek b

s solves for v

Note: max _‘-fi [1-1-0-0-0] if no
constant of integration
Note: 043 if no separation of variables




821.

Consider the differential equation

L

2

Let y = f(x) be the particular solution to this
differential equation with the initial condition

fEH=2

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve

points indicated.

b) Write an equation for the line tangent to the

graph of f at x=-1

¢) Find the solution y = f(x) to the given differential equation with the initial condition f(-1)=2

L I

t.v

- 2 . *
1% [ [

> > .
L | 2

(a)
hi
4 8 X \
-~ T ~ ~
e
(b) Slope = i:1-34=2

(c) -dy = ——dx

i J.':

=X 4

¥ 4

1 1 1

e =t (O =——

DTy 4

v = 1 _ 4
TR RS
R

-
| 1 :zero slopes

p

= -9 o
[ 1:nonzero slopes

1 : equaticn

[ 1: separates variables

2 antiderivatives

+ 1 : constant of integration
1 : uses initial condition
1: solves for ¥

Note: max 3/6 [1-2-0-0-0] if no
constant of integration
Note: 076 if no separation of variables



822.

Consider the differential equation % =—

where x #0

a) On the axes provided, sketch a slope field for
the given differential equation at the eight points
indicated.

b) Find the particular solution y = f(x) to the
differential equation with the initial condition
f(=1)=1 and state its domain.

s
2..
L ] 1+ »
X
. 4 i . -
R 0 1 2
L ] BE L J

(2)
|1.
s
vl o
—\‘"H\—%{—*T
-2 =1 o l 2
N _] .
1 1 .
() 1+.1._d1. —
n|l + y| = ln|x|+ &
|1+|1.'|= E?]J.'||.1'|+K
1+ v =C|x|
2=C
1+.1.'=2|_1'|

y=2x|-land x <0
or
y=-2x—-1land x <10

2 : sign of slope at each point and relative
steepness of slope lines in rows and
columms

1 : separates variables

2 antiderivatives

1 : constant of integration
1 : uses initial condition

[ 1:solves for v

| Note: max 3/6 [1-2-0-0-0] ifno
constant of integration

MNote: 06 if no separation of variables

1 : domain




823.

Consider the differential equation Zx—y =(y—1) cos(7x)

a) On the axes provided, sketch a slope field for the
given differential equation at the nine points indicated.

b) There is a horizontal line with equation y =c¢ that
satisfies this differential equation. Find the value of ¢

¢) Find the particular solution y = f(x) to the

L 37

differential equation with the initial condition f(1)=10 . 1 T .

(a) v

(b} The line v =1 satisfies the differential equation. so
c=1

() 1 — dy = cos| Tx) dx

(y-1)

—(y- 17! = l-;i::. Imx)+C
' T

1 = lsiui;‘r.ﬂ +
-y =«

1= lsm[;‘r] +C=C
s

L _ lsiui;‘rr:l +1
-y
T sin (Tx)+ T
1-»
T
V= ——— for —ee S x < e

sinlAx)+ 7

. { 1 : zero slopes
1 : all other slopes

: separates variables

s antiderivatives

mzes iniftial condition

1
6: < 1:constant of integration
1
1 : answer

Note: max 3/6 [1-2-0-0-0] if no

constant of integration
Note: 0/6 if no separation of variables




824. dy y-1

Consider the differential equation i by
where x # 0 ¢ 21 . .
a) On the axes provided, sketch a slope field for
the given differential equation at the nine points * 14 * *
indicated.
b) Find the particular solution y = to the
) Find the particular solution y = £(x) to t — . o
differential equation with the initial condition -1 1 2
f2)=0
¢) For the particular solution y = f(x) described in part (b), find lim f(x)
X—»00
(a) :II. o | 1:zeroslopes
~ 7| 1 : all other slopes
LS oA P
—— 1+ —— ——
e o =1
1 o 1 2
N ST . :
b) —=dy = dx 1 - separates variables
) . 2 - antichfferentiates
REETRRNED S - . :
In|y-1| = T +C 6: 4 1 :includes constant of integration
_Lip [ : uses mtial condition
y-1=¢>

1 :solves for y

ly-1]=¢% %
L
y—=1=he ¥, whers k =%e

Note: max 3/6 [1-2-0-0-0] if no constant
C of integration

Mote: 0/61f no separation of vanables
)

“1l=ke -
1
kE=—el
. (-3
flxy=1-¢"= T x=0
. [+-1) o
€ lml-e- " =1-4& 1 : limit




825.

Consider the differential equation % = %x +y-—1

L]

a) On the axes provided, sketch a slope field for the

given differential equation at the nine points indicated.

. dy . . .
b) Find p J; in terms of x and y. Describe the region ¢ B ¢ ¢
X
in the xy-plane in which all solution curves to the
differential equation are concave up. . ”T . :l

c) Let y= f(x) bea particular solution to the
differential equation with the initial condition f£(0)=1.

Does f have a relative minimum, a relative maximum, or neither at x =0 Justify your answer.
d) Find the values of the constants m and b, for which y = mx + b is a solution to the differential

equation.
(a)
¥ 2 - 5izn of slope at each
point and relative
L} }I" steepness of slope lines in
rows and columns.
a, = e
"“-l.‘ - R
| L 1
Codiy 1 dv 1 1 [, dh
® 2Tt a T2 3o A
Solution cwrves will be concave up on the half-plane above the lns [ 1: deseniption
¥y = —?.1:' T ?

dy . d*) 1
() —{ =D—1—.=Eaud4',{ =0+1-==10
dx ;:I.'..'I ax” i 13 2

Thus, f has a relative pnmmum at {0, 17.

(d) Substtuting v = my + b mio the differential scuation:

m =%x—lm.x—!::—l = |::lra—€:lx—lb—'.}

h_lll—-

Th.e:u{l=m—é amdm=b-F m=—-=and b=

||' 1 - answrer
" | 1: mstification

||' 1 : valaa for m

| 1:vahe for b



826. Answer is D.

A slope field for a differential

e e e e, e, e e e e ]

4y

[ e e e e e e e e

e e e e

T T T T e e

P A A

—_— ——— T T

i A A

equation % = f(x,y) is given

AN A A A SV 4 VA A A A

fl( X
at the right. Which of the following NN ; J;": !r-': JJ,.-: ,.-"': Jf.-: J;"! J;": !r-': é
o
Horizontal asymptote at y =2 J’i ,Ji ji J’i J’i J’i J’i ,Ji i J’i J’i J’i J’i J’i J’i J’i J’i J’i J’i
Horizontal segments same % = f(y)
Negative slope if y > 0 (decay graph)
dy _ -
—=2-y=2-2-¢")=e"HM
I y ( )
827. Answer is C.
A slope field for a differential equation ma_l_n_p
dy o R N R
Ezf(x’y) is given in the figure on 9--\ N PN P
the right. Which of the following S DA
statements are true ? o aaaaqqaaanassrss
dy ) S PV AV A A N N
I. The value of — at the point ( 3, 3) el S
dx AN NN
s approximaly 1 L AR
II. As y approaches 8 the rate of change i} VPRSP PSP A
of y approaches zero. 2:::::::::::::::::
III. All solution curves for the differential W - -
equation have the same slope for a given Tt m:i
value of x

I. The value of % at the point ( 3, 3) is approximately 1 M True, observe graph

I1. As y approaches 8 the rate of change of y approaches zero. True, horizontal asymptote
III. All solution curves for the differential equation have the same slope for a given

value of x [ False, observe graph



828.

Consider the differential equation Zx—y =x—y

a) On the axes provided, sketch a slope field
for the given differential equation at the
fourteen points indicated.

b) Sketch the solution curve that contains the
point (-1, 1)

¢) Find an equation for the straight line solution
through the point ( 1, 0)

d) Show that if C is a constant, then y=x—-1+Ce™™
is a solution of the differential equation

&
. g .
. e .
- -
-1 i 1
L] 1®

L 25




829.

. . . . ¥
Consider the differential equation L =x’Q2y+1) I
dx L] 3 -

a) On the axes provided, sketch a slope field for
the given differential equation at the twelve
points indicated. . 24 °

b) Although the slope field in part () is drawn at
only 12 points, it is defined at every point in the
xy-plane. Describe all points in the xy-plane for

_ o 19 .
which the slopes are positive.
¢) Find the particular solution y = f(x) to the
given differential equation with the initial condition x
f(0)=2 T L S
dy 2
—=x"(2y+1
I Qy+1
2dy e
Qy+1)
3
--1n|2y+1|=5’—+c2
2x°
In|2y+1|= ———+2C ==—+C, < where 2C, =C,
3
|2y + 1| = e%”C’ = (eC‘ )(ei) =Ke*® <« where K =+¢“ can be positive or negative
2y+1=Ke « point (0, 2) makes K =5 (now drop | )

2y+1="5¢"

L 27
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